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From Control to Catastrophe:
A Common Thread in Modern Applied Statistics

This issue of Reliability: Theory & Applications presents a rare collection of studies that, at first glance,
belong to incommensurable subject domains — microgrid power engineering, reliability theory, actuarial
modeling, and organizational risk assessment at explosive facilities. Yet a careful reading reveals a common
methodological axis running through all five papers: the problem of justified model selection under
uncertainty and the price of that choice.

The opening paper by Belhouchet et al. sets the tone for the entire collection. Comparing three
microgrid control strategies — classical droop control, model predictive control (MPC), and fuzzy logic
control (FLC) — the authors move beyond a simple comparison of technical indicators. The application of
two-way analysis of variance (ANOVA) and a regression model for predicting energy cost transforms an
engineering experiment into a full-fledged statistical study. The key finding — that MPC achieves the best
absolute performance while FLC demonstrates practically comparable robustness at substantially lower
computational cost — reads as an invitation to discuss where the boundary between optimality and
expediency lies. It is precisely this question that becomes the leitmotif of the issue.

The papers on distribution theory — the new extended exponential Rayleigh (NEER) distribution by
Kumar et al., the exponentiated Gumbel power function (EGuPF) distribution by Uwadi et al., the induced
Xgamma distribution by Ruidas et al., and the resilience distribution based on the Marshall-Olkin framework
(RD) by Shameera and Bindu — form a second line of meaning. All four works are devoted to extending
classical distributions in order to enhance their flexibility: capturing J-shaped, bathtub-shaped, and non-
monotonic hazard functions, modeling right-skewed data, and accounting for the "resilience" effects of a
system. What they share is meticulous attention to estimation procedures: maximum likelihood, least squares,
maximum product of spacings, and their comparison by mean squared error in simulation studies. Notably,
the paper by Ruidas et al. includes a dedicated section proving model identifiability — an issue that often
remains behind the scenes in applied literature, yet without which any parameter estimate loses its meaning.

The paper by Gvozdev and Ovsyanik transports us to an entirely different plane — organizational
risks at explosion- and fire-hazardous enterprises. The "conditional bit" measure proposed by the authors
represents an original attempt to quantify the contribution of qualitatively described organizational causes to
a realized hazardous event. The use of an additive weighted model and an interval scale, as well as Kendall's
coefficient of concordance for assessing expert agreement, demonstrates how a rigorous statistical apparatus
can be adapted to weakly structured subject domains. This work is an important reminder that the reliability
of technical systems is not reducible to equipment failures; it is to a significant extent determined by the
quality of management and the human factor.

The issue closes with a short but conceptually important note by Schabe, in which the Akaike
information criterion is applied to compare parametric models with artificial intelligence models. The author's
conclusion is disheartening for adherents of "black boxes": as sample size grows, the information loss of Al
models increases as O(n log n), whereas a parametric model, if correct, retains a linear dependence. This does
not mean that AI is useless — rather, it points to its proper place in the research process: as a tool for
preliminary exploration, not for final inference.

The common thread uniting all the papers can be formulated as follows: every model is a compromise
between accuracy and complexity, and statistics is the discipline that makes this compromise explicit.
Whether it is the choice between MPC and FLC in a microgrid, between MLE and MPS in parameter
estimation, or between a parametric and a non-parametric approach — everywhere it is a matter of the same
thing: the need for a justified, verifiable, and reproducible choice.

The editorial board hopes that the materials presented here will resonate both with reliability theory
specialists and with researchers working at the intersection of statistics, engineering, and risk management.
Interdisciplinarity is not a fashionable slogan but a necessary condition for solving the problems that the
modern technosphere poses to us.

Editorial Board

11



Khaled Belhouchet, et al.

COMPARATIVE ANALYSIS OF MICROGRID CONTROL RT&A, No 3 (92)
TECHNIQUES USING VARIANCE-BASED METHODS Volume 21, September 2026
Received: 30.03.2026 DOI: 10.66721/bcbb4r50

Accepted: 17.09.2026
Published online: 23.09.2026

COMPARATIVE ANALYSIS OF MICROGRID CONTROL
TECHNIQUES USING VARIANCE-BASED METHODS

KHALED BELHOUCHET!, ABDELHAKIM IDIR!, AssaMm ZORIG!,

MOHAMED AMROUNE?, IsMaTL GHADBANE!, NOUREDDINE HaAMOUDA?

°
1Labora’[ory of Electrical Engineering (LGE), Faculty of Technology, University of M’sila, Algeria
2Department of Electrical Engineering, Ferhat Abbas University, Setif — 1, Algeria
3Research Center in Industrial Technologies (CRTI), Algiers, Algeria
khaled.belhouchet@univ-msila.dz

Abstract

This paper presents a rigorous comparative evaluation of three advanced microgrid control strategies,
"droop control”, "model predictive control”, and "fuzzy logic control”, under varying renewable penetra-
tion levels and grid conditions. A detailed microgrid model incorporating energy storage and realistic
load profiles is developed, and key performance metrics, including frequency deviation, voltage stability,
energy cost, and loss of load probability, are analyzed.

A two-way analysis of variance framework is employed to ensure statistical significance of the results.
The findings indicate that Model Predictive Control achieves the best overall performance, particularly
in terms of stability and cost efficiency, while Fuzzy Logic Control demonstrates strong robustness
under uncertain conditions. Droop control, although simple and reliable, shows comparatively lower
performance. Additionally, a regression model is proposed to predict energy cost based on control strategy,
renewable integration, and storage capacity, providing practical insights for optimal microgrid operation.

Keywords: Microgrid, advanced control strategies, ANOVA, droop control, model predictive
control, fuzzy logic control, renewable energy integration.

1. INTRODUCTION

Microgrids have emerged as a promising solution to enhance the reliability, resilience, and sus-
tainability of modern power systems, particularly with the increasing penetration of distributed
renewable energy sources [1, 2]. Their ability to operate in both grid-connected and islanded
modes enables greater flexibility in energy management, but it also introduces significant op-
erational challenges. One of the most critical aspects in this context is the implementation of
advanced control strategies capable of maintaining voltage stability, frequency regulation, and
power quality under varying load and generation conditions [3]. Traditional control methods,
such as droop control and proportional-integral (PI) schemes, offer simplicity but may struggle
to ensure optimal performance when microgrids face rapid fluctuations or high renewable en-
ergy variability [4, 5]. Recent studies have proposed model predictive control (MPC), adaptive
fuzzy controllers, and hybrid optimization-based approaches to address these challenges [6]-
[8]. While these advanced strategies demonstrate improved dynamic response and robustness,
their comparative performance under realistic operating scenarios remains insufficiently explored.
Moreover, few works have employed rigorous statistical tools, such, to quantitatively assess the
significance of performance differences between competing control strategies [9]. In this study,
we extend the state of the art by combining scenario-based evaluation with ANOVA statistical
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validation, enabling a systematic comparison of droop control, MPC, and FLC under varying
renewable penetration levels and grid configurations. Unlike prior studies, we not only compare
dynamic performance but also introduce a regression model that links energy cost to control
strategies, renewable integration, and storage capacity. The combined technical-economic analysis
delivers robust insights into both stability improvement and cost reduction, offering a valuable
decision-support tool for researchers, practitioners, and regulatory authorities.

2. METHODS

The proposed methodology integrates microgrid modeling, scenario-based performance assess-
ment, and ANOVA statistical validation to compare three advanced energy management strategies:
Droop Control, MPC, and FLC. A detailed microgrid model with renewable sources, battery
storage, and realistic load profiles is developed, and each strategy is implemented under identical
conditions. Performance is tested across scenarios with varying renewable penetration and grid
connectivity. Key performance indicators, including frequency deviation, voltage stability, energy
cost, and Loss of Load Probability (LOLP), are extracted from simulations and analyzed using
two-way ANOVA to assess the effects of control strategy, scenario, and their interaction. Post-hoc
ranking is then applied to determine the optimal strategy for each operational context. The full
workflow is outlined in Figure 1. The microgrid model illustrated in this figure integrates various
components including the main grid, Battery Energy Storage System (BESS), local loads, and
Renewable Energy Sources (RES). The RES block represents the variable power output from
non-dispatchable generation units that introduces stochastic volatility into the system’s power
balance. The process begins with system modeling and the implementation of three energy
management strategies (Droop, MPC, and FLC) under identical conditions. These strategies
are tested across four defined operating scenarios, with time-domain simulations generating
performance indicators such as frequency deviation, voltage stability index, energy cost, and
LOLP. Two-way ANOVA is then applied to determine the statistical significance of observed
differences, followed by post-hoc ranking to identify the optimal strategy for each operational
context.

System Modeling
- Microgrid architecture
- Renewable sources (PV, wind)
- Battery storage
- Load profiles

[Droop Controlj [Model Predictive Control (MPC)) (Fuzzy Logic Control (FLC)]

Scenario Definition

- High RES / Grid-connected
- High RES / Islanded

- Low RES / Grid-connected

- Low RES / Islanded

- Time-domain simulations

Simulation & Data Collection
- Output: frequency, voltage, cost, LOLP

Performance Indicators
- Frequency deviation
- Voltage stability index

- Energy cost

Effects of strategy, scenario, interaction
- Significance (p-values)

Statistical Analysis (Two-way ANOVA)
- Post-hoc ranking

Results & Conclusions
- Optimal strategy per scenario
- Practical recommendations

Figure 1: Research methodology for evaluating microgrid control strategies considering Photovoltaic (PV) generation,
RES and LOLP as a performance indicator.

The three control strategies evaluated in this study - Droop Control, MPC, and FLC are
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summarized in Table 1. These strategies represent three distinct paradigms in microgrid en-
ergy management. Droop control, one of the earliest and most widely adopted decentralized
approaches, adjusts frequency and voltage setpoints proportionally to active and reactive power
deviations, enabling autonomous load sharing without communication links [10]. MPC, in
contrast, is a centralized optimization-based method that predicts future system behavior over
a defined time horizon and computes control inputs that minimize a cost function subject to
system constraints, offering fast dynamic response and optimal resource utilization [11]. FLC
leverages linguistic rules and membership functions to mimic human reasoning, allowing for
robust decision-making under uncertainty and incomplete modeling, making it particularly
effective in renewable-rich and highly variable operating environments [12]. Together, these
strategies cover a broad spectrum of control philosophies, enabling a comprehensive comparative
evaluation under the scenarios considered in this work.

Table 1: Summary of Microgrid Control Strategies Considered in this Study

Control Strategy Key Principle Main Advantages Limitations Typical Applications

Droop Control Decentralized power shar- Simple implementa- Sensitive to tuning, Rural/islanded micro-
ing based on frequency- tion, no communica- reduced performance grids, minimal infras-
active power (f — P) and tion needed, scalable.  under high harmonics.  tructure.
voltage-reactive ~ power
(V — Q) droop character-

istics [5].

MPC Predicts future states us- Fast response, handles High computational Dynamic loads, sys-
ing discrete-time models; constraints, high con- burden, requires accu- tems needing optimal
optimizes over a moving trol accuracy. rate system modeling. economic dispatch.
horizon [6].

FLC Decision-making based Robust to uncertain- Dependent on rule High renewable pene-
on fuzzy rules and mem- ties, no precise model base and membership tration, variable envi-
bership functions [7]. required, adaptable. design. ronments.

Table 2 outlines the four operating scenarios used to assess the performance of Droop Control,
MPC and FLC under varying renewable penetration levels and grid connectivity modes, aligning
directly with the study’s goal of determining which strategy performs best in specific microgrid
conditions. Scenarios S1 and S2 feature high renewable penetration (> 70%) with grid-connected
and island-connected modes, respectively, allowing evaluation of the robustness of the strategy
under significant renewable variability, with or without external stability support [13],[14]. It is
imperative to note that absolute performance metrics, particularly frequency deviation, are highly
sensitive to grid connectivity. While S2 records higher absolute deviations for all methods due
to the absence of external grid support, the comparative ranking remains consistent, with MPC
performing optimally under constrained islanded conditions compared to Droop and FLC.

Scenarios S3 and 54 represent low renewable penetration (less than 30 percent), again with grid-
connected and islanded modes, allowing comparison in more conventional, stability -friendly
conditions [15]. In these two scenarios, while MPC maintains a minor absolute advantage,
the relative performance benefit of MPC over FLC remains small across key metrics. This
indicates that in stable, low-penetration grids (S3 and S4), FLC provides a highly competitive and
computationally lightweight alternative to MPC while delivering practically comparable stability
indices. Battery storage capacity is scaled to renewable share - 1 MWh for high-renewable
cases to buffer variability, and 0.5 MWh for low-renewable cases -while load profiles reflect
realistic demand patterns (residential peaks for high renewables, industrial fluctuations for
low renewables) [16]. This design ensures that differences detected through ANOVA capture
not only the intrinsic merits of each control method but also their interaction with operating
conditions, providing targeted recommendations rather than a one-size fits all solution. The
difference between grid - connected and islanded operation is illustrated in Figure 2, where
the former allows power exchange with the main utility grid, providing external voltage and
frequency support, while the latter relies entirely on local generation and storage for stability. The
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fundamental power balance of the microgrid is modeled as the sum of local generation and BESS
discharge/charge, which must satisfy the instantaneous power demand of the connected loads.

i Grid-connected Mode |

'
' . . - Power flow Microgrid !
: Main Utility Grid (Local generation + BESS + Loads) :
L

Figure 2: Schematic of the microgrid power balance, illustrating the interaction between local generation (renewable
sources), BESS, and total consumer loads.

2.1. Simulation Model and Platform

The microgrid model developed for this study represents a low-voltage distribution network
comprising renewable energy sources, dispatchable generation, battery energy storage, and
aggregated loads. The renewable subsystem includes a PV array and a wind turbine generator,
whose dynamic models incorporate irradiance and wind speed profiles generated from realistic
time-series datasets [17],[18]. Dispatchable generation is modeled using a diesel generator
with governor and excitation system dynamics, enabling it to provide both active and reactive
Power support under varying load and renewable generation conditions (Figure 3). The BESS is
modeled with a bidirectional converter and state-of-charge (SoC) management to buffer short-
term renewable fluctuations and enhance system stability during islanded operation. The load
model reflects mixed residential and commercial demand patterns, with daily variations and
random fluctuations superimposed to emulate realistic conditions. All system components are
interconnected through a three-phase, four-wire distribution network, operating at a nominal
voltage of 400 V and a frequency of 50 Hz, with a total installed capacity of 1 MW. Control
strategies Droop Control, MPC, and FLC are implemented within the same microgrid architecture
to ensure a fair comparison. The simulation platform used is MATLAB/Simulink with the
Simscape Electrical toolbox, which provides accurate time-domain modeling of power electronics,
electrical machines, and control systems. A fixed - step solver with a 50 us step size is adopted
to capture fast transient responses, while simulation horizons of 24 hours are used to assess
performance over realistic operating periods. The platform enables the integration of both
deterministic load/renewable profiles and stochastic disturbances, allowing the evaluation of
control strategies under repeatable yet realistic conditions.

_‘(')/_ Droop Model Predictive Fuzzy Logic
Control Control (MPC) Control
Irradiance T T T

1 1 |
Wind
Speed

Renewable
Subsystem

Wind
‘ Turbine Simulation Platform

Diesel MATLAB/Simulink +
Generator Diesel /{\‘ggregat?d Simscape Electrical

Bidirectional

Converter Aggregated

Residential &
Commercial

Figure 3: Low-Voltage Microgrid Architecture with Renewable Integration, Dispatchable Generation, And Advanced
Control Strategies.
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Table 2: Operational Scenarios for Performance Evaluation

Scenario Code Renewable Penetration Grid Status Storage (BESS) Load Profile Characteristics

S1 > 70% Grid-connected 1 MWh Variable with evening peak

S2 > 70% Islanded 1 MWh Variable with evening peak

S3 < 30% Grid-connected 0.5 MWh Moderate fluctuations, indus-
trial load

S4 < 30% Islanded 0.5 MWh Moderate fluctuations, indus-
trial load

2.2. Control Strategy Implementation

In order to ensure stable operation and optimal performance of the grid-connected PV-SMES
(Superconducting Magnetic Energy Storage) system under varying load and generation conditions,
three distinct control strategies were implemented: Droop Control, MPC, and FLC. Each approach
was configured with parameters tailored to the dynamic characteristics of the test system, as
summarized in Table 3.

Table 3: Summary of Control Parameters

Control Strategy Key Parameters Values / Settings

Droop Control kp (frequency droop gain), kg (volt- kp = 0.02 Hz/kW, kg = 0.04
age droop gain), fo (nominal fre- V/kVAR, fo =50Hz, Vj =1
quency), Vp (nominal voltage) p-u.

MPC Np (prediction horizon), N; (con- N, = 10,N. = 3,T; = 1 ms,
trol horizon), T; (sampling time), wp = 0.5,wg = 0.5
wp, wg (weight coefficients), oper-
ational constraints

FLC Inputs: power error (ep) and change Triangular membership func-
in power error (Aep); membership tions (Negative [N], Zero [Z],
functions; rule base Positive [P]), 9-rule base, cen-

troid defuzzification

2.2.1 Droop Control

Droop control is widely employed in microgrids and distributed generation systems due to its
decentralized nature and simplicity. Active power-frequency and reactive power-voltage droop
characteristics are defined as:

f=fo—kp(P—Fy), V=Vo—ko(Q—Qo), 1)

where fy and V) are the nominal system frequency and voltage, Py and Qg represent the reference
active and reactive powers, and kp and kg are the droop gains. Here, the f — P relationship
dictates frequency regulation as active power varies, whereas the V — Q relation governs voltage
adjustments relative to reactive power fluctuations. The gains were selected to balance fast
response with adequate damping, avoiding excessive frequency or voltage deviations during
transients.
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2.2.2 Model Predictive Control (MPC)

MPC was configured to optimize the control inputs by predicting system behavior over a specified
horizon and minimizing a quadratic cost function:

Np

J= ¥ [wp (Pt = BO” + g (Qrer = Q)7 - @

k=1

This optimization is performed subject to operational limits on the converter voltage, converter
current, and the SMES coil current. The prediction horizon (N) defines the forward evaluation
window in Equation (2), while the control horizon (N, = 3) restricts the number of optimized
control adjustments per interval, such that control increments Au(k) = 0 for k > N, over the
prediction window. These parameters, along with the weighting factors (wp and w(), are selected
to balance rapid dynamic response against computational burden and control effort. The MPC
framework is implemented using a discrete-time state-space representation of the PV-SMES
system, updated at each sampling interval (T5).

2.2.3 Fuzzy logic control (FLC)

The FLC schema was designed to handle system nonlinearities and uncertainties without requiring
an explicit mathematical model. Two inputs, power error (e,) and change in power error (Aep)
were fuzzified into three linguistic terms (negative, zero, positive) using triangular membership
functions. The rule base comprised nine rules mapping these inputs to the control action, and
the centroid method was employed for defuzzification. This approach provided a smooth and
adaptive response under fluctuating PV output and grid disturbances conditions.

3. COMPARATIVE EVALUATION OF CONTROL STRATEGIES

Before applying statistical testing, a descriptive comparison was conducted to visualize the raw
performance of droop control, MPC, and FLC across the four operating scenarios. Figure 4
presents the results for frequency deviation, voltage stability index, energy cost, and LOLP.
MPC consistently achieves the best absolute performance with the lowest frequency deviation
and LOLP across all evaluated contexts, including the more stable, low-renewable penetration
scenarios (53 and S4). However, as illustrated in Figure 4, the absolute performance margins
between MPC and FLC remain consistently narrow across S2, S3, and 5S4 for frequency deviation
and LOLP. While MPC consistently achieves the lowest absolute values, the small performance
margin confirms that FLC achieves near-optimal regulation under low-volatility conditions (S3,
54). FLC thus presents a strong practical trade-off, delivering near-MPC performance without
the online optimization overhead or precise system model requirements of MPC. In voltage
stability, all methods remain above 0.89 p.u., with MPC leading slightly, followed by FLC, and
droop showing the largest deviations. Energy cost analysis shows MPC as most cost-efficient,
particularly under high renewable penetration, with FLC ranking second and droop highest.
These trends suggest MPC as the best overall performer, FLC as a strong alternative in less volatile
conditions, and droop as reliable but less efficient. However, statistical testing via ANOVA is
required to confirm whether these observed differences are significant [19]-[25].
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Figure 4: Comparative performance of Droop Control, MPC, and FLC across four operating scenarios.

4. StTATISTICAL ANALYSIS (ANOVA INTEGRATION)

While these descriptive results indicate clear performance patterns, they do not confirm whether
the differences are statistically significant or due to random variation. The following section
applies a two-way ANOVA to formally assess the significance of the main effects (control
strategy and scenario) and their interactions for each performance indicator. To ensure that the
comparative assessment of the three control strategies - Droop Control, MPC, and FLC - is not
only based on raw performance indicators but also statistically robust, Analysis of Variance
(ANOVA) was incorporated into the evaluation framework. ANOVA enables the determination
of whether observed performance differences across strategies and operating scenarios are
statistically significant, rather than the result of random variations inherent in simulation data.
The performance indicators extracted from the time-domain simulations included frequency
deviation, voltage stability index, energy cost, and LOLP. A two-way ANOVA was selected, with
control strategy and operating scenario as independent factors, and each performance metric as
the dependent variable. Three control-related factors were selected for optimization using the
Taguchi L9(3?) orthogonal array. Each factor was assigned three levels, as shown in Table 4, and
coded numerically to facilitate statistical analysis.

Table 4: Factors and Levels for the Taguchi L9 Orthogonal Array Design

Factor Description Level 1 (1) Level 2 (2) Level 3 (3)
A Control Strategy Droop Control MPC FLC
B Renewable Penetration Ratio Low (30%) Medium (50%) High (70%+)
C BESS Capacity 0.5 MWh 1.0 MWh 1.5 MWh

In this study, the Taguchi L9(3%) orthogonal array was employed to systematically evaluate
the influence of three key control related factors - control strategy, renewable penetration level,
and BESS capacity - on system performance. Among the available performance indicators (e.g.,
frequency deviation, voltage deviation, loss of load probability), the analysis focused exclusively
on Energy Cost (euro/MWh) as the primary response variable. The smaller - the-better criterion
was applied to Energy Cost, allowing the Taguchi method to identify the most cost-effective
combination of factor levels within the tested operating scenarios. The selected factors, their
levels, and the corresponding orthogonal experimental plan are summarized in Table 5.
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Table 5: Taguchi L9 Orthogonal Array Experimental Results for Energy Cost

Run Control Strategy (A) Renewable Penetration (B) BESS Capacity (C) Energy Cost (Euro/MWh)

1 Droop Low (30%) 0.5 MWh 83.5
2 Droop Medium (50%) 1.0 MWh 81.0
3 Droop High (70%+) 1.5 MWh 79.0
4 MPC Low (30%) 1.0 MWh 77.5
5 MPC Medium (50%) 1.5 MWh 75.0
6 MPC High (70%+) 0.5 MWh 76.2
7 FLC Low (30%) 1.5 MWh 78.0
8 FLC Medium (50%) 0.5 MWh 77.0
9 FLC High (70%+) 1.0 MWh 75.5

The empirical regression model developed to predict the Energy Cost (Euro/MWh) based on
the centered and normalized factor configurations is expressed as follows:

Yy =76.856 —2.167A — 1.383B — 0.783C, 3)

where y represents the predicted energy cost (Euro/MWh). To ensure statistical uniformity
and physical alignment with the interaction patterns, the parameters A, B, and C represent the
standardized, coded levels defined strictly within the symmetric range of {—1,0,1}. Specifically,
these coded coordinates map onto the physical Taguchi design parameters as follows:

* Control Strategy (A): Coded as —1 for Droop Control, 0 for MPC, and +1 for FLC.

* Renewable Penetration (B): Coded as —1 for Low (30%), 0 for Medium (50%), and +1 for
High (70%+).

* BESS Capacity (C): Coded as —1 for 0.5 MWh, 0 for 1.0 MWh, and +1 for 1.5 MWh.

This normalized representation sets 0 as the mid-point baseline configuration, enabling the signs
and magnitudes of the regression coefficients to accurately reflect each factor’s actual sensitivity
contribution.

The interaction plots in Figure 5 show the combined effects of Control Strategy, Renewable
Penetration, and BESS Capacity on energy cost. Energy cost decreases as the level of each factor
increases, with Control Strategy having the largest impact, followed by Renewable Penetration and
BESS Capacity. The nearly parallel lines indicate that the factors mostly act additively, with only
minor interactions: higher BESS capacity slightly enhances the cost reduction effect of advanced
control strategies and increased renewable penetration. Overall, the plots visually confirm the
regression model and highlight the predictable reduction in energy cost with improved system
design and operation.

Interaction Plots for Energy Cost (€/MWh)

Energy Cost (€/MWh)

Figure 5: Effect of Control Strategy, Renewable Penetration, and BESS Capacity on Energy Cost (euro/MWh).

The 3D surface plot (Figure 6) and the corresponding contour plot (Figure 7) illustrate the
combined effect of Control Strategy and Renewable Penetration on predicted energy cost, while
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holding BESS Capacity at its medium level. The surface demonstrates a clear decreasing trend
in energy cost as either the control strategy or renewable penetration increases, consistent with
the negative regression coefficients for these factors. The smooth gradient observed across the
surface indicates mostly additive effects, with minimal interaction between the two variables at
the medium BESS capacity. The contour plot provides a top-down view, highlighting regions
of lower energy cost corresponding to more advanced control strategies and higher renewable
penetration levels. Together, these plots confirm the regression model and provide a visual
representation of how operational and design choices can optimize energy cost.

Energy Cost Surface (BESS Capacity = Medium Level)

Energy Cost (€/Mwh)

Figure 6: Effect of Control Strategy and Renewable Penetration on Energy Cost (Medium BESS Capacity).
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Figure 7: Predicted Energy Cost Contours as a Function of Control Strategy and Renewable Penetration (BESS
Capacity = Medium Level).

The combined interaction plot shown in Figure 8 demonstrates how Control Strategy, Re-
newable Penetration, and BESS Capacity influence the predicted energy cost. While the total
energy cost is influenced by the operational scenario (e.g., lower in S3 due to reduced renewable
variability), the regression analysis successfully isolates the control strategy contribution. This
confirms that MPC remains the most cost-efficient choice for optimizing dispatch and BESS
usage across all studied conditions when evaluated relative to the baseline scenario constraints.
Different line styles and colors represent the interactions between pairs of factors, while the
blue marker highlights the optimal combination (MPC, Medium Renewable Penetration, 1.5
MWh BESS), which yields the lowest energy cost. The plot shows that Control Strategy has the
largest effect, followed by Renewable Penetration and BESS Capacity, and that small deviations
around the optimal levels result in only minor increases in cost. This indicates a robust and stable
optimum, confirming that careful selection of all three factors can reliably minimize energy cost
in the system. Graphically, the primary influence of Control Strategy (A) is evident in Figure
8 by comparing the steep downward trajectory along the horizontal x - axis with the vertical
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spacing between parameter lines. Varying the control strategy across the x - axis induces an
overall energy cost reduction of approximately 4.33 €/MWh, whereas shifting between renewable
penetration levels (vertical gap between curves) and BESS capacities produces smaller variations
of 2.77 €/MWh and 1.57 € /MWh, respectively. This visual trend directly reflects the magnitude
of the regression coefficients in Equation (3), confirming that real-time operational management
exerts a stronger sensitivity influence on microgrid economics than physical hardware sizing
alone.

Interaction Plot: Control Strategy x Renewable Penetration

with BESS Capacity on secondary axis
i \
.

<
78 \
, T

s
BESS Capacity (MWh)

Predicted Energy Cost (€/MWh)

0.5
Droop MPC FLC

Control Strategy

Figure 8: Interaction Plot of Control Strategy, Renewable Penetration, and Bess Capacity on Predicted Energy Cost
(euro/Mwh), Highlighting the Optimum Response (MPC, Medium Renewable, 1.5 Mwh Bess).

The primary reason the Control Strategy (A) exhibits the largest sensitivity impact on the sys-
tem’s operational economy - outperforming the absolute contributions of both renewable sharing
(B) and storage constraints (C) stems from its active operational nature. Physical components like
BESS capacity define the static operational limits of the microgrid, but the control loop represents
the active intelligence that commands power dispatch. Advanced strategies like MPC achieve
substantial cost reductions because their objective functions continuously optimize active and
reactive flows across a moving horizon, minimizing transience and maximizing the economic
utilization of renewable surpluses. Conversely, decentralized structures like classic droop control
operate on instantaneous proportional rules without foresight, leading to premature battery
depletion and a heavier reliance on expensive dispatchable diesel generation. Consequently,
optimizing the control paradigm yields a higher performance dividend than simply expanding
physical hardware capacity.

Figure 9 illustrates the predicted energy cost as a function of Control Strategy and Renewable
Penetration, with BESS Capacity fixed at 1.5 MWh. The contour colors indicate the magnitude
of energy cost, decreasing from yellow to dark purple. The yellow marker highlights the
optimal response, corresponding to the MPC control strategy, Medium Renewable Penetration,
and 1.5 MWh BESS, which achieves the lowest predicted energy cost. The smooth gradient
indicates that energy cost decreases consistently with more advanced control strategies and
higher renewable integration, while the contours show minimal interaction between the two
factors. This visualization confirms The regression model’s predictions and clearly identifies
the configuration that minimizes energy cost. The observed waveforms reflect the controller’s
reaction to the step-change in load and renewable availability. As illustrated by the parametric
variations in Figure 8, the transient response profiles (specifically, the frequency overshoot and
settling time) are highly sensitive to the control configuration. This dynamic behavior is primarily
influenced by the MPC’s predictive horizon length (N, ). Because the moving horizon defines
how far into the future the optimizer projects system state trajectories, a longer horizon equips
the controller to anticipate steep stochastic gradients in PV generation or load demand. This look-
ahead capability allows the MPC to activate BESS charging or discharging cycles preemptively,
smoothing the power transition and minimizing grid transience. Shorter horizons, by contrast,

21



Khaled Belhouchet, et al.
COMPARATIVE ANALYSIS OF MICROGRID CONTROL RT&A, No 3 (92)
TECHNIQUES USING VARIANCE-BASED METHODS Volume 21, September 2026

limit the controller to reactive adjustments, which results in larger peak overshoots and extended
recovery oscillations under high-penetration conditions.

High
(O Optimal Response 80.8
80.0
79.2
78.4
77.6
Medium
76.8
76.0
75.2
74.4
Loy 73.6
LC

W
Droop MPC F
Control Strategy

Renewable Penetration
Predicted Energy Cost (€/MWh)

Figure 9: Contour Plot of Predicted Energy Cost (euro/Mwh) As a Function of Control Strategy and Renewable
Penetration (Bess Capacity = 1.5 Mwh), Highlighting the Optimal Response.

Figure 10 shows that the residuals are approximately aligned with the reference line, indicating
a near - normal distribution and confirming the validity of the normality assumption required
for ANOVA and regression analysis. The residuals, defined as the differences between observed
and predicted energy cost values, are randomly distributed around the zero reference line
without any discernible pattern. This behavior indicates homoscedasticity and confirms that the
selected variables - control strategy, renewable energy penetration, and BESS capacity - adequately
explain the variability in total energy cost. The total cost represents the true, absolute economic
expenditure obtained directly from the physical time-domain microgrid simulation run. In
contrast, the predicted cost is the numerical estimate computed via the simplified regression
model established in Equation (3).
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Figure 10: Normal Probability Plot of Residuals.

5. CoNcLuUSION

This study presented a comparative evaluation of Droop Control, MPC, and FLC in a realistic
microgrid framework with renewable generation, storage, and variable demand. The results
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demonstrated that MPC consistently achieved the best overall performance, minimizing frequency
deviation, energy cost, and loss of load probability, particularly in high-renewable islanded
scenarios. FLC provided robust and adaptive behavior in moderately variable conditions, while
droop control, though simple and communication-free, showed reduced efficiency and higher
costs. The application of two-way ANOVA confirmed that these performance differences are
statistically significant, and the regression model revealed that control strategy has the greatest
influence on energy cost, followed by renewable penetration and storage capacity. Together,
these findings offer both technical and economic insights, guiding operators in selecting control
strategies that balance stability, cost, and robustness.
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Abstract

In the present paper, we have introduced a new extended exponential Rayleigh distribution with the
help of the Transformed-Transformer technique using traditional exponential and Rayleigh distributions,
and some important statistical properties of the newly developed distribution have been studied. In
addition, the parameters of the distribution have been estimated through the maximum likelihood, least
squares, and maximum product of spacing methods of estimation on the basis of complete samples of
it. Two real data sets have been considered in order to show the applicability of the newly developed
distribution to the real life problems.

Keywords: Transformed-Transformer, Exponential distribution, Rayleigh distribution, Estimation,
Simulation Study.

1. INTRODUCTION

In the field of survival and reliability analysis to capture realistic situations, the Rayleigh distribu-
tion plays a key role to analyze the uncertainty involved in the data. The Rayleigh distribution was
originally introduced by [18]. The probability density function (pdf) and cumulative distribution
function (cdf) of the Rayleigh distribution are given by equations (1) and (2) respectively.

p(t) =20te "+ > 0,0 > 0. 1)
¥(t)=1—e;t>0,0>0. @)

Its hazard rate function ,i.e., h(t) = 26t, is an increasing function, linearly with a variate value.
It is clearly a rarely attainable situation. A number of authors have motivated to generalize or
transform Rayleigh distribution in order to get a new distribution which has different shapes of
their hazard rate function such as monotonic decreasing or bath tub or inverted bath tub etc.
For example, [7] have introduced a new Rayleigh-Rayleigh distribution (RRD) and studied its
various statistical properties and compared its performance over existing Rayleigh distribution
on real data sets. [15] introduced the generalized Rayleigh distribution and various estimation
techniques have been used to estimate its unknown parameters. [20] introduced a new general-
ization of the Rayleigh distribution using the conservability approach. [8] have introduced the
power exponentiated Rayleigh distribution, and studied its various statistical properties, also
demonstrates its effectiveness through real data sets and simulated data using goodness-of-fit
measures. [17] have introduced the transmuted generalized Rayleigh distribution using the
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quadratic rank transmutation map (QRTM) and demonstrated its important statistical properties.
[13] obtained Bayesian estimators for the Rayleigh distribution parameter using squared error and
LINEX loss functions. [2] analyzes the impact of various censored sampling schemes on the esti-
mation of the parameter of the Rayleigh distribution. [1] proposed the unit generalized Rayleigh
distribution, establish its statistical and entropy properties, and demonstrates its effectiveness
through simulations and also carried out real data analysis. [16] discussed the estimation of
parameters of the exponentiated Rayleigh distribution using Type II censored data. [22] compared
maximum likelihood and Bayesian estimation methods for the inverted exponentiated Rayleigh
distribution under step-stress type-I hybrid censoring.

Motivated by the review of the above literature on the generalizations and transformations of
the Rayleigh distribution, we introduce a new extended exponential Rayleigh (NEER) distribution
using the Transformed-Transformer technique proposed by [5]. Let ¢(t) be the pdf of a random
variable T € [a, b], for —co < a <t < b < co. Let X be another random variable with pdf g(x) and cdf
G(x). Let R[G(x)] be a function of the cdf G(x) of the random variable X, such that R[G(x)]
satisfies the following conditions:

R[G(x)] € [a, ],
R[G(x)] is differentiable and monotonically non-decreasing, 3
R[G(x)] = aas X - —o0 and R[G(x)] — bas X — oo.

Here, R[G(x)] is called a transformer.
Now, according to the Transformed-Transformer technique or T-X technique, the cdf F(x) of
the new family of distributions is defined as follows,

F@ = [ g = ¥R, @

where, ¥ (t) is the cdf corresponding to the pdf ¢(t) of the random variable T. Also, the pdf f(x),
say corresponding to the cdf F(x) is obtained as follows,

) = { FRIGE) p(RIGE)). ®)

Consider the support of T is [a,00) with a > 0, without loss of generality, we can assume that

a = 0. R[G(x)] can be defined in various forms, such as —In(1 — G(x)), %, —In(1— G*(x))

and , where a0 > 0.

G*(x)
1-G*(x
In par(tiztular, if we take the support of random variable T as [0, %), then the functional form
of R[G(x)] may be defined as
_ Gk
- 1-G(x)’

which satisfies all three conditions of equation (3). Then the cdf F(x) and the pdf f(x) of newly
generalized distribution using Transformed-Transformer technique or T-X technique are given by
equations (6) and (7) respectively.

R[G(x)]

_G(x)
P = [T p(t:0)at = ‘P{lf(g()@} ©)
_ 8lx) G(x)
0= -Gt i e ) 7

where, g(x) = %G(x) is the pdf corresponding to cdf G(x).

In the literature, numerous generalized family of distributions have been proposed and
studied using the Transformed-Transformer technique or T-X technique. Notable examples
include exponentiated Weibull-G family by [14], Weibull-G family by [9], T-geometric family of
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discrete distribution by [4], Gompertz-G family of distributions by [3], Exponentiated Half-Logistic
Family of Distributions by [12], The type I half-logistic family of distributions by [11], T-normal
family of distributions by [6] etc. These developments reflect a rising interest in generalizing
traditional distributions to better representative of complex data sets.

Motivated by the need for a flexible lifetime distribution, this article proposes a new statistical
model and investigates its theoretical properties, estimation methods, and practical applications.
The remainder of this article is organized as follows: Section 2 describe the pdf and cdf of
the proposed distribution. The statistical properties are studies in Section 3. The parameter
estimation procedures are described in Section 4. A Monte Carlo simulation study to evaluate the
performance of the estimator is explained in Section 5. Applications of the proposed model to
two real data sets are presented in Section 6. Finally, Section 7 summarizes the main findings and
concludes the article.

2. New EXTENDED EXPONENTIAL RAYLEIGH DISTRIBUTION

The pdf g(x) and the cdf G(x) of the exponential distribution using the rate parameter A is given by
equations (8) and (9) repectively.

g(x) = Ae ;x> 0,A > 0. 8)
G(x)zl—e‘“;x>0,/\>0. 9)

If the random variable T follow the Rayleigh distribution having pdf defined in equation (1),
consider, Rayleigh distribution as baseline distribution and G(x) be the cdf of exponential
distribution defined in equation (9) , then the functional form of R[G(x)] is as

G(x) 1—e M

— _ _ Ax
“1-Gl) 1-(—em ¢ L (10)

R[G(x)]
and consequently the cdf of New Extended Exponential Rayleigh distribution is given as follows:

F(x;A,0) =1—e 1" ;x> 0,1>0,0>0. 1)

Also, the pdf f(x; A, 80) corresponding to the cdf F(x; A, 6) of our proposed distribition is given as
follows: o
F(x;7,0) =204 (e —1)e =D ;x> 0,4 > 0,0 > 0. (12)

We will denote new extended exponential Rayleigh distribution having pdf as in (12) by
NEER(A, 6) distribution. The shapes of pdf f(x; A,0) and cdf F(x; A, 0) of NEER(A, 6) distribution
for various combination of values of its parameters A and 6 are shown in Figure 1 and 2
respectively.

3. STATISTICAL PROPERTIES

In this section, we examine the statistical properties of the NEER(A, 6) distribution, with particular
emphasis on the survival function, hazard rate function, quantile function, and order statistics.

3.1. Survival and Hazard Rate Function
The survival function and hazard rate function of the NEER(A, 6) distribition are given as follows:
S(x) = e 07, (13)

h(x) = 20AeM (e —1). (14)

From Figure 3, it is evident that the hazard rate function is strictly increasing for various
combinations of the parameters A and 6. This monotonic behavior indicates that the proposed
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Figure 1: The pdf of NEER(A, 0) distribution for different combinations values of A and 6.

distribution is well suited for modeling lifetime data exhibiting progressive aging and wear-out
mechanisms. Consequently, it has broad potential applications in reliability engineering, survival
analysis, medical research, actuarial science, and preventive maintenance, where the risk of failure

increases continuously over time.

3.2. Quantile function

If Q(u) be the quantile function of NEER(A, 0) distribution, then it can be obtained as the solution
of

F(Q(u)) = u,

_Q(EAQ(M) _1)2

— 1—e¢ =1u,

where u ~ UJ0, 1] is a uniformly distributed random variable. On solving the above the equation

for Q(u), we obtained
1+ (—é In(1— u))

If Q; be the ith quantile function of NEER(A, 6) distribution, then the first quantile Q;, second
quantile Qy, and third quantile Q3 can be obtained by putting u = %, % and % respectively in

equation (15) as follows:

Nl=

Qu) = %m ] . (15)

o=y (3 ().
1 1 :
Q= Xln 1+ (Gln(2)> 1,
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Figure 2: The cdf of NEER(A, 0) distribution for different combinations values of A and 6.

1+ (éln(ﬁl))%] .

3.3. Order Statistics

Q3: %ln

Let X(l) < X(z) <...< X(n) be the order statistics of a random sample X = (X, X, ... , Xy;) of
size n from NEER(), ) distribution. Then the pdf of r* order statistics is given by

1 r—1 n
Fxy (X3 1,8) = BT [F(x(r) ;/\,9)} F(x(:1,0) [1 — F(xg ,-A,e)] (16)
By using equations (11) and (12) in equation (16), the pdf of the " order statistics Xy Is obtained

as follows:

r—1
i) = (o 200656 = e e )
For r =1 and n, we obtained the pdfs of x(;) = min(xy, x2,...,xx) and x(,;y = max(x1,x2, ..., Xn)
respectively as;
fX(l) (X; A 9) = ZnAee"x(eM _ 1)8—119(@/\X_1)2, (18)
x . 2 n—1
P 08) = e )0 [y (19)

29



RT&A, No 3 (92)
Volume 21, September 2026

Dinesh Kumar, Omprakash Prajapati, ...
A NEW EXTENDED EXPONENTIAL RAYLEIGH ...

o
i I
~ " I
] I
¢ I
2 ! |
| )
b !
—~ © - ! ]
< ; !
< i !
.>£ © II: /
= N ]
< l/: /
<~ — A=0.1,6=05
-=- 1=02,0=05
---- »=03,6=05
N A=0.2,0=1
A=02,0=2
o -— %=02,0=3
I T T T T I I
0 5 10 15 20 25 30
X

Figure 3: The hazard rate functions of NEER(A, 0) distribution for different combinations values of A and 6.

4. ESTIMATION PROCEDURES

4.1. Maximum Likelihood Estimation (MLE)
Let X=(X1,Xp,...,Xn) be a random sample of size n and let X; NEER(A, 0) distribution V
i=1,2,...,n. Then the likelihood function of the random sample X is given by

n
L=]]f(xi7,06), (20)
i=1
and consequently the log-likelihood function of the random sample X is given by
(21)

n n n
InL =nIn(2) +nln(A) + nln(@) + A Y %, — 0 Y (e™ —1)2+ ) In(e™ —1)
i=1 i=1 i=1

Now, the log-likelihood equations or normal equations for estimating the parameters A and 6 can
be obtained by differentiating the equation (22) with respect to A and 6, we get

olnL

oA 0,

. /\xi
Xi€ 0, 22)

n n LI -
— X—'—E{Xi_zgig‘l’(e " De xr+2eAXi—1 -

i=1

and

(23)
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Since the equations (22) and (23) are two non-linear likelihood equations. Solving these equations
provides the maximum likelihood estimates (MLEs) Amr and Oy of the parameters A and 6.
However, since these equations are not in closed form, they cannot be solved analytically.
Therefore, some numerical approximation technique can be used for their approximate solutions,
particularly the Newton-Raphson method is used to obtained the MLE’s of the parameters A and 6.

4.2. Least Squares Estimation (LSE)

Let X(l) < X(z) <... < X(n) be the order statistics of the chosen random sample X = (X1, Xp, . . .,
Xy ). Then the least squares estimators of parameters A and 6 can be obtaibgdminimizing the
following w.r.t. A and 6.

n

z(A,0) :Z <F(x;)\,9) — i )2,

i=1 n+1

n

Ax(: / 2
ALE) =Y (1—e 0 -1 _ ! ) . 24
= =0 =) (1-¢ L @)

To minimize z(A, ) as defined in equation (24), we take partial derivatives of equation (24) with
respect to A and 60, and equating them to zero, we get the following normal equations.

0z(A,0) 0
oA
- 79(e)\x(i)71)2 i 79(6"'*(1')71)2 Ax(; Ax(;
— 40) (1—e —ux1)e (e —1)e™xgy =0, (25)
i=1
and
0z(A,0) 0
0 7
. CoE 012 L\ a0 12 Axy _ 1y2
= 2) (1—e¢ 1) (" —1)% =0. (26)
i=1

The above two equations (25) and (26) are non-linear, which can not be solved analytically for
A and 6. Therefore, as mentioned above numerical approximation technique namely, Newton-
Raphson method is used for solving these two equations for the parameters A and 0 respectively
and we will abbreviate these estimates by ALse and Ogp respectively.

4.3. Maximum Product Spacing (MPS) estimation

Now a days, a popular method of estimation technique is the maximum product of sapcing
method of estimation and it is introduced by [10]. Let X(l) < X(z) < ...< X(,,) be the order
statistics of chosen random sample X = (X3, X3, ..., X5 ). Then the spacing is defined as follow;

*(i)
D; :/ f(x;A,0)dx,
*(i-1)
—F (x(i),/\,G) —F (x(,»,l),)\,e) i=1,2,...,(n+1).

Where F(x(g);A,6) = 0 and F(x(,,41); A, 0) = 1. Therefore,

F(x(1);A,0) fori =1,
Di = F(X(i);}\, 9) — P(X(l;l),')t, 9) fori = 2,3, ..o, n,
1—P(X(n)) fori=n-+1.
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After substituting the values of F(x1), F(x;), F(x;_1) and F(x,) in the above equation, we get;

1 o0 W12

fori=1,
D; = { o0 D12 _ 0012 i os 7)
Ax
e—b(e M —1)2 fori=n+1.

Let G be the geometric mean of the spacings D1, Dy, ..., D;,11. Then The MPS estimates AMs
and 05 of A and 6 respectively can be obtained by maximizing the geometric mean of spacing
as follow:

n+1 nlﬁ
¢ (H Di) , e8)
i=1

and hence the natural log of geometric mean G is obtained as follows

1 n+1
:71 T |In (1 - e_a(‘aM(l)_l)2> + i In (e_g(eM(i_l)_l)z — 6—9(6/\X<i)—1)2> — BN — 1)2] :
i=2

(29)

The MPS estimates Ay and 0y of A and 6 can be obtained as simultaneous solution of the
following equations

dInG
= 0,
JIA
Ax
200 M=% (A¥) _ 1))y
1 ( — ) (1) 29(6/\35(") _ 1)6AX(”)x )
n+1 1 — -0 M -1)2

Axg; Ax(; . .
—296_9(8 (i-1) _1)2(6)&(1-,1) o 1)6/\X(i,1)x(i71) + 296—9(6 ( )—1)2 (e)xx(l) _ 1)6/\x(1)x(i)

n
) i (i) -

i=2 e*Q(EAY(171)71)2 _ 679(6 71)2
(30)
and,
dInG
0 0,
L e i ATt VSR EY
- n+1 Ax (e )
1— 6*9(3 <l>*1)2 (31)

Ax(; Ax(
_6*9(5 ¥(i-1) 71)2(6)\3((1,71) B 1)2 i 379(6 Y(z),1)2 (e/\x(i) _ 1)2

n
- =0,

Since equation 30 and 31 can not be expressed in nice close form, therefor in order to get the
solution for A and 0, use of numerical technique is suggested.

5. SIMULATION STUDY

In the present section, we have carried simulation study in order to know the performance of the
various considered estimators of the parameters A and 0 for their long-run behavior. The estimator
have been compared in terms of their mean squared errors (MSEs), To calculate MSEs, we have
generated 10000 different samples from NEER(A, 6) distribution, in order to get convergence of
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the result. The MSEs of the estimators are the functions of 1, A, and 6. For calculation of MSEs, we
have arbitrarily considered the values A = 0.2, 0.8, 1.2 and 6 = 0.2, 0.8, 1.2 and generated 10000
different samples of sizes n = 10, 20, 30, 50, and 120 using R software. We have also calculated
average estimates (AEs), absolute bias (AB), confidence interval (CI), and width of the confidence
interval (W_CI) of the considered estimators of the parameters A and 6. Since the parameter
space is restricted to non-negative values, so negative lower confidence limits were truncated at
zero. The results of simulation are summarised in Tables [1-3].

33



Dinesh Kumar, Omprakash Prajapati, ...

A NEW EXTENDED EXPONENTIAL RAYLEIGH ...

RT&A, No 3 (92)
Volume 21, September 2026

Table 1: Average estimates, mean square error (MSE), absolute bias (AB), confidence interval (CI), and width of
confidence interval (W_CI) for the parameters A and 0 obtained using the Maximum Likelihood Estimation

(MLE) method.

A 0 n A [ MSE,  MSE, AB, ABy CI, Cly W_CI, W.Cl
Lower Upper Lower Upper

10 02115 02672 0.0034 00762 0.0376 01398 0.1333 0.2896  0.0000  0.6018  0.1563  0.6692

20 02047 02355 0.0015 0.0453 0.0244 0.0935 0.1677 02418 0.0903 0.3807  0.0740  0.2904

02 02 30 02021 02249 0.0009 0.0166 0.0183 0.0633 0.1786 02256 0.1361 0.3138  0.0470  0.1777

50 02018 02107 0.0004 0.0072 0.0132  0.0456 0.1869  0.2168  0.1554  0.2660  0.0300  0.1106

120 0.2002  0.2039  0.0001  0.0013  0.0057 0.0178  0.1948  0.2057  0.1837  0.2240  0.0109  0.0403

10 02018 1.0313 0.0023 04612 0.0302 04060 0.1011  0.3025 0.0000  2.3990  0.2013  2.7353

20 01990 09383 0.0011 02871  0.0215 0.2694  0.1448  0.2532  0.2287  1.6480  0.1084  1.4193

02 08 30 02005 09219 0.0010 02433 0.0206 02565 0.1702 02307 0.5334 13104 0.0605  0.7769

50 01961 0.8823 0.0004 0.1175 0.0120 0.1640 0.1755 0.2167 0.6116 ~ 1.1530  0.0412  0.5414

120 0.1960 0.8055  0.0001  0.0108  0.0074 0.0352  0.1891  0.2028 07213  0.8897  0.0137  0.1684

10 02021 15355 0.0021 0.8953  0.0321 0.5553  0.0872 03170  0.0000 3.6963  0.2298  4.3215

20 01987 1.3960 0.0010 04115 0.0216 0.3873  0.1425 0.2549  0.3635 24285  0.1125  2.0650

02 12 30 02000 13150 0.0008 03016 0.0180  0.3029 0.1602  0.2398 0.6186 2.0114  0.0796  1.3929

50  0.1953  1.3292  0.0004 0.1645 0.0129 0.2320 0.1737 02168 09275 1.7309  0.0431 0.8033

120 01984  1.2018  0.0002  0.0425 0.0086  0.0953  0.1899 02069  1.0550  1.3486  0.0170  0.2936

10 09897 02746 0.1726 02495 02955 02318 0.7048 12746  0.0000 0.6055  0.5698  0.6619

20 0.8632 02691 0.0610 0.1236 0.1689 01715 07133  1.0130  0.0856 ~ 0.4526  0.2997  0.3670

08 02 30 0.8338 02301 0.0314 0.0355 0.1155 0.1084 0.7312 09364 0.1223 0.3379 02052  0.2157

50  0.8202 02197 0.0171 0.0259 0.0866  0.0843  0.7627  0.8776  0.1641  0.2753  0.1149  0.1112

120 0.7960  0.2095 0.0051  0.0063  0.0426  0.0437 07709  0.8212  0.1850  0.2339  0.0502  0.0489

10 1.0059 09169 02337 1183 03239 0.6507 05710 1.4409 0.0000 2.2909  0.8699  2.7480

20 08779 10680  0.1022  0.9098  0.2071  0.6221  0.6856 ~ 1.0702  0.3710  1.7650  0.3846  1.3940

08 08 30 08459 09582 0.0557 05884 0.1577 04643 07115 09804 04962 14201 02688  0.9239

50 0.8205 09579 0.0304 04914 0.1235 04118 07378  0.9033  0.6664 12494  0.1655  0.5830

120 0.8053 0.8780  0.0123  0.1670  0.0760  0.2416  0.7725 0.8381  0.7711  0.9849  0.0656  0.2138

10 09422 14993  0.1581 27643 02723 09789  0.4787 14057  0.0000 3.6214  0.9270  4.2441

20 08568 1.6382  0.0823 25911 02042 0.9449 0.6369 1.0767  0.5038  2.7726 04398  2.2687

08 1.2 30 0.8390 14626 0.0554 1.1283 0.1668 0.7118  0.6977 09804  0.7693  2.1560  0.2826  1.3867

50 0.8337 1.3430 0.0355 0.6433  0.1335  0.5522  0.7457 09217 09156 17705  0.1760  0.8549

120 0.8214 1.2931  0.0186  0.3939  0.0947 04047 07859 0.8570 1.1296 14566  0.0711 0.3270

10 14841 03057 03922 02820 04768 02746  1.0592 19090  0.0000 0.7121  0.8499  0.8129

20  1.3813 02670 0.1942 02157 0.3277 0.2078  1.1687  1.5938  0.0889  0.4450  0.4251 0.3560

1202 30 1.3068 0.2524 0.1200 0.1049 02570 0.1654 1.1692 14444 01447 03601 02753  0.2154

50 12608 02289 0.0638 0.0404 0.1840 0.1168 1.1710 13506 0.1631  0.2946  0.1796  0.1314

120 1.2243  0.2085  0.0226  0.0107 0.1088  0.0674 1.1906 12580  0.1870  0.2299  0.0674  0.0429

10 13665 14520 03363 54327 0.4257 11421 07632 19699  0.0000 3.3436 12066  3.7832

20 12371 13634 01483 39112 02851 0.8986 09115 15626 02717 24552  0.6510  2.1836

12 08 30 12089 13269 01167 34793 02373 0.7900 1.0011 14166  0.6212  2.0327  0.4155 14114

50 12239 10734 0.0876  1.3402 0.2213  0.5839  1.1051  1.3428  0.7372 14097 02376  0.6725

120 1.1855 09252  0.0281  0.2693  0.1207  0.2969  1.1290  1.2421  0.7814  1.0691  0.1131 0.2876

10 12842 20482 02234 75080 03460 13692  0.6454  1.9230  0.0000  4.6598  1.2776 52231

20 12246 17966  0.1117  4.9470 02536  1.0271  0.8746 15747 03931  3.2002  0.7001 2.8071

1212 30 11609 1.7484 0.0603 29393  0.1828 0.7988 09057 14160 0.7612 27356  0.5103 1.9745

50 11702  1.6502 0.0542 1.7794 0.1619 0.6833  1.0360  1.3045  1.1335 21669  0.2685 1.0334

120 1.1884  1.3602  0.0243 04384 0.1092 03790  1.1297 12470 11693  1.5511  0.1173  0.3818
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Table 2: Average estimates, mean square error (MSE), absolute bias (AB), confidence interval (CI), and width of
confidence interval (W_CI) for the parameters A and 0 obtained using the Least Square Estimation (LSE)

method.
A 0 n A [ MSE,  MSE, AB, ABy CI, Clp W.CI, W.Cl
Lower Upper Lower  Upper

10 01784 05717 0.0044 05083 0.0510 0.4123  0.0000  0.5032  0.0000  3.3382 0.6497 5.5330

20 01819 04971  0.0035 04010 0.0456 0.3416  0.0000 0.3771  0.0000  2.0809 0.3904 3.1675

02 02 30 01887 04105 0.0028 0.2749  0.0408 02622  0.0684  0.3089  0.0000  1.2271 0.2405 1.6331
50 01915 03366 0.0019 01389 0.0336  0.1902  0.1201  0.2629  0.0000  0.7513 0.1428 0.8294

120 01953  0.2649  0.0010  0.0351  0.0239  0.1097  0.1622  0.2284  0.1141 0.4157 0.0662 0.3016
10 01797 14546  0.0036 14647 0.0436 0.8015 0.0000 0.6104  0.0000  9.2854 0.8615  15.6614

20 01800  1.4762  0.0029  1.2418 0.0397 0.7660  0.0000 04059  0.0000  5.7666 0.4518 8.5809

02 08 30 01897 14319 0.0026 1.0032 0.0388  0.6808  0.0110  0.3684  0.0000  4.7232 0.3574 6.5826
50  0.1850 1.2880  0.0020  0.9579  0.0343  0.6232  0.0798  0.2901  0.0000  3.1396 0.2103 3.7033

120 01991 09916  0.0016  0.5488  0.0307 0.4397 0.1536 02446  0.3037  1.6795 0.0910 1.3758
10 01905 17497 0.0029 1.6851 0.0399 09282 0.0000 0.6549  0.0000 11.4134  0.9288  19.3274
20 0.1806 19288  0.0023  1.4207 0.0355 0.7902  0.0000  0.4304  0.0000  7.8464 04997  11.8353

02 12 30 01892 19177 00021 13853 0.0334 0.7698 0.0170  0.3615  0.0000  5.9334 0.3445 8.0313
50 01848  1.8382  0.0020 1.2674 0.0323  0.7690  0.0681  0.3014  0.0000  4.5854 0.2332 5.4945

120 01951  1.6308  0.0018  0.7459  0.0317 05792  0.1457 0.2445 05159  2.7457 0.0989 2.2298

10 07645 05904 0.0889  0.6895 02347 04796  0.0000 2.3034  0.0000  4.0321 3.0778 6.8833

20 07568  0.5075  0.0657 0.5150 0.2041  0.3827  0.0411 14726  0.0000  2.0157 1.4315 3.0165

08 02 30 07540 04692 0.0545 04321 01844 03400 0.2664 12417 0.0000  1.4580 0.9753 1.9776
50 07741 03407 0.0340 0.1603  0.1449  0.2105 0.4428 1.1055 0.0000  0.8713 0.6628 1.0611

120 07777 02742 0.0202 0.0494 0.1120 0.1329  0.6558  0.8997  0.1259  0.4226 0.2439 0.2967
10 07735 13329 0.0756 14366 0.1896  0.8229  0.0000 27119  0.0000  8.8517 3.8767  15.0375

20 07648 14503 0.0748 1.1746  0.1857 0.7017  0.0000  1.7855  0.0000  6.0017 2.0413 9.1028

08 08 30 07736 12945 0.0569 1.1420 0.1725 0.6947 0.0820 1.4652  0.0000  4.2582 1.3832 5.9274
50 07764 12804 0.0495 1.0096 0.1673  0.6909  0.3705  1.1823  0.0000  3.0481 0.8118 3.5356

120 0.7923  1.0480 0.0271  0.5853  0.1204 04491 05797 1.0049 02705  1.8255 0.4252 1.5550
10 07653 17078 0.0599 15002 0.1578 0.8056  0.0000  2.8344  0.0000  12.0770  4.1381  20.7383

20 07811 17755 0.0428 14833 0.1463 0.7836  0.0000 1.8579  0.0000  7.2130 2.1536  10.8751

08 12 30 07518 1.8425 0.0398 1.2026  0.1400 0.7791  0.0000  1.5538  0.0000  6.4397 1.6040 9.1944
50 07758  1.7425 0.0396 1.0350 0.1385  0.6365  0.2991  1.2526  0.0000  4.3349 0.9535 5.1847

120 08072  1.5099  0.0317 0.7403  0.1287 0.5874 0.5542  1.0602 02439  2.7758 0.5059 2.5319

10 10703 0.6763 0.1864 0.8049 0.3363 0.5488  0.0000 3.2678  0.0000  4.3595 4.3950 7.3664

20 11829 04522 0.1442 04613 02910 0.3391  0.0000  2.3939  0.0000  2.0413 2.4220 3.1781

1202 30 11553 04237 0.1135 03536 02630 02971 04029 19078  0.0000  1.3637 1.5049 1.8799
50 11689 03583  0.0850 0.2145 0.2272 0.2313  0.7266  1.6112  0.0000  0.8320 0.8846 0.9474

120 11794 0.2588  0.0379  0.0354  0.1526  0.1156  0.9881 13707  0.1090  0.4086 0.3827 0.2996
10 11073 14034 0.1369 14798 02812 0.8380 0.0000  4.0592  0.0000  9.5947 59038  16.3826

20 11224 14047 01241 12673 0.2597 0.7701  0.0000  2.6533  0.0000  5.8017 3.0617 8.7940

12 08 30 1.1346 14306 01163 1.1457 0.2534 0.7083 0.0988 21703  0.0000  4.4486 2.0715 6.0360
50 11846  1.2006 0.1132  1.0317 0.2443 0.6648 05114 1.8577  0.0000  3.1039 1.3462 3.8066

120 1.1702  1.1272  0.0734  0.8294 0.2109  0.5658  0.9002  1.4401  0.3901 1.8642 0.5398 1.4741
10 11241 17816 0.1006 19270 02281 09067  0.0000  4.1963  0.0000 123563  6.1444  21.1494
20 11265 1.8310 0.0994 1.6022 02229 0.8935  0.0000  2.8540  0.0000  8.1551 34549  12.6482

1212 30 11187 19161 0.0931 14531 02101 0.7760  0.0430 21943  0.0000  5.9817 2.1513 8.1312
50 11408 1.8962  0.0705  1.2250  0.2057  0.7709  0.3883  1.8934  0.0000  4.9097 1.5051 6.0271

120 11673  1.6609  0.0658 0.8569  0.1779  0.6340  0.8741 14606  0.5534  2.7684 0.5864 22151
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Table 3: Average estimates, mean square error (MSE), absolute bias (AB), confidence interval (CI), and width of
confidence interval (W_CI) for the parameters A and 0 obtained using the Maximum Product of Spacing

(MPS) estimation method

A 0 n A [ MSE,  MSE, AB, ABy CI, Cly W.CL, W.Cl
Lower Upper Lower Upper
10 01787 03537 0.0019 0.1066 0.0316  0.1682  0.0000  0.3700  0.0000  1.4388  0.3827 2.1700
20  0.1853 02808 0.0009 0.0351 0.0217 0.0940 0.0451  0.3255  0.0000 0.9478  0.2803 1.3339
02 02 30 01891 02495 0.0005 0.0123 0.0163  0.0591 0.0775  0.3007  0.0000 0.7394  0.2232 0.9797
50 01933 02235 0.0003 0.0039 0.0104 0.0341 0.1080 0.2786  0.0000  0.5672  0.1706 0.6874
120 01976  0.2067  0.0001  0.0008  0.0048 0.0118 0.1320  0.2633  0.0000  0.4544  0.1312 0.4953
10  0.1831 1.0031 0.0010 0.7454 0.0253 0.8033  0.0000 03841  0.0000 3.9862  0.4019 5.9662
20 01896 0.8650  0.0005 04651 0.0177  0.6651  0.0446  0.3346  0.0000 2.7741  0.2900 3.8182
02 08 30 01936 0.8444 0.0003 04271 0.0136 0.6445 0.0611 03261  0.0000 25206  0.2650 3.3523
50 01931 0.8199 0.0002 03870 0.0107 0.6199 0.0849  0.3013  0.0000 21795  0.2164 2.7191
120 01936 0.8030  0.0001  0.3638  0.0077  0.6030  0.1363  0.2510  0.0921 15139  0.1146 1.4218
10 01898 13486 0.0008 14581 0.0229 11486 0.0000 04168  0.0000 5.6518  0.4541 8.6063
20 01926 12409 0.0004 1.1040 0.0163 1.0409 0.0199  0.3653  0.0000  4.3408  0.3454 6.2000
02 12 30 01930 12207 0.0003 1.0474 0.0161 1.0207  0.0469  0.3390  0.0000 3.7942  0.2921 5.1471
50 01924 1.2043 0.0002 1.0090 0.0128  1.0043  0.0941  0.2908  0.0000 29100  0.1966 3.4115
120 01930  1.2001  0.0001  1.0003  0.0095  1.0001  0.1381  0.2479  0.2450  2.1552  0.1098 1.9102
10 07417 03294 0.0250 03656  0.1094  0.6040  0.0000  1.5560  0.0000  1.4554  1.6286 2.2519
20 07595 02503  0.0094 03550 0.0621  0.5931 02392 1.2798  0.0000 0.8486  1.0406 1.1965
08 02 30 07707 02239 0.0054 03450 0.0475 05800 0.3516 1.1899  0.0000  0.6584  0.8383 0.8689
50 07797 02074 0.0023  0.3298  0.0311  0.5604 0.4492  1.1102  0.0000 05275  0.6610 0.6403
120 0.7874  0.1960  0.0007 0.3058 0.0171  0.5209 0.5882 09866  0.0114  0.3806  0.3984 0.3692
10 07544 09447 0.0170 0.1195 0.0924 0.1813  0.0000  1.9492  0.0000 4.8215  2.3896 7.7536
20 07709 08818  0.0074 0.0509  0.0612  0.1018  0.0000  1.5666 ~ 0.0000  3.4134  1.5915 5.0631
08 08 30 07794 08339 0.0034 0.0146 0.0423 0.0433 0.0709 14880  0.0000 3.0356  1.4172 4.4034
50 07895 0.8129  0.0015 0.0034 0.0286 0.0188  0.2454  1.3335  0.0000 24875  1.0882 3.3493
120 0.7954  0.8020  0.0005  0.0001  0.0162  0.0061  0.4294 1.1613 0.0000 1.9246  0.7319 2.2452
10 07656 12951 0.0123 03115 0.0829 0.4969 0.0000 1.8846  0.0000 63602  2.2379  10.1302
20 07782 12456  0.0047 0.2190  0.0530 04456  0.0000  1.6007  0.0000  4.8956  1.6450 7.2999
08 12 30 0783 12215 0.0030 0.1839 0.0417 04215 0.1001 14672  0.0000 4.2308  1.3671 6.0185
50 07899  1.2074 0.0016 0.1666  0.0295 04074 02120 1.3679  0.0000  3.7448  1.1559 5.0749
120 07977  1.2019  0.0006  0.1616  0.0161 04019 04144 1.1809  0.0000 2.8747  0.7666 3.3455
10 1.0979 03681 0.0716 0.9974 0.1833 0.9985 0.0000 24706  0.0000 1.6792 27454 2.6222
20 11382 02737  0.0291 09649 0.1045 09796 0.1866  2.0898  0.0000  1.0082  1.9032 1.4689
1202 30 11517 02456 00166 09307 0.0736 09552 0.3509 19525 0.0000 0.8232  1.6016 1.1551
50 11698 02205 0.0071 0.9000 0.0445 09293 0.5554 1.7841  0.0000  0.6329  1.2287 0.8249
120 11895 0.2015 0.0011  0.8088  0.0165 0.8523  0.7850 15939  0.0000  0.4566  0.8089 0.5102
10 11236 09709 0.0345 0.1851 0.1362  0.4074  0.0000 29337  0.0000 5.1695  3.6203 8.3973
20 11525 08715 0.0131 0.1664 0.0845 0.3997 0.0000 23854  0.0000 3.5494  2.4657 5.3558
1208 30 11655 0.8375 0.0078 0.1610 0.0661 0.3867  0.1808 21501  0.0000 29161  1.9693 4.1573
50 11694 0.8025 0.0039 0.1544 0.0509 0.3858  0.4400 1.8987  0.0000 22974  1.4586 2.9898
120 1.1768  0.7926  0.0019  0.1528  0.0355 0.3825 0.7545  1.5990  0.0000  1.6490  0.8444 1.7129
10 1.1429 13411 0.0237 0.1563  0.1180  0.1590  0.0000  2.8424  0.0000  6.6513  3.3992  10.6205
20 11703  1.2367 0.0094 0.0278 0.0760  0.0514 0.0000 24791  0.0000 51150  2.6177 7.7565
1212 30 11749 12173 0.0059 0.0080 0.0615 0.0291 0.1814 21684  0.0000 41433  1.9870 5.8521
50 11889  1.2064 0.0032  0.0007 0.0466  0.0174 03466  2.0312  0.0000  3.6562  1.6845 4.8996
120 11866  1.1981  0.0015 0.0002  0.0323  0.0109 0.6141 17592  0.0000 2.8606  1.1451 3.3250
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The simulation results indicate that the mean squared error (MSE), Absolute bias (AB), and
width of confidence interval (W_CI) decreases with increasing sample size for all estimation
methods, confirming their consistency. The MPS estimator consistently produces the smallest
MSE across most parameter configurations, demonstrating superior efficiency and robustness.
Although the MLE exhibits relatively high MSE for small samples, its performance improves
substantially with increasing sample size. The LSE shows moderate performance but generally
remains less efficient than MPS. Therefore, based on the MSE criterion, the MPS estimator is the
preferred estimation method for the considered distribution.

6. ReAL DATA APPLICATION

In this section, we have considered two real data sets to illustrate the usefullness of the proposed
distribution in terms of fitting to the real characteristic. The first data set (Table 4) refer to the
failure times of 84 aircraft windshields. This data set studied by [19] and fitted the Weibull-
Lomax distribution. The second data set (Table 5) represent the lifetime (in years) of 40 blood
cancer (leukemia) patients. Recently, the data set is used by [21] and fitted a new extended
Weibull distribution. The TTT plots of the first and second data sets are shown in Figures 4 & 5
respectively. Here, we have compared the performance of the proposed NEER(A, 8) distribution
over some existing well known distributions such as Weibull distribution (WD), Gamma
distribution (GD), and Exponentiated Exponential (EE) distribution. For the purpose, the tool
used are -log-likelihood, AIC, BIC, K-S test statistic and its p-value. These criterions are defined as
follows.

AIC =2k—2Inl,
BIC =klnn—2InL,
KS test statistic = supy|F(x) — Fy(x)|,

where k is the number of parameters and n is the number of units in the data set, L is the
maximum likelihood, F(x) is the theoretical cdf and Fy(x) is the empirical cdf.

Table 6 & 7 present the estimated parameters for the NEER(A, 0) distribution along with those
for the alternative models. These estimates are obtained through appropriate fitting techniques,
providing a basis for comparing how effectively each distribution represents the observed data
and captures its underlying patterns.

Table 4: Real Data Set of failure times of 84 Aircraft Windshield

0.040 1.866 2385 3443 0301 1.876 2481 3.467 0309 1.899 2610 3478
0557 1911 2625 3.578 0943 1912 2632 3595 1.070 1914 2.646 3.699
1124 1981 2661 3.779 1248 2.010 2688 3924 1.281 2038 2.820 4.035
1281 2.085 2.890 4.121 1.303 2.089 2902 4167 1432 2097 2934 4.240
1.480 2135 2962 4255 1505 2154 2964 4278 1506 2190 3.000 4.305
1.568 2.194 3.103 4376 1.615 2223 3.114 4.449 1.619 2224 3.117 4.485
1.652 2229 3166 4570 1.652 2300 3344 4.602 1757 2324 3376 4.663

Table 5: The lifetime (in years) of 40 blood cancer (leukemia) patients.

0315 0496 0616 1145 1.208 1263 1414 2025 2036 2162 2211 2370
2532 2693 2805 2910 2912 3.192 3263 3.348 3.348 3.427 3499 3.534
3767 3.751 3.858 3986 4.049 4.244 4323 4381 4392 4397 4.647 4.753
4929 4973 5.074 5.381
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Figure 4: TTT plots for the failure times of 84 Aircraft Windshield
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Figure 5: TTT plots for the lifetime (in years) of 40 blood cancer (leukemia) patients.
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Table 6: Estimates, -log i, AIC, BIC, KS-statistic and p-value for all the considered distributions based on the data of
failure times of 84 Aircraft Windshield.

Estimates

Models _ _ —log(l) AIC BIC KS-statistic  p-value
A 0
NEER(A, ) 0.17729 2.13650 128.376  260.751 265.613 0.08159 0.60181
WD(A, 0)  2.86286 2.37437 130.052 264.105 268.966 0.05368 0.95815
GD(A, 6) 3.49222 1.36553 136.935 277.871 282.732 0.10351 0.30759
EE(A, 6) 0.75793 3.56051 139.839 283.678 288.540 0.12097 0.15750
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Figure 6: Q-Q plots for the fitted distributions of data set 4.

Table 7: Estimates, -log L, AIC, BIC, KS-statistic and p-value for all the considered distributions based on the data of
the lifetime (in years) of 40 blood cancer (leukemia) patients.

Models Estimates —log(L) AIC BIC KS-statistic  p-value
A 0

NEER(A, ) 023253 0.56066 67.5249  139.050 142.428 0.09352 0.84330

WD(A, 6)  3.51846 249949 69.5580 143.116 146.494 0.11834 0.58839

GD(A, 0) 346475 1.10317 73.5487 151.097 154.475 0.15815 0.24283

EE(A, 0)  0.61415 3.51889 74.9624 153.925 157.303 0.16116 0.22440

From Table 6 & 7, it is clear that the proposed distribution fits better as compared to the other
considered distributions in terms of the considered model selections criterion -log L, AIC and
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Figure 7: P-P plots for the fitted distributions of data set 4.
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Figure 8: Q-Q plots for the fitted distributions of data set 5.
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Figure 9: P-P plots for the fitted distributions of data set 5.

BIC, as the criterion values are smaller for the proposed NEER(A, 0) distribution compared to
those of for the other considered distributions.

7. CONCLUSIONS

In this study, we have introduced new extended exponential Rayleigh distribution with the
parameters A and 6, i.e.,, NEER(A, 6) and we have derived its several key statistical properties such
as survival function, hazard rate function, quantile function and order statistics. The distributional
behavior is shown by plotting its pdf, cdf and hazard rate function for various combination
values of the parameters A and 6. The parameters A and 6 were estimated using MLE, LSE, and
MPS method of estimation on the basis of complete sample from it. The simulation study is
carried out to know the performance of these estimations in terms of MSEs. From Tables [1- 3],
it is clear that as the sample size n increases the MSEs of these considered estimation mathods
decreases for all the considered values of the parameters A and 6. It was noted that the MPS
estimates out performs the corresponding MLE and LSE. Finaly the two real data applications
depicts that NEER(A, 0) distribution provides a superior fit as compared to the three considered
rival probability distributions showing the effectiveness and practical relavance of our proposed
NEER(A, 0) distribution to the real problems.
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Abstract

This paper introduces a new extension of the Power Function Distribution, referred to as the Exponen-
tiated Gumbel Power Function (EGuPF) distribution derived from the exponentiated Gumbel family of
distributions using the power function as the baseline distribution. The EGuPF distribution extends the
classical power function distribution by incorporating additional shape parameters, thereby enabling it
to capture J-shaped, reverse J-shaped, and bathtub-shaped hazard rate behaviours. The new distribution
is expressed as an infinite linear combination of a power function distribution. The quantile function,
moments, incomplete moments, Trimmed-L Moments, mode, Moment of Residual Life (MRL), Moment
of Reversed Residual Life (MRRL), entropy, and order statistics of EGuPF distribution are derived.
Parameter estimation is carried out using the maximum likelihood estimation (MLE) method, and
the performance of the estimators is evaluated through Monte Carlo simulation. Simulation results
show that the estimators of the parameters of the EGuPF distribution are consistent, efficient, and
reliable. The application of the EGuPF distribution is demonstrated using two real datasets: survival
times of acute myelogenous leukaemia patients and monthly tax revenue data. In both cases, EGuPF
distribution outperforms competing distributions with the same baseline, achieving the lowest AIC,
BIC, and goodness-of-fit statistics. These findings establish the EGuPF distribution as a flexible and
robust model for analyzing bounded and skewed data.

Keywords: Power Function Distribution, Exponentiated Gumbel-G, Reliability, Estimation,
Simulation

1. INTRODUCTION

The power function distribution (PFD) is a bounded continuous probability distribution that
has been widely studied due to its simplicity and flexibility in modeling data constrained
within a finite range. The PFD is related to the standard Pareto distribution through an
inverse transformation [1] . Several authors have investigated its characterization and structural
properties; notable contributions include [2],[3], and [4] .The probability density function (pdf)
and cumulative distribution function (cdf) of the PFD, as given by[5],are respectively

P =(3) M
and )
f(x):(g) (%)u_ ,0<x<ba>0 )
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Statistical literature is very rich in classical probability distributions such as PFD, exponen-
tial, lognormal etc for modelling time to event data. There are instances where datasets
arising from physical phenonmenon do not follow known classical probability distributions.
Hence researchers have come up with different methods of transformations otherwise known
as generated family of distributions aimed at making baseline distributions more flexible.
Some examples of generated family of distribution include beta-G [6], Kumaraswamy-G [7],
Transformed-Transformer [8], Weibull-G [9], T-Normal family [10], exponentiated weibull-G [11],
Topp-Leone family [12], exponentiated gumbel G [13], T-Kumaraswamy family [14], Marshal
Olkin gumbel-G [15].

Several extensions of the PFD have been proposed to enhance its flexibility for bounded,
lifetime, reliability, and survival data. [16] introduced the Transmuted PFD using the quadratic
rank transmutation map, providing greater flexibility in the shape of the distribution. [17]
proposed the Weibull PFD, using the Weibull-G class whose hazard rate can assume increasing,
decreasing, and bathtub shapes, with improved performance in application to two different
bathtub lifetime data. [18] derived the Kumaraswamy PFD and investigated its TL-Moments
and L-Moments, while exponentiated Weibull power function [19] proposed the Exponentiated
Weibull PFD, studied its properties, and fitted it to three-real life datasets.[20] subsequently
introduced the Exponentiated Kumaraswamy PFD and investigated the effect of the extra shape
parameters on the skewness and kurtosis of the distribution.

Furthermore, [21] introduced the Exponentiated PFD and studied the limiting properties of
the pdf, cdf, sf, and hrf, and applied it to two failure time data, while [22] proposed the
Exponentiated Generalized PFD, offering greater flexibility, particularly for Type-II censored
data. [23] derived the Another Generalized Transmuted PFD, which showed improved fit
over its sub-models for component failure-time data. More recently, [24] proposed a Cubic
Transmuted PFD based on a second-order transmutation map, further enhancing the shape
flexibility of the PFD, and estimated the parameters of the proposed model using five different
estimation methods.

In this paper, we introduce an extension of PFD given (1) and (2) using a Exponentiated Gumbel
family of distribution proposed by [13].The motivations of the study are: (a) To improve the
characteristics of the PFD (b) To derive an extension of PFD that can capture bathtub shaped ,
J-shaped and reverse J-Shaped hazard rate behaviours (c) Empirical evidence form modelling
the survival times, in weeks, of 33 patients suffering from Acute Myelogenous Leukaemia and
monthly actual taxes revenue in Egypt from January 2006 to November 2010 show that the
proposed extension of PFD provides a better fit when compared with other distribution with
the same baseline. The rest of the paper is organized as follows. After compling this paper
write the outline ie the sections of the paper.

2. METHODS

2.1. The Exponentiated Gumbel Power Function Distribution

A family of distribution known as exponentiated Gumbel family of distribution was proposed
by [13], using the logit of the cdf of a random variable. The cdf of the exponentiated gumbel
family of distribution is given by (3)

G(x)zl—[l—exp{—B(lf(Fx()x))_a}l x> 0,0,0>0,—00 < ji <00 3)

The pdf corresponding to (3) is
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_1_4 _1 _1yqe-l
_ oBf (x) (F(x) ¥ exp{_B< F(x) ) } [1_exp{_3( F () ) H
(1 F(x) (D T F () T F (0
(4)
Where, B = exp (£) and F(x) and f(x) are arbitrary cdf and pdf of a random variable X often
referred to as the baseline.

Choosing the baseline distribution to be PFD given in (1) and (2) and substituting same in (3)
and (4) birthed a new member of the exponentiated gumbel family called exponentiated gumbel
power function distribution denoted as EGuPF distribution. The cdf and density function of
EGuPF distribution are respectively given by (5) and (6)

Gx)=1- [1exp{B (bax_uxa)_a}l 5)
(841 1 1 a—1
_ _aBab"x~(cH! xf v TS B
00 =t rtep - (v5) P i-ew {0 () T

0<x<bauwoc>0,—0c0<py<oo

Note: if & = 1 (5) reduces to Gumbel power function by [25]. The survival function S(x) and
hazard rate h(x) function associated with (5) are respectively

S(x) = [1—exp{—B (ﬂ)é}r

and

e ) o) |

While the cumulative hazard rate H(x) and reversed hazard rate r(x) function of EGuPF

distribution are
1
x* K
H (x) = —alog ll —exp {—B <b”—x”) }]

wBabx—(5+1) exp{—B (h”xaxa);} [1_exp{_3 <baxﬂxa)},}]a—1
o (b~ xa)_(%_l) [1 — [1 —exp {—B (%)3”“]

-1

and

r(x) =
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Figure 1: Plot of pdf of EGuPF distribution for selected

parameter values.
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Figure 2: Plot of hrf of EGuPF distribution for selected
parameter values.

The plots of the pdf of EGuPF distribution is given Figure 1, which show that EGuPF distribution
is unimodal while the plots of it hazard rate function /(x) shown in Figure 2 reveal that its
has bathtub shaped, J-shaped and reverse J-shaped. The various shapes assumed by the h(x)
makes the proposed distribution fit for modelling data sets whose failure rate assumes the

above shapes.

Theorem 1: Given that Y is distributed as exponentiated Gumbel distribution with location
parameter y, scale parameter ¢ , and shape parameter &, then the random variable X =
b (exp (—y) + 1)~ " is distributed as EGuPF distribution with parameters y, 0, a, a, and b

Proof: Given that

r(y) = —exp

By transformation,

(%) e -Bew

and x = b (exp (—y) +1) " implies y = — log (%)a - 1)

-y

Substituting for % in (7) and simplifying gives

aBa (%)7(%“)

g(x) =

ob(1-(5)")

=R (

This distribution is the same as the one given in (6).

()"
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2.2. Quantile Function

The quantile function plays an important role in statistical theory and applications, particularly
in simulation studies. Quantile function is defined as

u="F(x,)=PX<xy), 0<u<l

The quantile function Q(u) of the EGuPF distribution is easily obtained by inverting (5) we
have

Q(u):b[1+{—11310g[1—(1—u);}}0]_$ ®)

In particular the median of EGuPF is obtained by substituting u = % in (8) as

o=t -]

Random samples from EGuPF distribution can be generated using (8) by assuming that u
follows Unifrom distribition

2.3. Important Expansions

Two important representations of the pdf and cdf of EGuPF distribution are derived in this
subsection. The general binomial expansion, for w > 0 real non integer and |z| < 1

a- =g () ey ©)

=1 !

Furthermore, the power series expansion for exponential function exp (—z) is given by

= (1)
exp(-z) =) ~——7 (10)
=0 I
Using (9) and (10) the pdf of EGuPF distribution given in (6) can written as
g(x)= ), Tijkfa<k7171) (x) (11)
i,j,k=0 LG

_ (=)"HRapBi+1)) a—1 41 4
where ¥ = j!a(k_i_l) , cT o and f (k—
power function distribution.

) (x) is the pdf of

U=

Hence the EGuPF distribution can be expressed as a linear combination of power function with

parameters a (k — (iT - l) and b.

g

Similarly, given that ¢ is a positive integer then using (9) and (10) G (x)z can be expressed as

l

G (x)é = Z meQ”Fa(ufg) (12)
m=0 pqu=0

m p u
1

function distribution with power parameter a (1 — 1) and scale parameter b. The expressions for

q
where Ompqu = (_1)m+P+q+” ( ¢ ) ( o ) ( 4 ) (Bq)q and Fa(ufl) is the cdf of power
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¢(x) and G (x)" given in (11) and (12) respectively are very useful in deriving some properties
of EGuPF distribution.

2.4. Properties

In this subsection, we examined some of the statistical and reliability properties of EGuPF
distribution.

2.4.1. Moments and Incomplete Moments

The rth moment of a random variable is defined as y, = [ x"g(x)dx. The rth moment of

EGuPF distribution can be obtained using (11) as follows

2 ‘Yllk/ xf( _i_ %)(x)dx

i,j,k=0

Z l]k/ —‘,) (z)(ﬂ(kw)l) i

i,j,k=0

(L 1) =

The first four central moments can be obtained by setting = 1,2,3,4 . The moment generating
function (mgf) of EGuPF distribution is given by

B x B (o) t}’ .
Mx (t) =E (et ) = ;:()EE (X" (14)
Substituting (13) in (14)

e () (k—L1-1)
= e (e 1o 1))

g

Second, the incomplete moment, say ¢ (z) of EGuPF distribution is obtained using (11) as

Ps (z) = i,j,kZ:O‘Yijk /Ozx f (k-i-1) (x)dx
" (k i %) Zs+a(k7§7%>
- ¥, 15
(P (Z) uj[j%() ]k<s+a(k_l]7_tlf))ba(k{r;> ( )

The upper incomplete moment of the proposed distribution defined using the pdf given in (11)
we have

Z ‘I’l/k/ xsfu<k_%'-_%) (x)dx

i,j,k=0

The upper incomplete moment of EGuPF distribution takes the form
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0 (k_é_(lf) bS+ﬂ<k*%*%) _Zeru(kf%f%)
Z) =a 2 Tijk (k—l—l> ] 1
i,j,k=0 '\ e (s—f—a(k—;—;))
The mean deviation from mean and the median deviation from the mean can be easily obtained
using the following relations o4 (x) = 2uG (y) — 2] (u) and 0, (x) = u — 2] (M) where J (¢) =
foc xg (x) dx. The mean deviation from the mean and median deviation from the mean of EGuPF
distribution respectively are given by

(16)

oo (k —1_ l) ‘ueru(ki%f%)
o1 (x) =2uG (1) —2a ), Yij

§F=0 (s+a(k_1_1))bﬂ<k+%>

and

2.4.2. Trimmed-L Moments

The trimmed L-moments was introduced by [26] as an extension of L-moments obtained
from linear combinations of order statistics after symmetric or asymmetric trimming.The rth
Trimmed L-moment Atl’ as defined by [26] is

t 1'S r—1
) = ; Z " ( kq > E <Y7’+f1—k1r7’+f1+1‘2) =12 (17)

For a symmetric case t; = tp = ¢, (17) reduces to

1 -1
/\5” =-) (—1)k1 ( rkl ) E (Yott—kyrt2t)

" k=0

then using the well-known representation of the expectation of order statistics, we obtain

t % i_ (rk_11> (r+t— ]((: tzlt))!!(t k) /Ob xg (x)G (X)H_H_kl_l (1-G (JC))(H_kl) dx

Expanding the term (1 — G(x))Hk1 using the binomial series yields

b
A 1 1)k t+k (r+2t)! Frtky+d—1
~r 2: ; ( ki )< d )(r+t—k1—1)!(t+k1)!O/xg<x)G(x) T
(18)

Substituting (11) and (12) in (18) and replacing ¢ in (12) with 4+ ¢ + k; +d — 1, the rth trimmed-L
moment of EGuPF distribution takes the following form

r—1 t+ky r+t+k+d—1 o oo

H_b Nkt (2 (=1 t+ky
Ar _rklz:o dgo mZ=:O z?kpqg OTle‘DmPW( 1) (r+t—k —1) (k! ( ky ) ( d

X (a(uﬁ—k—g—é—}r)—f—l)il
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The above expression provides the general form of the trimmed-L moments for the EGuPF
distribution in terms of convergent infinite series involving the coefficients ¥;j and @upqu.The
population measures of location, scale, skewness and kurtosis can be obtained fort =1,r =1,
2, 3, 4 respectively.

2.4.3. Mode

The mode of a distribution is the value of x that maximizes the probability density function.
It is especially informative for skewed distributions where the mean may be misleading. The
mode of EGuPF distribution can be determined by differentiating the (6) with respect to x and
equatin to zero and its is given as

2.5. Reliability Measures

Reliability measures provide important insights into the ageing properties and failure dynamics
of lifetime distributions. This section presents the derivation of some fundamental reliability
measures of the EGuPF distribution.

2.5.1. Moment of Residual Life (MRL)

The nth moment of the residual life function denoted by m, () = E[(x —t)"/X > t|,n =1,2,...,
completely determines G(x) [27]. The nth moment of residual life of X is given by

H=—
mi(t) =15
Using the general binomial expansion, (19) can be written as

m () = s X 0 (1) [ G )

r=0
Hence the MRL of EGuPF takes the following form

! a /t°° (x— "G (x) = E[(X — )" /X > {] (19)

no % k—g—% S+a(k—;—;) B s+a(k—§—%>
my (t) = L; ) (Uanijk( ': )t""( : > [b h d

2.5.2. Moment of Reversed Residual Life (MRRL)

The n™ moment of the reversed residual life, defined as m, (t) = E[(t — X)" | X < t] for t > 0
and n =1,2,..., completely determines G(x).

My () = Gl(t) [ =6 ()
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Using (9) MRRL can be expressed as

M) = g L () e [wac

r=o

Therefore the MRRL for EGuPF distribution is

2.6. Entropy

In this subsection, we derive the Rényi entropy of order v > 0,7 # 1 for the proposed
distribution. Rényi entropy generalizes Shannon entropy and is particularly useful in reliability,
information theory, and uncertainty quantification. The Renyi entropy is defined by [28] as

1
T—v

Ir(y) log/gV (x)dx,y>0,7#1 (20)
0

Theorem 2 : The Renyi entropy of a random variable that is distributed as EGuPF distribution
is given by,

: ) ; : } > :
I = log (b ik | ak — —+1)+=
R = T gl iij_jomjk( v{(a )+1
Proof: From (20) we have that

1 1

8= ("ﬁf) 7(1 (i()x):;g:l()ég exp {—B7 (bax_axa> a} [1 —exp {—B (bax_axu> JH (1)
b

Applying the general binomial expansion and power series expansion for exponential function
to g7 (x) we obtain

[e] ak— a i
8" (x) =Y mijk (%) ()] (21)
ijk=0
where 771']']( = (%)7 (_1)]7’,+]+k ( ’)/(Oéi— 1) > < v (% _kl) + % ) (B (7“‘1))]

substituting (21) in (20) and integrating we have

Ir(y) = ﬁlog [biﬂiomjk <ak - {(% TUE ”)_1]

Furthermore, the g-entropy is defined by

116]108 (1 ‘/gq (X)dx) ;q>0,q#1,
0

Hence, the g-entropy of EGuPF distribution is given as

Hy (X) = 1 log [“b L, <”"‘”7[(§“)+£D1]

ijk=0

Hy (X) =
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2.7. Order Statistics

Let X;, Xp, ..., Xy be a random sample of size n from the EGuPF distribution with pdf g(x)
and cdf G(x), and let X1) < X(p) < - - - < X denote the corresponding order statistics. The rth
order statistics is given by

3o (0= 5 L 0 (7)) swe e @

where B(.,.) is Beta function, substituting (11) and (12) into (22) and replacing ! with v +r —1,
and simplify, the order statistics of EGuPF distribution takes the form

—ro4r—1 oo ( (k—j—},)) <x>u(k+u—g—{;—},)—1

G (1) = 5 @’
B(rn—r+1) ;mOUkZOpq;O b b
where ®* = (—1)° ( ner )‘I’i]-kc@mpqu

2.8. Maximum Likelihood Estimation

Let X1, X», ..., X, be a random sample of size n drawn from the proposed EGuPF distribution
with parameter vector A = (y,a,a,b,0) and pdf given in (6); the unknown parameters are
estimated using the maximum likelihood method.The log-likelihood function I for the complete
sample, corresponding to the parameter vector A is given by

| = nloga +nlogB+nloga—nlogo —nlogh— (£+1) f; log (%) + (% —1)
i=1

n a n n (23)
x L log (1 — (%) ) —B Y Zi+(a—1) L log[1—exp {~BZ}]

where

1
xi\4a -7
Z; = <1(b(2€)a> The sample maxima is the estimator of b, i.e., b= X(n).
D

The associated score function for the likelihood function in (23) are:

I S log (1 exp {~BZ:))
T & P !
o n 1 _ & L [ Z;Bexp(—BZ;) ]
O By Zir (a1
oy o o l; i+ )g o [1—exp(—BZ;)]
L x7 log ag & Zilog
g=t-thoez- (2-1) £ e £

ag
bB n Z; log(i)exp{ BZ;}
+7 (a=1) & {(b”—x 7Y (1—exp{— BZ})}

n n a
=t Llog(}) — x Llog (1 (3)") & & Zilog (57

Ziexp{— BZ}

torle=1) ,é {eassih og (e ) |
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The system of equations above obtined from the partial derivatives of (23) with respect to the
individual parameters does not admit explicit closed-form solutions. Therefore, the system
of nonlinear equations is solved numerically using iterative optimisation algorithms like the
BEGS algorithm or the Newton-Raphson method to produce the maximum likelihood estimates
(MLESs) of the parameters.

3. RESULTS

In this section, we present results from simulation studies alongside the application of the
EGuPF distribution to two real dataset.

3.1. Simulation Studies

A simulation experiment is conducted to ascertain the consistency and stability of the maximum
likelihood estimators (MLEs) of the parameters in the proposed distribution. The simulation is
repeated N = 5000 times, each having sample sizes n = 200, 500, 800, 1200 and 1500 for
parameter values y = 1.5, 2 = 1.2, « = 1.2 and ¢ = 2. For the purpose of evaluation, the
following five measures were computed: mean estimates (ME), average bias (AVB), root mean
squared error (RMSE), coverage probability (CP) and average confidence width (ACW). The
estimated MEs, AVBs and RMSEs are given by

1 N
AVB = — AN — A
vhoow,

1 N )
RMSE =, | = A — A
° ng( l )/

for A = (u,a,a,0). Coverage probability (CP) is the percentage of intervals that contain the
true value of A, while average confidence width (ACW) is the mean of the absolute value of the
95% confidence interval for A. The Table 1 show the results of simulation studies.
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Table 1: Simulation results for parameter values, y =1.5,a =15, 0 =1.2and o = 2.

Parameter Sample size =~ ME AVB RMSE ACW CP

200 27628 1.2628 3.0306 18.2354 0.9855
500 19946 04946 1.8543 7.6529 0.9730
U 800 1.7054 0.2054 1.1482 4.5767 0.9510
1200 1.5120 0.0120 0.6582 2.7127  0.9305
1500 1.4687 -0.0312 0.6353 2.2169  0.8950
200 2.6483 1.4483 2.4793 10.7388 1
500 2.0852 0.8852 1.6453 5.2920 1
o 800 1.8633 0.6632 12034 3.5617 0.9995
1200 17302 0.5301 0.8749 25347  0.999
1500 1.6882 0.4882 0.8134 2.1968 0.996
200 73815 5.8815 17.701 99.6582 0.9935
500 39075 24075 9.8804 30.1218 0.985
a 800 26579 11579 5.0372 12.0799 0.975
1200 2.0629 05629 23151 55437 0.9595
1500 19852 0.4851 25876 4.8543 0.9585
200 3.4542 14542 29918 13.6400 0.9985
500 27634 0.7634 2.0373 8.15045 0.9955
o 800 24869 0.4869 1.6086 6.1649 0.9900
1200 23228 03228 1.2344 4.7983 0.9845

1500 22601 02601 1.1479 4.2350 0.977

Table 1 reports the simulation outcomes for the parameters y, a, a, and ¢ under increasing
sample sizes. The results show a consistent pattern: as sample size increases, the mean estimates
approach their true values, the absolute bias and RMSE decrease, and the confidence intervals
become narrower, reflecting improved accuracy and efficiency of the estimators.

3.2. Applications

The proposed EGuPF distribution is compared with the following probability distributions that
have the same baseline namely, Transmuted PFD [16], Another generalized Transmuted PFD
[23], PED, Weibull PFD [17], and exponentiated weibull PFD [19].

The first data (Dataset 1) were first analyzed by [29]. The data represent the survival times, in
weeks, of 33 patients suffering from Acute Myelogenous Leukaemia. The data are: 65, 156, 100,
134, 16, 108, 121, 4, 39, 143, 56, 26, 22,1, 1, 5, 65, 56, 65, 17, 7, 16, 22, 3, 4, 2, 3, 8, 4, 3, 30, 4, and 43.
The skewness and Kurtosis of dataset 1 are 1.221 and 3.349 respectively. These values indicates
that Dataset 1 is positively skewed and more peaked than the normal distribution. Table 2
gives the ML estimates of parameters of EGuPF distribution and other competing models with
the same baseline while Table 3 presents some Statistics measures that facilitates comparions
among models. The plots of the estimated pdfs and cdfs for dataset 1 are given in Figures 3 and 4
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Table 2: MLEs of EGuPF parameters and other competing models for dataset 1 (standard errors in parenthesis).

Distributions Estimates
EGUPF(u, 0, &, a,b) -2.472 0.462 0.214 0.586 156
(0.625) (1.04) (0.506) (0.345)
TPF(A,a,b) 0.523 0.562 156
(0.287) (0.100)
AGTPF(«,A,a,b) 0.652 0.775 0.484 156
(0.18) (0.24) (0.10)
PF(a,b) 0.450 156
(0.078)
WPF(«,B,a,b) 10.540 0.068 2.833 156
(7.25) (0.043) (0.618)
EWPF@®, «, B, a,b) 11.680 4.708 0.0600 3.898 156
(14.45) (1.19) (0.026) (2.07)
Table 3: Statistics Measures for Dataset1 .
Distributions AIC BIC CVM AD KS -loglik
EGUPF 297.28 303.27 0.043 0.319 0.096 144.6449
TPF 307.34 310.33 0.109 0.892 0.125 151.6718
AGTPF 306.91 311.40 0.155 0.984 0.127 150.4578
PF 307.40 308.89 0.196 1.238 0.144 152.7016
WPF 300.13 304.62 0.074 0.496 0.125 147.0697
EWPF 299.76 305.75 0.065 0.414 0.121 145.8845
Histogram and Estimated pdfs Estimated CDFs
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Figure 3: Plots of Estimated pdf of all competing models

for Dataset1.

for Dataset1.

Dataset1

Figure 4: Plots of Estimated cdf of all competing models

The second data (Dataset 2) have been used by [30]. The data represent the monthly actual
taxes revenue in Egypt from January 2006 to November 2010. The distribution is highly skewed
to the right. The actual taxes revenue data (in 1000 million Egyptian pounds) are: 5.9, 20.4,
149,16.2,17.2,7.8,6.1,9.2,10.2,9.6,13.3, 8.5, 21.6, 18.5, 5.1,6.7, 17, 8.6, 9.7,9.2, 35.7,15.7, 9.7,
10, 4.1, 36, 8.5, 8,9.2,26.2, 21.9,16.7, 21.3, 35.4, 14.3, 8.5, 10.6, 19.1, 20.5, 7.1, 7.7, 18.1, 16.5, 11.9,
7,8.6,12.5,10.3,11.2, 6.1, 8.4, 11, 11.6, 11.9, 5.2, 6.8, 8.9, 7.1,10.8. The values of Skewness and
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kurtosis for dataset 2 are 1.08 and 4.25 respectively. The dataset 2 is positively skewed and
leptokurtic. Table 4 gives the ML estimates of fitted distributions while Table 5 provides the
different statistics measures. Figures 5 and 6 shows the plots of estimated pdfs and cdfs of
fitted distributions.

Table 4: MLEs of EGuPF parameters and other competing models for dataset2 (standard errors in parenthesis)

Distributions Estimates

EGUPF(, 0, o, 4, b) -10.782 4299 1.32 8112 36
(7.04) (4.09) (0.93) (5.94)

TPF(A,a,b) 0.894 1.168 36
(0.09) (0.12)

AGTPF(a,A,a,b) 1.471 0.812 1.372 36
(0.32) (0.13) (0.17)

PF(a,b) 0.827 36
(0.11)

WPF(«,B,a,b) 5.405 0.041 44.049 36
(0.95) (0.03) (36.35)

EWPE(®, «, B, a, b)) 72.392 8.370 0.032 14.713 36
(81.12) 1.11) (0.02) (10.35)

Table 5: Statistics Measures for Dataset? .

Distributions AIC BIC CVM AD KS -loglik
EGUPF 373.67 381.98 0.033 0.205 0.056 182.8351
TPF 415.48 419.64 0.887 4.793 0.195 205.7399
AGTPF 414.59 420.83 0.602 3.599 0.176 204.2999
PF 432.66 434.74 1.731 8.443 0.298 215.3321
WPF 393.39 399.62 0.291 1.893 0.143 193.6944
EWPF 375.74 384.05 0.071 0.399 0.081 183.8702
Histogram and Estimated pdfs Estimated CDFs
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Figure 5: Plots of Estimated pdf of all competing models ~ Figure 6: Plots of Estimated pdf of all competing models
for Dataset2. for Dataset2.
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3.3. Discussion

The findings from the simulation analysis provide strong empirical support for the asymptotic
behaviour of the maximum likelihood estimators (MLEs) of the parameters of the proposed
EGuPF distribution. As the sample size increases from n = 200 to n = 1500, a clear and
systematic pattern is observed across all parameters (j, «, a, 0). In particular, the mean esti-
mates progressively approach their true parameter values, demonstrating the consistency of
the estimators. This convergence behaviour is evident for all parameters, but is especially
pronounced for u, where the estimate decreases from 2.7628 at n = 200 to 1.4687 at n = 1500,
closely approaching the true value of 1.5.

Furthermore, the average bias (AVB) and root mean square error (RMSE) decrease monotonically
as the sample size increases, thereby confirming the efficiency and stability of the estimators.
The reduction in bias indicates that the estimators become increasingly unbiased in large
samples, while the decline in RMSE across all parameters of the proposed model reflects
improved estimation precision. In addition, the average confidence width (ACW) decreases
consistently with increasing sample size, suggesting enhanced precision of the interval estimates,
whereas the coverage probabilities (CP) remain close to the nominal 95% level across different
sample sizes. Collectively, these results demonstrate that the estimators of the parameters of
the EGuPF distribution are consistent, efficient, and reliable.

The practical applicability and flexibility of the proposed EGuPF distribution are further demon-
strated using two real datasets. Dataset 1, which consists of survival times of patients with
acute myelogenous leukaemia, exhibits positive skewness and leptokurtic behaviour. The
maximum likelihood estimates of the parameters for the EGuPF distribution and competing
models are presented in Table 2, with the corresponding standard errors given in parentheses.
The estimates of the parameters of EGuPF distribution given in the first row of Table 1 reflect the
characteristics of the observed survival pattern, which is concentrated toward shorter survival
times with a positively skewed right tail. The negative estimate of fi is consistent with the loca-
tion of the fitted distribution toward the lower survival-time region, while the relatively small
contributes to the concentration and shape of the observation. The estimate @ = 0.586 provides &
the power-function component needed to describe the shape of the survival times, whereas the
relatively small & = 0.214 indicates a substantial exponentiated-Gumbel modification of the
baseline power-function distribution, thus providing flexibility for the observed right-skewed

pattern. The estimated upper endpoint b = 156 coincides with the longest observed survival
time, indicating that the fitted distribution accommodates the observed range of survival times.

Model comparison statistics for assessing the performance of the EGuPF distribution and com-
peting models are reported in Table 3. The results indicate that the EGuPF model outperforms
all competing distributions, as evidenced by the lowest values of the Akaike Information Crite-
rion (AIC = 297.28), Bayesian Information Criterion (BIC = 303.27), Cramér—von Mises (CVM =
0.043), Anderson—Darling (AD = 0.319), and Kolmogorov-Smirnov (KS = 0.096) statistics, in
addition to the highest log-likelihood value. This improved performance can be attributed to
the additional flexibility introduced by the extra parameters, which enable the model to better
capture skewness and tail behaviour.

A similar pattern is observed for Dataset 2, which represents highly right-skewed tax revenue
data. For the Egyptian monthly tax-revenue data, the estimates of parameters of EGuPF model
reflect a distribution that is more dispersed and positively skewed, with occasional relatively
high revenue values. The negative value of ji reflects the location of the fitted transformed
distribution. The large estimate of ¢ is consistent with the greater spread of the tax-revenue
observations and shape of the distribution. Also, the large value of 4 indicates a substantial
power-function shape required to represent the data. The estimate & = 1.32 > 1 suggests
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a stronger exponentiated-Gumbel modification of the power-function baseline, providing
additional flexibility for the observed right-skewed and leptokurtic behaviour. The estimated

upper endpoint b = 36 coincides with the largest observed monthly tax revenue, indicating that
the fitted EGuPF model captures the observed range of the revenue data.

Once again, the EGuPF distribution provides the best fit among all considered models, yielding
the smallest values of AIC (373.6703), BIC (381.9804), and goodness-of-fit statistics (CVM, AD,
and KS).

The graphical assessments, including plots of the estimated probability density functions (pdfs)
and cumulative distribution functions (cdfs) for both datasets, as presented in Figures 3-6,
further corroborate the numerical findings reported in Tables 3 and 5. These figures show that
the EGuPF distribution closely follows the empirical pdf and cdf more accurately than the
competing models in both cases, thereby reinforcing its adequacy and superior fitting capability.

4. CONCLUSION

This study proposes a new extension of the power function distribution, referred to as the
EGuPF distribution, based on the exponentiated Gumbel-G family of distributions introduced
by [13]. The probability density function of the EGuPF distribution is unimodal, while its hazard
rate function exhibits bathtub-shaped, J-shaped, and reverse J-shaped behaviours, demonstrat-
ing its flexibility in modelling diverse lifetime data. The density function is expressed as
an infinite linear combination of power function distributions, which enhances its analytical
tractability. Several important statistical and reliability properties of the proposed distribu-
tion are investigated, including the quantile function, moments, trimmed L-moments, mode,
mean residual life (MRL), and mean reversed residual life (MRRL). The maximum likelihood
estimators of the model parameters do not admit closed-form expressions; therefore, they are
obtained numerically using suitable optimization routines. Results from the simulation study
indicate that the estimators are consistent, efficient, and stable across different sample sizes.
Applications to two real datasets demonstrate the practical usefulness of the proposed model,
as the EGuPF distribution outperforms competing distributions with the same baseline in terms
of goodness-of-fit measures.

REFERENCES

[1] Dallas, A. C. (1976). Characterizing the Pareto and Power Distributions. Annals of the
Institute of Statistical Mathematics, 28(1), 491-497. https://doi.org/10.1007/BF02504764

[2] Chang, S. K. (2007). Characterizations of the Power Function Distribution by the Indepen-
dence of Record Values. Journal of the Chungcheong Mathematical Society, 20, 139-146.

[3] Tavangar, M. (2011). Power Function Distribution Characterized by Dual Generalized Order
Statistics. Journal of the Iranian Statistical Society, 10, 13-27.

[4] Ahsanullah, M., Shakil, M., and Golam-Kibria, B. M. G. (2013). A Characterization of the
Power Function Distribution Based on Lower Records. ProbStat Forum, 6, 68-72.

[5] Meniconi, M., and Barry, D. M. (1996). The Power Function Distribution: A Useful and
Simple Distribution to Assess Electrical Component Reliability. Microelectronics Reliability,
36(9), 1207-1212. https://doi.org/10.1016/0026-2714(95)00053-4

[6] Eugene, N., Lee, C., and Famoye, F. (2002). Beta-normal distribution and its applications.
Communications in Statistics—Theory and Methods, 31, 497-512. https://doi.org/10.1081/
STA-120003130

59


https://doi.org/10.1007/BF02504764
https://doi.org/10.1016/0026-2714(95)00053-4
https://doi.org/10.1081/STA-120003130
https://doi.org/10.1081/STA-120003130

U Uwadi, G Uchechukwu, E E Nwezza, V C Ogbuehi RT&A, No 3 (92)
A FLEXIBLE EXTENSION OF THE POWER FUNCTION DISTRIBUTION Volume 21, September 2026

[7] Cordeiro, G. M., and de Castro, M. (2011). A new family of generalized distributions.
Journal of Statistical Computation and Simulation, 81, 883-893. https://doi.org/10.1080/
00949650903530745

[8] Alzaatreh, A., Lee, C., and Famoye, E. (2013). A new method for generating families of con-
tinuous distributions. Metron, 71, 63-79. https://doi.org/10.1007/s40300-013-0007-y

[9] Bourguignon, M., Silva, R. B., and Cordeiro, G. M. (2014). The Weibull-G family of
probability distributions. Journal of Data Science, 12, 53-68. https://doi.org/10.6339/JDS.
2014.12(1).1210

[10] Alzaatreh, A., Lee, C., and Famoye, F. (2014). T-normal family of distributions: A new
approach to generalize the normal distribution. Journal of Statistical Distributions and
Applications, 1, 1-18. https://doi.org/10.1186/2195-5832-1-16

[11] Hassan, A. S., and Elgarhy, M. (2016). A new family of exponentiated Weibull-generated
distributions. International Journal of Mathematics and its Applications, 4, 135-148.

[12] Al-Shomrani, A., Arif, O., Shawky, A., Hanif, S., and Shahbaz, M. Q. (2016). Topp-Leone
family of distributions: Some properties and application. Pakistan Journal of Statistics and
Operation Research, 12, 443-451. https://doi.org/10.18187/pjsor.v12i3.1458

[13] Uwadi, U. U., Okereke, E. W., and Omekara, C. O. (2019). Exponentiated Gumbel Family
of Distributions: Properties and Applications. International Journal of Basic Science and
Technology, 5, 100-117.

[14] Osatohanmwen, P.,, Oyegue, F. O., and Ogbonmwan, S. M. (2020). A new family of
distributions on the unit interval: The T-Kumaraswamy family. Journal of Data Science, 18(2),
218-237. https://doi.org/10.6339/JDS.202004_18(2) .0001

[15] Nwezza, E. E., Ogbuehi, V. C., Uwadi, U. U., and Omekara, C. O. (2020). A new Gumbel-
generated family of distributions: Properties, bivariate distribution, and application.
American Journal of Applied Mathematics and Statistics, 8(1), 9-20.

[16] Haq, M. A, Butt, N. S, Usman, R. M., and Fattah, A. A. (2016). Transmuted Power Function
Distribution. GU Journal of Science, 29(1), 177-185.

[17] Tahir, M. H., Alizadeh, M., Mansoor, M., Cordeiro, G. M., and Zubair, M. (2016). The
Weibull-power function distribution with applications. Hacettepe Journal of Mathematics and
Statistics, 45(1), 245-265. https://doi.org/10.15672/HIMS.2014428212

[18] Abdul-Moniem, I. B. (2017). The Kumaraswamy Power Function Distribution. Journal of
Statistics Applications and Probability, 6(1), 81-90. https://doi.org/10.18576/jsap/060107

[19] Hassan, A. S., and Nassr, S. D. (2017). The exponentiated Weibull-power function distri-
bution. Journal of Data Science, 16, 589-614. https://doi.org/10.6339/JDS.201710_15(4)
.00002

[20] Bursa, N., and Ozel, G. (2017). The exponentiated Kumaraswamy-power function distri-
bution. Hacettepe Journal of Mathematics and Statistics, 46(2), 277-292. https://doi.org/10.
16672/HIMS.2017 . 411

[21] Arshad, M. Z., Igbal, M. Z., and Ahmad, M. (2020). Exponentiated power function dis-
tribution: Properties and applications. Journal of Statistical Theory and Applications, 19(2),
297-313. https://doi.org/10.2991/jsta.d.200514.001

[22] Hassan, A. S., and Nassr, S. D. (2020). A new generalization of power function distribution:
Properties and estimation based on censored samples. Thailand Statistician, 18(2), 215-234.

60


https://doi.org/10.1080/00949650903530745
https://doi.org/10.1080/00949650903530745
https://doi.org/10.1007/s40300-013-0007-y
https://doi.org/10.6339/JDS.2014.12(1).1210
https://doi.org/10.6339/JDS.2014.12(1).1210
https://doi.org/10.1186/2195-5832-1-16
https://doi.org/10.18187/pjsor.v12i3.1458
https://doi.org/10.6339/JDS.202004_18(2).0001
https://doi.org/10.15672/HJMS.2014428212
https://doi.org/10.18576/jsap/060107
https://doi.org/10.6339/JDS.201710_15(4).00002
https://doi.org/10.6339/JDS.201710_15(4).00002
https://doi.org/10.15672/HJMS.2017.411
https://doi.org/10.15672/HJMS.2017.411
https://doi.org/10.2991/jsta.d.200514.001

U Uwadi, G Uchechukwu, E E Nwezza, V C Ogbuehi RT&A, No 3 (92)
A FLEXIBLE EXTENSION OF THE POWER FUNCTION DISTRIBUTION Volume 21, September 2026

[23] Nwezza, E. E., and Uwadi, U. U. (2021). Another generalized transmuted power function
distribution for modelling lifetime data. Journal of Statistics Applications and Probability,
10(2), 215-425. https://doi.org/10.18576/jsap/100212

[24] Haq, M. A., Aldahan, M. A., Zafar, J.,, Gomez, H. W., Affify, A. Z., and Mahran, H. A.
(2023). A new cubic transmuted power function distribution: Properties, inference, and
applications. PLOS ONE, 18(2), 1-17. https://doi.org/10.1371/journal . pone.0281419

[25] Uwadi, U. U., Nwezza, E. E., and Okonkwo, C. O. (2024). Properties and Potentials of
Gumbel Power Function Distribution to Rainfall and Wind Speed Datasets. Journal of
Applied Sciences and Environmental Management, 28(5), 1451-1459. https://doi.org/10.
4314/jasem.v28i5.16

[26] Elamir, E. A., and Seheult, A. H. (2003). Trimmed L-Moments. Computational Statistics and
Data Analysis, 43(3), 299-314. https://doi.org/10.1016/S0167-9473(02)00250-5

[27] Altun, E., Yousof, H. M., Chakraborty, S., and Handique, L. (2018). Zografos-Balakrishnan
Burr XII Distribution: Regression Modelling and Applications. Journal of Mathematics and
Statistics, 19(18), 47-70. https://doi .org/10.15672/HIMS . 2017 .410

[28] Rényi, A. (1961). On measures of entropy and information. Proceedings of the Fourth Berkeley
Symposium on Mathematical Statistics and Probability, 1, 547-561.

[29] Feigl, P, and Zelen, M. (1965). Estimation of exponential survival probabilities with
concomitant information. Biometrics, 21(4), 826-838. https://doi.org/10.2307/2528247

[30] Nassar, M. M., and Nada, N. K. (2011). The beta generalized Pareto distribution. Journal of
Statistics: Advances in Theory and Applications, 6, 1-17.

61


https://doi.org/10.18576/jsap/100212
https://doi.org/10.1371/journal.pone.0281419
https://doi.org/10.4314/jasem.v28i5.16
https://doi.org/10.4314/jasem.v28i5.16
https://doi.org/10.1016/S0167-9473(02)00250-5
https://doi.org/10.15672/HJMS.2017.410
https://doi.org/10.2307/2528247

Gvozdev E.V,, Ovsyanik A.IL

FUNDAMENTAL OF MODELING FOR THE ASSESSMENT RT&A, No 3 (92)
OF ORGANIZATIONAL RISKS Volume 21, September 2026
Received: 22.06.2026 DOI: 10.66721/jdhepx12

Accepted: 21.09.2026
Published online: 23.09.2026

FUNDAMENTAL OF MODELING FOR THE
ASSESSMENT OF ORGANIZATIONAL RISKS IN THE
INTEGRATED SAFETY SYSTEM AT EXPLOSION AND

FIRE-HAZARDOUS ENTERPRISES

EvGenty V. GvozpEev?, Alexander I. OVSYANTK??

°
1 Associate Professor, PhD (Engineering), NRU MGSU, Moscow, Russia
evgvozdev@mail.ru
2Doctor of Technical Sciences, Professor, Department of Civil Defense,
Protection of Population and Territories, Academy of the State Fire Service
(EMERCOM of Russia), Moscow, Russia

3Professor, Department of Life Safety, Financial University under the
Government of the Russian Federation, Moscow, Russia

ovsyanik58@gmail.com
Abstract

The article examines the problem of quantitatively assessing organizational risks within the integrated
safety system (ISS) of explosion and fire-hazardous enterprises. An approach is proposed for representing
the ISS as an organizational management system, in which organizational risks are considered to be
causal factors influencing the probability of hazardous events such as accidents and fires. For a normative
evaluation of the contribution of organizational risks, it is proposed to use a conditional information
measure, the “conditional bit.” It reflects the contribution of a specific risk to a realized hazardous event.
The possibility of applying an additive weighted model and an interval scale for ranking organizational
risks is substantiated. The practical significance of the results lies in their potential use by the ISS
management body while developing measures aimed at reducing organizational risks and the probability
of accidents and fires.

Keywords: organizational risks; integrated safety system; conditional bit; rank order centroid;
indicator of quantitative evaluation.

The list of abbreviations:

deficiencies Ds
explosion and fire-hazardous (enterprises) EFH
fire safety FS
hazardous event(s) HE(s)
insufficient actions IA(s)
insufficient personnel actions IPA(s)
industrial safety IS
integrated safety system ISS
management body of production structural units MB of PSU
normative documents NDs
occupational health and safety OHS
organizational risk(s) OR(s)
production structural units PSU
regulatory legal acts RLAs
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I. INTRODUCTION

In the field of organizational risk (OR) assessment, particularly in specific areas (emergency,
fire, and occupational risks) where risks are converted from qualitative to quantitative terms,
it is proposed to use an ordinal scale as the output data (assessed ORs are ranked in a list in
descending order from highest to lowest) [1]. It will allow the identification of OR groups:

e those requiring an immediate response for their prevention;

¢ those for which there is a time buffer for a preventive response;

¢ those that can be disregarded in the process of managing the integrated safety system (ISS).

For a reliable assessment of ORs, it is proposed to develop approaches using well-founded
(confidence) values on an interval scale to obtain parametric values for the assessment of the
negative impact of individual ORs on the outcome in the form of hazardous events (HEs) (an
accident and fire) [2]. The use of a ratio scale is justified by the priority of the ranked series
for all assessed ORs. It makes it possible to digress from results with point (scalar) values that
contain numerous errors, leading to variability in assessment results and reduced comparability
of the obtained values when using different initial assumptions. Well-founded values possessing
reliability (correctness, fairness) for ORs will be obtained. All of it at explosion and fire-hazardous
enterprises (EFH enterprises) will allow the ISS management body to make informed decisions
on OR prevention and thus, when using a risk-based approach, achieve new qualitative results
[3].

The problematic situation that requires the need to manage ORs which manifest as HEs
(accidents and fires) is denoted. A model-based approach is required for the quantitative
assessment of ORs within the ISS at EFH enterprises, in order to support management decision-
making aimed at preventing such risks.

The object of the study is the integrated safety system which occurs at explosion and fire-
hazardous enterprises and is viewed as an organizational management system.

The subject of the study is the models, criteria, and procedures for the quantitative assessment
of organizational risks that are taken into account when making management decisions in the ISS.

The purpose of the article is to develop a model-based approach for the quantitative assessment
of organizational risks in the ISS of explosion and fire-hazardous enterprises, with the aim of
supporting management decisions to reduce these risks.

The scientific novelty of the study is characterized by the development of an approach to the
quantitative evaluation of organizational risks within the integrated safety system of explosion
and fire-hazardous enterprises, based on a normalized conditional information measure. This
approach enables the allocation of the contribution of multiple organizational causes within a
single actual hazardous event and the creation of a ranked list of risks to support managerial
decision-making.

II. FORMULATING THE OBJECTIVE OF THE ASSESSMENT OF ORGANIZATIONAL RiIsks
IN THE INTEGRATED SAFETY SYSTEM AT ExPLOSION AND FIRE-HAZARDOUS
ENTERPRISES

Organizational risks will be considered as a distinct category of risks associated with insufficient
management effectiveness in the ISS or with violations of rules and procedures by the staff
responsible for its operations. Within the category of organizational risks Rog, the following new
groups are identified:

1. the group considered as insufficient personnel actions (IPAs) in all safety areas (industrial
safety (IS), fire safety (FS), occupational health and safety (OHS), and the management
body of production structural units (MB of PSU)) while exercising control over personnel of
production structural units (PSUs), denoted by Ripas;

2. the group considered as deficiencies (Ds) in the implementation of the requirements of
regulatory legal acts (RLAs) and normative documents (NDs) by personnel in all areas of
safety (IS, FS, OHS, and PSU), denoted by Rpg [2].
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There is no universally accepted metric that allows organizational risk to be represented as a
quantitative measure of its negative impact on an outcome, such as an accident or fire, in classical
information theory and risk theory. However, if information with a qualitative description is
generally associated with a bit (the amount of information represented by a binary digit that
takes one of two values, “0” or “1”), then it becomes possible to link an information bit to a
conditional bit (a measure of the negative impact of organizational risk on an outcome such as an
accident or fire). Unlike a classical bit (a value indicating one of two equally probable outcomes),
a conditional bit will be represented by a quantitative indicator linked to a qualitative description
for each assessed organizational risk. This will reduce the uncertainty of risk groups Rog for
given dependency conditions (“Risk” — “Accident and Fire”). Such a dependency justifies the
use of a conditional bit when describing the connection between organizational risks Ripss and
Rps and the hazardous events occurring after the realization of these risks (Table 1).

Table 1: Justification for using a conditional bit as a measure of the negative impact of organizational risks on a
hazardous event

The connection between
organizational risks Ripas and
RDs

Mathematical interpretation Benefits

« knowledge of the The ability to relate a conditional bit to entropy in information theory:

outcomes of one

e the ability to assess

group of risks with

a measure of the
uncertainty of its
impact on another
group of risks;

the ability to consider
specific character-
istics at EFH enter-
prises which affect
the probability and
consequences of risks
appearing in HEs;

the ability to measure
the severity of nega-
tive risk outcomes in
HEs.

1 cond. bit = H(Rog | C),

where H(Ror | C) is the conditional entropy of risk Ror under con-
dition C; Ror is a qualitative description of the cause of HEs that
requires conversion into a quantitative value; C represents conditions
taking into account the connections throughout the occurrence and
manifestation of Rogr in HEs.

H(Ror | C) ==} ). p(r.c)log, p(r | <),

ceCreR

where p(r, ¢) is the joint probability of obtaining value r for Rog and
value c for condition C; p(r | c¢) is the conditional probability of
obtaining value r for Rog, given C = c.

Ror taking into
account conditions
as they appear and
manifest in HEs;

the ability of Rog to
obtain a quantitative
value that provides
a numerical repre-
sentation of residual
uncertainty;

the ability to use
methods from in-
formation theory

to assess Rog, since
their compatibility is
established.

A mathematical formulation of a scientific problem for converting groups of organizational
risks Rogr, described qualitatively, into an interval measure (weight), with the possibility of
creating a list of risks ranked by level of negative impact, is presented below.

Given:

1. The list of conditions C = {cy,¢o,...,¢,}, where n € {3,4} (here and below denotes
the set of possible ranks), presented in the accident and fire investigation reports on the
Rostekhnadzor website.!

2. The organizational risk rank Ror € {1,2,...,n} that corresponds to ¢, in the report
containing the accident and fire investigation materials.

Required:

1. To explain the rationale for using a new metric called the conditional bit to assess organiza-
tional risks Ror € {Ripas, Rps }-

2. To justify the possibility of performing calculations while using organizational risk assess-
ment models in the ISS with f : Ror — wg, that satisfies the condition

n
Z Wrog = 1,
Ror=1

Wy > Wy > - > Wy

3. To provide an example that demonstrates the possibility of defining the boundaries of
intervals for assessing organizational risks.

1Open data available at https://wuw.gosnadzor.ru/industrial/oil/lessons/index.php. Information current as
of June 8, 2026.
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All the results will be used by the management body of the ISS to develop a set of preventive
measures.

III. EXPLANATION OF THE EXPEDIENCY OF USING A TIERED MEASURE CALLED
CONDITIONAL BIT TO AssEss ORGANIZATIONAL Risks

It is proposed to use a level-based measure Ug, referred to as a conditional bit (cond. bit), for
all groups of organizational risks as a standardized conditional measure of the contribution of
organizational risk to a realized HE. This dimensionless quantity reflects the proportion of the
informational-organizational contribution of a specific cause to the resulting negative outcome in
the form of cooperative HEs (accidents and fires). The total contribution of all organizational risks
listed in the report for a single hazardous event is taken to be equal to 1 cond. bit. Suppose there
is a simple event with probabilities for two outcomes P and g = 1 — P. It is possible to construct
the graph (Figure 1) characterizing the level of uncertainty for emerging ORs represented by Ug,
based on the assumption that the maximum value will be directly determined by the weighting
factor of the negative impact of the OR itself, as well as its connection with group factors of
the OR. Then, the rationale for selecting the level of manifestation of the OR in the HE will be
represented by the formula

1 1 1 1 .
Ug = -5 log, (2> -5 log, (2> =1 cond. bit. (1)

Ug

o

1 cond. bit

0 1 cond. bit 0

Figure 1: Explanation of the measure in the case of the negative impact of ORs on the outcome expressed as an HE

The graph illustrates a case where, for an event with n discrete outcomes, the value Ug will
be maximized when P; = 1/n and Ug_, = log, n. Here, it becomes possible to link the level of
uncertainty regarding HE information to the presence of organizational risks described in accident
reports with qualitative descriptions. In this case, we are interested in information from accident
reports, obtained during investigations involving expert consultation.> The level of uncertainty Uy
for data taken from accident reports at the Russian oil and gas complex can be calculated using
Formula (1), where U, is the initial information about the OR with a qualitative description and
Uy, is the final information about the actual HE (accident and fire) [4, 5]. Formally, the sequence
of equations justifying the expediency of using a new measure to assess the OR will be as follows:

Ur = —1log,(1) — 0log,(0) = 0 cond. bit,

1 1 1 1 .
Uy = _210g2<2) — 210g2<2) =1 cond. bit.

The source is the same as in the preceding footnote.
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New information about the sequence of ORs in HEs (accident and fire) is
Uy —Ug =1-0=1 cond. bit,
while missing information about the HE that has already occurred (accident and fire) is
Uy, — Ug =0—0=0 cond. bit.

However, when using accident reports at enterprises of the Russian o0il and gas complex, the
“organizational causes” (organizational risks) section may present not a single cause but several
(2,3,...,n) values for ORs. Then there emerges a need to develop models for determining an
interval value for each OR listed in the accident report [6]. An example illustrates the possibility
of using the new measure (cond. bit) to assess ORs. If P; is the probability that one of several
ORs is the sole cause of an outcome in the form of an HE (accident or fire), then the contribution
of the ORs to the HE can be expressed as

Z 1

P;log, —.
i=1 Pi

Therefore, in the presence of mutually exclusive outcomes, the information associated with
classifying the outcome variable for the final HE as risk Ripas will be log,(1/0.9) = 0.15 cond. bit,
and as risk Rpg will be log,(1/0.1) = 3.32 cond. bit. The average value confirming the reliability
of the results under uncertainty will be 0.9 - 0.15 + 0.1 - 3.32 = 0.47 cond. bit. Taking permissible
errors into account, this indicator is approximated to 0.5 cond. bit, used to assess the two risk
components. This result is a reliable weighted average value.

IV. JUSTIFICATION OF A MODEL FOR ASSESSING ORGANIZATIONAL Risks BASED oN
WEIGHTED VALUES ON AN INTERVAL SCALE

In the model for assessing ORs at EFH enterprises in the ISS for the period T (year), a general,
systematic, and comprehensive criterion for the assessment of OR Ry, is established. It is an
indicator in the form of the HE (accident or fire) which has already occurred, and it is assigned a
quantitative value equal to 1 cond. bit. Accordingly, the task consists of determining indicators
of the negative impact of ORs (Rjpas and Rpg) presented in open data in the form of accident
reports. At the beginning of the study, it was necessary to test various models. The multiplicative
model [7] was tested; it is represented by the equation

RER = % = 1 cond. bit, )

where 7 is the number of causal factors leading to the occurrence of OR (units); p is the number of
ranks connected with the causal factors leading to the occurrence of OR (units); w; and w; are the
weighted estimates of the causal factors leading to the occurrence of individual ORs (conditional
bits); f; and f; are value measures of the assessments of causal factors leading to the occurrence
of OR (cond. bits); (f;)™ belongs to the group of OR assessments with indicators of OR causes
equal to 0 cond. bit; and (f;)“/ belongs to the group of OR assessments with indicators of OR
causes equal to 1 cond. bit. However, when using a comprehensive OR assessment criterion of
this type, the values of causal factors may exceed one (> 1 cond. bit) because zero values may be
considered within the group with acceptable indicators of OR causes. Then Rf; will tend toward
either infinity or zero, which prevents the condition in Formula (2) from being satisfied. Such a
model is not suitable for obtaining individual OR indicators (Rjpas and Rpg).
Next, mixed models [8-10] were selected for testing, for example,
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p n—p
ROg = )_wifi— ) wjfj = 1 cond. bit, 3)
i=1 =1
and also
P n—p
ROr = )_wifi+ ) wjfj = 1 cond. bit. @)
i=1 j=1

If any assessed causal risk factor (OR) has a value of zero when using these models, it will
not be included in the sample since it does not affect the estimates of the remaining ORs. Such
models became preferable to the multiplicative model in Formula (2). They made it possible to
obtain weighted coefficients reflecting the negative manifestations of ORs in HEs (accidents and
fires). However, these models required refinement for the assessment of ORs, since the overall
systemic comprehensive OR assessment criterion R took negative values in some cases, which
prevents the condition in Formula (4) from being satisfied. It was considered appropriate to use
the model presented as an additive weighted assessment [11]:

n n
OrR = Z w;fi, Z w; = 1 cond. bit. (5)
i=1 i=1

Here f; is adjusted according to f; by normalization of values for the assessed ORs when
selecting the maximum value for each of them. If a single OR was specified in an accident report,
a measure of 1 cond. bit was assigned to it. Different accident reports typically specify the
number of ORs (2, 3, or 4). It was necessary to use specific values to aggregate ORs so that the
total additive sample index would be 1 cond. bit (Formula (5)). For accident and fire reports
involving two, three, or four organizational risks, it is necessary to determine the order in which
weights are assigned, as these weights must differ based on the sequence in which the risks are
presented in the general list. The following explanations apply to the first organizational risks:

¢ based on their contribution to the occurrence of an accident or fire, the first risk in the list is

considered the primary risk, and the subsequent risks are considered secondary;

* based on probability, the first risk in the list is the most likely;

* based on the severity of the consequences, the first risk in the list is considered to be the

one that caused the most severe consequences in terms of damage;

* based on the time when it occurs, the first risk in the list is the triggering risk, which sets

off a chain of subsequent events;

* based on manageability, the first risk in the list is the least controllable.

To justify the choice of an organizational risk assessment model based on weight values on an
interval scale with the number of ranks (2—4 units), let us consider risk groups Gg,,, and Gg,
under the condition Ror € {Ggryy,,, Grp, }» described by a set of influencing causal risk factors
F=A{fi,f2 .-, fu}, where n € {2,3,4}. Each causal risk factor f; has a qualitative description
and requires conversion to a quantitative form using an indicator x; belonging to an interval scale
X C R with fixed boundaries of the space [L, U], with selected values [0,1]. To determine the
threshold values {Tp, Ty, ..., Ty} that will divide the space [L, U] into non-overlapping intervals, it
is proposed to use an aggregated measure for the hazardous-event report B .. It was necessary
to determine weight values w = (w1, wy, ..., w;,) that will represent the level of negative impact
for each causal risk factor. Here, it is necessary to assume the condition w; > 0, Y/ ; w; =1,
where w; represents the negative impact indicator for each causal risk factor f; in the HE report
(accidents and fires). Then the aggregated measure will be expressed as

n
BRrog = Y_ WiXi, (6)
i=1

which ensures that the properties of an interval scale are preserved (invariance under linear shifts
and additivity of increments).

The selection of interval threshold ranges {Ty, Ty, . . ., Ty } under the conditions L = Ty < T; <
- -+ < Ty = U will correspond to the risk negative-impact level (e.g., “requiring immediate action,”
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“manageable over a period of time,” or “negligible”). A methodological approach for justifying
the organizational risk assessment model is presented in Table 2.

Table 2: Comparison of models for assessing organizational risks on an interval scale

Approach to risk Mathematical justification Expediency of use

assessment

Entropic (informa- Hi = — > Pjjlog P;j, where P;j = x;i/ Y, xjj and w; = To assess risk factors whose qualita-
tional) (1—H;)/ X(1 — Hy) tive characteristics are not homoge-

neous

Pairwise comparisons The matrix A = [a;;], a;; € [1/9,9]; the weight vector w is the normal- To assess the dominant risk factors
(expert) ized eigenvector of matrix A; consistency ratio < 0.1 that require calibration of indicators
to interval values

Regression identifica- miny Y JLq (yk — iy wixg)?, subjectto ), w; = 1, w; > 0; yi is an To assess risk factors based on empir-
tion integral event-realization coefficient ically derived weights

Bayesian belief net- The initial weights w(®) are received from experts and then updated  To adjust a ranked list of heteroge-
works according to w() cc wl=DL(X; | w) neous risk factors that have identical

weight values

V. AN ExXAMPLE ILLUSTRATING THE PRACTICAL APPLICABILITY OF A NEw MODEL
FOR ASSESSING ORGANIZATIONAL Risks

Academician N.N. Moiseev proposed the following definition of a model as a means of cognition
[12, p. 166]. He suggested a new model be understood as simplified or “packaged” knowledge
that conveyed quite specific, limited information about an object (phenomenon) and reflected
certain properties of that object. It is proposed that a new model be regarded as a special form of
information encoding. Unlike conventional encoding, where all the source information is known
and is translated into another language using established methods, a new model, regardless of
the language it employs, encodes information that people have not previously known. In this
case, the new model contains potential knowledge that a researcher can acquire, make tangible,
and apply in practice. To achieve the objective of this article—to develop a model-based approach
to the quantitative assessment of organizational risks in ISS departments at EFH enterprises—it is
advisable to use an example to demonstrate the possibility of gaining new knowledge through
the results of a risk assessment.

Input data: an expert team consisting of six members had to process the reported results,
including an analysis of accident and fire statistics, which were used to assess ORs using a new
model. For each accident and fire report, a questionnaire was provided in which respondents
were required to answer questions by selecting a specific safety category (IS, FS, OHS, or MB of
PSU) that:

1. is directly related to the occurrence and manifestation of ORs in HEs (accidents and fires),

and damage was consequently caused to the ISS;

2. is immediately related;

3. is intermediately related;

4. is indirectly related.

Each expert assigned the selected area of safety to the appropriate rank r € {1,2,3,4,5}
according to the established scale. The results of the analysis of individual questionnaire data are
presented in a group sample (Table 3).
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Table 3: Results of expert data analysis with statistics

Group reports IS FS OHS MB of PSU

No. 1 5 5 5 1
No. 2 3 4 5 2
No. 3 3 4 6 2
No. 4 5 5 5 1
No. 5 3 5 4 1
No. 6 3 4 5 2
No. 7 3 5 5 1
Total 25 32 33 10
Overall priority 2 4 3 1

Expert concurrence was assessed using Kendall’s coefficient of concordance [13, 14], W, by the
formula

125
W= ey 7

where m = 6 is the number of experts, n = 5 is the number of ranks, and S is the sum of the
squares of rank deviations, calculated using the formula

i
§=) (n—77% ®)
k=1
where 7y, is the sum of the ranks assigned to safety category k, and 7 is the normalized rank index
calculated using 7 = Z;(:1 /4. The calculated data are presented in Table 4.

Table 4: Rank correlation of OR assessment indicators

Safety category =~ Sum of ranks 7 (re — 7)?
IS 25 (25 -25)2 =0
FS 32 (32-25)2=49
OHS 33 (33-25)2=64
MB of PSU 10 (10 —25)% = 225
Total 100 S =338

Kendall’s coefficient of concordance was calculated using Formula (7):

12-338 4056

W= @m -5 ~ 1320

~ 0.93.

The resulting figure is considered acceptable, as W =~ 0.93 > 0.7.

Since the experts’ task focused on assessing the effectiveness of the safety contribution (IS, FS,
OHS, and MB of PSU) to the overall condition of the ISS, it was necessary to take into account the
following condition: “The higher the risk on the Harrington desirability scale, the smaller the
safety function’s contribution to the effective functioning of the ISS.” A template table was used
to assess the effectiveness of the safety contribution (Table 5).
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Table 5: Assessment of the safety contribution to the overall condition of the ISS

Range d, Qualitative assessment of the safety contribution

[0,2] unacceptable (critical) contribution
[3,4] unsatisfactory contribution

5, 6] satisfactory contribution

[7,8] good contribution

[9,10] excellent contribution

The resulting metrics are inversely proportional to the ranks of organizational risks (r¢). The
invertible normalization mapping is
zx = 0 (negative) — z; = +3 (maximum negative), ©)
zx = 10 (positive) — z; = —3 (minimum negative).

To determine z, it was necessary to assess the effectiveness of each safety contribution (IS, FS,
OHS, and MB of PSU), i.e., to rate them on a 10-point scale z € [0, 10], where [0, 2] indicates an
unacceptable (critical) contribution; [3,4] indicates an unsatisfactory contribution; [5, 6] indicates
a satisfactory contribution; |7, 8] indicates a good contribution; and [9, 10] indicates an excellent
contribution.

To normalize the data with an inversion of the level attribute z;, a calculation was performed
using the formula

z;zs—%k.a (10)

The Harrington function was used to determine the indicators of the negative impact of each
safety contribution (IS, FS, OHS, and MB of PSU):

xp = exp|[—exp(—zf)]. (11)

Calculations were performed, and contribution-effectiveness indicators were presented for
each safety contribution (IS, FS, OHS, and MB of PSU) (Table 6).

Table 6: Results of the effectiveness of the safety contribution in the overall condition of the ISS

Group reports / indicator Is FS OHS MB of PSU
No. 1 7 9 9 1
No. 2 5 7 9 3
No. 3 3 9 7 1
No. 4 7 9 9 1
No. 5 3 9 7 1
No. 6 2 7 9 3
No. 7 3 9 9 3
Weighted average z 4.29 8.43 8.43 1.86
Normalized z; 043 —2.06 —2.06 1.89
Safety contribution indicator xj 022 088 088 0.00
Negative-impact indicator 1 — x; 0.78 0.12 0.12 1.00

A mechanism for assessing expert uncertainty through a derivative of the desirability function
is presented. It allows the correct use of a level-based criterion z; while ensuring compatibility
with the derivation of indicators x; (the effectiveness of the safety contribution to the quality of
the ISS) and indicators of the negative impact of the safety contribution on the ISS condition,
calculated as (1 — xg).

70



Gvozdev E.V,, Ovsyanik A.IL
FUNDAMENTAL OF MODELING FOR THE ASSESSMENT RT&A, No 3 (92)
OF ORGANIZATIONAL RISKS Volume 21, September 2026

VI. CoNCLUSION

This article proposes a model-based approach to the quantitative assessment of organizational
risks within the integrated safety system of explosion and fire-hazardous enterprises. It is
shown that organizational risks associated with inadequate personnel actions and deficiencies in
compliance with regulatory documents can be considered as factors influencing the occurrence of
hazardous events. To assess these risks, a normalized conditional measure (conditional bit) is
proposed, which allows for the allocation of the contribution of multiple organizational causes
within a single actual hazardous event. Various assessment model options are considered, and
the expediency of using an additive weighted model is justified, as it ensures the receipt of
comparable indicators of the negative impact of organizational risks. The practical significance
of the results lies in the ability to create a ranked list of organizational risks and to determine
priorities for management actions within the integrated safety system. The results can be used by
the management bodies of integrated safety systems at explosion and fire-hazardous enterprises
when developing measures aimed at reducing organizational risks and the probability of accidents
and fires.
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Abstract

This paper develops a survival weighted hazard interpretation of the Marshall-Olkin extension for lifetime
distributions. The resulting formulation, termed the Resilience Distribution (RD), introduces a parameter
6 > 0 that modulates the baseline hazard through the survival probability, providing a representation
of resilience and hazard damping in reliability systems. The framework allows flexible hazard patterns,
including increasing, decreasing, and non-monotonic shapes. Key statistical properties, including the
density, survival and hazard functions, quantile function, moments, and order statistics, are derived.
Theoretical results on stochastic ordering, tail behavior, and hazard elasticity are established. Parameter
estimation is performed using maximum likelihood, supported by a simulation study. A special case based
on the Lindley distribution is applied to real datasets, demonstrating the flexibility and interpretability of
the proposed framework for modeling lifetime data.

Keywords: Resilience modeling, Marshall-Olkin extension, Hazard rate function, Lindley distri-
bution

1. INTRODUCTION

Survival analysis and reliability modeling rely heavily on classical lifetime distributions-such
as the exponential, Weibull, Lindley, and log normal models-to describe time to event behavior.
Although these distributions provide mathematically tractable foundations, their hazard functions
are often structurally limited and may fail to capture the complex failure patterns observed
in modern reliability applications. To improve flexibility, numerous generator families have
been developed in the literature, including the exponentiated family ([1]), the Alpha-Power
Transformation ([2]), and the Marshall-Olkin extension ([3]). These approaches typically enhance
flexibility by modifying the scale, shape, or tail behavior of a baseline distribution.

Among these, the Marshall-Olkin framework ([3]) has become one of the most widely used
techniques for generating generalized lifetime models. By introducing an additional parameter
through a transformation of the baseline distribution function, it produces a rich class of models
capable of exhibiting diverse hazard rate behaviors and has been successfully applied in reliability
and survival studies.

Despite these advances, an important class of real-world phenomena remains challenging
to model adequately: systems that exhibit resilience. In such systems, the instantaneous risk of
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failure may depend not only on time but also on the accumulated survival experience of the
system itself. This behavior arises in engineering components operating under varying stress
conditions, biomedical relapse processes, and environmental systems that exhibit temporary
recovery before failure. In these situations, the hazard rate evolves dynamically, responding to
the current survival state rather than following a purely monotonic trend.

Motivated by this perspective, this study develops a survival-weighted hazard formulation
that provides an alternative interpretation of the Marshall-Olkin transformation. Specifically, a
resilience parameter § > 0 is introduced to modulate the baseline hazard through the survival
probability. Under an appropriate parameter mapping, the resulting formulation can be expressed
as a reparameterized form of the Marshall-Olkin transformation, while offering a distinct
interpretation in which the additional parameter directly represents resilience behavior. In
this framework, the hazard rate becomes a survival-dependent function, allowing the model to
capture adaptive failure dynamics.

From a reliability engineering perspective, this formulation is particularly relevant for model-
ing systems whose failure behavior depends on accumulated survival experience. Such systems
require models in which hazard rates adapt to the system’s operational state, making resilience-
based representations essential for realistic analysis.

The main contribution of this work is to provide a survival-weighted hazard interpretation of
the Marshall-Olkin framework. Rather than introducing a new distributional form, the proposed
approach offers a conceptually distinct perspective in which the additional parameter quantifies
resilience and governs how the hazard rate adapts to the survival level of the system. This
interpretation establishes a meaningful link between classical lifetime models and resilience-based
mechanisms observed in practice.

The proposed formulation retains the analytical tractability of the Marshall-Olkin family,
allowing closed-form expressions for the density, distribution, survival function, quantile function,
and hazard rate. It also supports a wide range of hazard shapes, including increasing, decreas-
ing, bathtub, and non-monotonic patterns, while preserving the tail behavior of the baseline
distribution.

To illustrate its usefulness, a specialization based on the Lindley distribution, referred to as
the Resilience Lindley model, is considered. Its statistical properties are derived, and parameter
estimation is performed using the maximum likelihood method. A simulation study is conducted
to evaluate estimator performance, and the model is applied to real datasets to demonstrate its
practical relevance in modeling lifetime data.

Overall, the proposed formulation provides a useful bridge between classical distributional
modeling and resilience-based interpretations of hazard dynamics, with potential applications in
reliability engineering, environmental studies, and biomedical analysis.

2. THE REesILIENCE DisTriBUTION (RD)

Classical generator families modify a baseline distribution through algebraic, power, shock, or
rank-based transformations of F(x) or f(x). Consequently, the resulting hazard function h(x)
changes only indirectly and does not explicitly incorporate the resilience effect-the idea that systems
with a high conditional survival probability may experience a reduced instantaneous risk of
failure.

The Resilience-based formulation introduces a mechanism in which the baseline hazard is
modulated according to the magnitude of the survival probability. Systems that have survived
well up to time x retain resilience and may exhibit a reduced instantaneous hazard, whereas
systems with lower survival probability experience weaker damping and relatively higher hazard.
This interpretation embeds resilience directly into the hazard structure and allows the model to
capture adaptive failure dynamics observed in many practical survival and reliability contexts.

It is important to note that the resulting cumulative distribution function can be expressed
as a reparameterized form of the Marshall-Olkin extension ([3]). Under an appropriate pa-
rameter mapping, the functional form of the proposed distribution coincides with the classical
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Marshall-Olkin transformation. However, the present formulation provides a conceptually dis-
tinct interpretation in which the additional parameter represents a resilience effect through
survival-weighted hazard modulation. This perspective explicitly links the hazard rate to the
survival state of the system, offering an interpretation that is not directly emphasized in the
classical Marshall-Olkin formulation.

2.1. Definition

Let F(x) be a baseline cumulative distribution function with probability density function f(x)
and survival function S(x) = 1 — F(x). The Resilience Distribution (RD) is defined through the
transformation

F(x)
1+65(x)’

where 6 is the resilience parameter controlling the degree of hazard modulation induced by the
survival probability.
The corresponding probability density function is obtained by differentiation:

(1+0)f(x)
[1+06S(x)]%

Frp(x;0) = 0 >0, 1)

frp(x;0) = 2)

where f(x) denotes the baseline density.
A random variable X having density (2) will be denoted by

X ~ RD(#, F).
The survival function of the RD takes the form

(1460)S(x)
14+6S(x) ’
which shows how the resilience parameter modifies the baseline survival probability in a

nonlinear manner.
The hazard function is given by

Srp(x;0) = 3)

h(x)
14+ 6S(x)’
where h(x) = f(x)/S(x) is the baseline hazard function. This expression reveals that the

parameter 6 acts as a damping factor on the baseline hazard, with the magnitude of the effect
depending on the survival probability.

hrp(x;0) = 4)

Remark 1. Equation (1) can be written as

F(x)
Frp(x;0) = T100-F(x)
Let « =1+ 6. Then
Frp(x;0) = Fx)

a+(1—a)F(x)’
which coincides with the classical Marshall-Olkin transformation ([3]). Hence the RD can be
viewed as a reparameterized Marshall-Olkin family with a resilience-based interpretation.

3. SOME STATISTICAL PROPERTIES

This section provides some statistical properties of RD.
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3.1. Quantile function
For X ~ RD(6, F) with baseline quantile function Q(p) = F~!(p), the quantile function of X is:

p(1+06)
i) pe), ®

where Q(-) denotes the baseline quantile function. In particular, the first quartile, median,
and third quartile are obtained by putting p=0.25, 0.5 and 0.75, respectively, in (5).

Qro (pi0) — Q(

3.2. Order statistics

Let X1, X5,..., Xy, ~ RD(6, F) be an i.i.d. sample from the resilience distribution with baseline
distribution F(x) and resilience parameter 6 > 0.
For the k-th order statistic X(k), its CDF is:

Fr, () = 1 () o (500 swols0)1"™

simplifying, we get, (M +1) [F( )HS( )] 4
n ? + 1) HF(x)]"[S(x)]" !
Fxy (x) = l;( (1+6S(x))" . ;

The cdf of first order statistic is:

(1+9)S(x)>". -

FX(1>(x) =1-[Srp(%;0)]" =1~ ( 1+6S(x)

The cdf of n" order statistic is:

P () = o))" = (1 gersy ) ®

The pdf of k' order statistic is:

fx (%) = <Z> [Fro (x;0)1 ! [Sro (x:0)]"* frp (x; 6),
simplifying, we get,

Fro () = (D (6 + 1) HF(x) 1S (x)]" ¥ f (x)
RCR (1+6S(x))"H '

)

3.3. Moments
For X ~ RD(6, F) with baseline distribution F(x), the r-th raw moment is:
] T
" — 9 / X f(x) d :
EX]=0+6) |  aresep™
using binomial expansion of [1 +0S(x)] ™2 = Y5> o (k + 1) (—6)*S(x)*, we get,

E[X"] = i(kﬂ)(—@)k(l+9)]EF[XYS(X)’<]. (10)
k=0

Where, Er[X"S(X)¥] = [ X"S(X)Kf(x)dx.
The variance exhibits non-monotonic behavior in 6:

Var(X) = (1+ 0)E; [MS(X))Z} - ((1 +0)Ex [W}é(waz (1)
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3.4. Moment Generating Function

The moment generating function Mx (t) = E[eX] satisfies:

o etx f( x)
Mx(t) =(1+6 —
x=0+6) [ [+ 02"
when the baseline MGF M (t) exists, the RD MGF admits the series representation:

Mx(t) = Y. (k+ 1) (~0)* (1 + 0)E[eXS(x)1]. (12)
k=0

4. SOME IMPORTANT THEOREMS

Theorem 1. Strict Survival-Weighted Hazard Damping:
Let X ~ RD(0, F) with baseline hazard rate (x) and survival function S(x). For all resilience
parameters strictly positive (6 > 0):

hrp(x;0) < h(x) Vx where S(x) >0, (13)
with the damping factor (1+ 6S(x)) L.

Proof. We have,

hrp(x;0) = 159?(3:)’

where h(x) is the baseline hazard rate.
Since S(x) > 0 and 6 > 0 by definition:
14+6S(x) > 1.
Thus for all > 0 and S(x) > 0:

hRD(JC;Q) = 1-‘fl<99;)(X) < h(x)

Theorem 2. Resilience-Induced Stochastic Ordering:
For two RD variants X; ~ RD(6;,F) and X, ~ RD(6,, F) with 61 < 6y:

X1 <py Xa, (14)

where <, denotes hazard rate ordering. Higher 0 increases resilience by uniformly reducing
the hazard rate.

Proof. For 6; < 6, compare their hazard rates:

hro(x:61) _ h(x)/(1+6,5(x))
hrp(x;62)  h(x)/(1+4625(x))’
B 1+ 6,S(x)
a 1+01S(x)'
>1 Vxsince 6, > 6 and S(x) > 0.

Thus hrp(x;61) > hrp(x;602) for all x, which by definition means X; <j, X, in hazard rate
ordering. ]

Theorem 3. Implications of Hazard Rate Ordering: For X; ~ RD(6y, F) and X, ~ RD(6,, F) with
61 < 6, the following hold:
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1. Stochastic Dominance: X, <g Xj.
2. Mean Residual Life Ordering: my(x) > my(x) Vx.
3. Quantile Dominance: Flgé(p; 6) > Flgé(p; 61) Vp € (0,1).
Where <, denotes usual stochastic ordering and m;(x) is the mean residual life function.
Proof.
1. Hazard rate ordering implies stochastic ordering: X; <;, X5 = X5 <4 Xj.

2. The mean residual life m(x) = E[X — x|X > x] satisfies:

m;(x) Srp(t;0;)dt,

1
~ Sgrp(x;6;) /x

since Srp(x;62) > Sgrp(x;07) , the integral dominates. Thus, my(x) > my(x) Vx.

Fep(pi0) = F! (pfl;;((j))

3. For quantiles, note that:

Theorem 4. Tail Resilience Preservation: The RD asymptotically preserves the baseline’s tail
behavior while modulating mid-range hazards. For x — oo:

hrp(x;8) ~ h(x),

where ~ denotes asymptotic equivalence. Resilience effects are concentrated in regions where
S(x) is non-negligible.

Proof. As x — 0, S(x) — 0 by definition of survival functions. Therefore:
For the hazard rate:

h(x)
h ;0) =
Ro(¥) = 765 )"
~ h(x) since S(x) — 0.
[ ]
Theorem 5. Adaptive Hazard Elasticity and Its Bounds
The elasticity of hrp(x;6) with respect to 6 is state-dependent and is given by
0S(x
Rp(x;0) = _1—1—9(5()96)' (15)
Furthermore, the following properties hold:
1. Elasticity Bounds:
—0 < nrp(x;60) <0. (16)
2. Maximal Sensitivity: The elasticity attains its minimum value when S(x) = 1:
min#grp(x;0) = — 0 (17)
X URD 7 - 1 + 9
3. Risk-Regime Insensitivity:
lim 1’]RD(X,' 9) =0. (18)
S(x)—0
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4. State-dependent Sensitivity: The magnitude of the elasticity is greater in high-survival
regions (S(x) ~ 1) and approaches zero in high-risk regions (S(x) =~ 0).

Proof. The elasticity of the RD hazard rate with respect to 0 is defined as

8hRD(x;0) 0

20) = . .
URD(x ) 0 hRD(x,, 9)
Since h(x)
X
hrp(:0) = 77 0S(x)’
we have
0 ) h(x)
ag"r0(%:0) = 55 <1+95(x)>
~ h(x)S(x)
(1+6S(x))?%
Therefore,

L 0sW) 0
rD(%6) = <‘<1+es<x>>2> )
1+ 6S(x)

_es)

T 146S(x)

This proves Equation (15).
For the bounds, since 0 < S(x) < 1and 6 > 0,

0< 6S(x)

S T7050 =9

Consequently, 6)
—0 S NRD x,'9 S 0.

For maximal sensitivity, consider

65

$5) =115
Its derivative with respect to S is

0

g8 = “A+09) <0.

Hence, g(S) is decreasing in S, and therefore its minimum occurs at S = 1. Thus,

. 0
Irl;n URD(X, 9) = —m
Finally, as S(x) — 0,
6S(x)

0) = ————— .

77RD('X/ ) 1+9s(x) —>0
Thus, the elasticity approaches zero in the high-risk region where the survival probability
becomes negligible. This completes the proof. |
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5. SOME SPECIAL MODELS

5.1. Resilience Exponential distribution (RED)
Consider X ~ exp(A) with baseline functions:

F(x) =1—e ™, f(x) = Ae ™,

and
S(x) = e M, h(x) = A

Then the pdf, cdf, survival and hazard rate functions of RED are:

1*6’_/\x
F ,9 - 7
rED (¥;0) T
14 0)Ae M
frep(x;0) = %
[1+ 6]
1—e M
S 0)=1— ———,
reD(¥;0) T e
and
hrep(x:0) = —
RED 7 - 1—'—6@7)\}('

5.2. Resilience Weibull distribution (RWD)

Consider X ~ Weibull(k, A) with baseline functions:
1 e Gy = K (VT
Fix)=1—e¢ , f(x) 3 (A) e ,

and
S(x) = e () = £ (£),
For X ~ RD(6, Weibull(k, 1)), the pdf, cdf, survival and hazard rate functions are:
¢ Cumulative Distribution Function (CDF):

1—e (/A

F, 0) = ———.
RWD(x ) 1+9€7(x//\)k

* Probability Density Function (PDF):

(1+0)F () etV

frwp(x;0) = 5
[1 + Ge*("//\)k}
e Survival Function: .
(14 8)e(¥/A)
S ) = ~— L
RWD(x ) ]+9€_(x/)‘)k
e Hazard Rate Function:
Lo
h ;0) = 422
RWD(x ) 1_|_ge—(x/)t)k
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Figure 1: CDF of RED with different values of A and Figure 2: PDF of RED with different values of A and
0. 6.
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Figure 3: Hazard rate of RED with different values Figure 4: Survival rate of RED with different values
of A and 6. of Aand 6.
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Remark. When the Weibull shape parameter k = 1, the Weibull distribution reduces to the
exponential distribution with scale parameter A. Consequently, the Resilience Weibull Distribution
reduces to the Resilience Exponential Distribution for k = 1.

CDF of STRD-Weibull PDF of STRD-Weibull
e - o [
) 11 — i
ol ! = isinens
<] s 1~ | — A=l k=16=1
s N ‘1 —— &=05, k=08 6=05
A
< | |
© (=]
e
x = 7
w = <
<
° 8
o
N  k=2.5,8=3 -
S 25.6- |
Ay S
L k=1.2,8=15
=1.6=1
g 7 k=0.8, =05 g B
T T T T T T T T T
0 2 4 8 0 2 4 6 8
X X
Figure 5: CDF of RWD with different values of A, k Figure 6: PDF of RWD with different values of A, k
and 6. and 6.
Hazard Rate Function of STRD-Weibull Survival Function of STRD-Weibull
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©
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e | o
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T T T T T
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Figure 7: Hazard rate of RWD with different values Figure 8: Survival rate of RWD with different values
of A, kand 6. of A, kand 6.

5.3. Resilience Lindley Distribution(RLD)

For X ~ Lindley(B) with shape parameter p > 0, the pdf, cdf, survival and hazard rate functions

are:
2

f(x;ﬁ)zm(1+x)e_/5x, x>O,F(x;[%):1—(14-!3[?1)3—!3{

and

2
S(8) = (1+ 57 ) e Prntip) = LG

Then,for X ~ RD(0, Lindley(B)) where B > 0 is the Lindley shape parameter, then the pdf,
cdf, survival and hazard rate functions are:

82



Shameera T and Bindu P.P RT&A, No 3 (92)
RESILIENCE FRAMEWORK FOR THE MARSHALL-OLKIN DISTRIBUTION Volume 21, September 2026

Cumulative Distribution Function (CDEF):

1—(1—1—%)6"5"
1+9(1 ﬁﬁ_fl)e px’

Frip(x;0) =

Probability Density Function (PDF):

frip(x;0) = d
1

Survival Function:

Hazard Rate Function:

6. MaximuMm LIKELIHOOD METHOD

Let X, Xy, ..., X;; be a random sample from the RD.
The likelihood function for the parameter ¢ based on the observed sample is;

oy (L4+0)f(x)
L) = 1} T+ 08

Taking the natural logarithm of the likelihood function, the log-likelihood function becomes,
n

=) [log(1+6) +log f(x;) — 2log(1+ 6S(x;))].

i=1
This simplifies to

n n
£(0) =nlog(146)+ ) log f(x;) —2) log(1+65(x;)).
i=1 i=1

Differentiating ¢(6) with respect to 6 yields the score function:

a _ n i S(x;)
o 1+6 T4 1+60S(x)

The maximum likelihood estimator  is the value of 8 that satisfies the nonlinear equation

n
1+9 Z +es 1+6S(x;)

Since this equation does not admit a closed-form solution, numerical methods such as the
Newton-Raphson algorithm or other iterative procedures must be employed to obtain §. The
required calculations depend on the choice of the baseline distribution and its corresponding
survival function S(x).
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7. SIMULATION STUDY FOR THE RLD

To investigate the finite-sample performance of the proposed estimation procedure, a Monte
Carlo simulation study was conducted for the Resilience Lindley Distribution (RLD) introduced
in Section 5.3. The parameters § > 0 and 6 > 0 denote the Lindley parameter and the resilience
parameter, respectively.

We considered the following true parameter combinations:

(B,0) € {(2,0.5), (1,25), (0.5,0.75), (3,3)},

and the sample sizes
n € {30,50, 100, 150, 250, 400, 600, 750, 1000} .

For each pair (B, 0) and each sample size n, the following steps were repeated for R = 1000
Monte Carlo replications:

1. Generate a random sample Xj, ..., X, from the Resilience Lindley Distribution with true
parameter values (Btrue, Otrue )-

2. For each generated sample, compute the maximum likelihood estimators ﬁ and 6.

3. Record (B,, 4/9\,) for replicationr =1,...,R.

After all replications, the following summary measures were computed.

Absolute Error (AE).

1 & 4 1 &~
AEﬁ:*Z‘,Br*‘Btrue/ AEGZ*Z’Qr*Gtrue|-
R r=1 R r=1
Absolute Bias (AB).

1 &
AB‘B_|R Zlﬁr_ﬁtrue ’ ABg =
r=

Average Variance (AV). Define

Then
AVp =& Y. (B-—B

Mean Squared Error (MSE).

MSEﬂ - Z ﬁtrue ’ MSEG R Z Gtrue

Across all four parameter settings, a clear and consistent pattern emerges. As the sample size
n increases from 30 to 1000:

* AEg and AEy decrease steadily;
* ABg and ABy move closer to zero;

* AVg and AVjy shrink, indicating reduced variability;
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Table 1: Simulation results for RLD model

. AE AB AV MSE
Sample Size
B 0 B 0 B 0 B 0
B=2,0=05
30 0.4177 1.0272 0.2207 0.6939 0.2584 3.2090 0.3068 3.6873
50 03247 0.6918 0.1364 03765 0.1636 1.1102  0.1820 1.2508
100 02375 04514 0.0514 0.1558 0.0887  0.3509  0.0913  0.3748
150 02049  0.3784  0.0421 0.1242  0.0650  0.2659  0.0667  0.2811
250 0.1547  0.2728  0.0048 0.0396 0.0364 0.1177  0.0364  0.1191
400 0.1204 0.2234 0.0118 0.0397 0.0228 0.0782 0.0229 0.0797
600 0.1032  0.1835  0.0088  0.0273  0.0170  0.0553  0.0170  0.0560
750 0.0890 0.1615 0.0038  0.0164 0.0123  0.0403  0.0123  0.0405
1000 0.0748  0.1354  0.0011 0.0101 0.0089  0.0292  0.0088  0.0293
B=1,0=25
30 0.1885  2.6886  0.0596 15726  0.0542 204704  0.0577 229231
50 0.1460 1.8233  0.0367 0.8712  0.0332 7.2886  0.0345 8.0403
100 0.1026 1.1921 0.0196 0.4480 0.0166 2.5271 0.0170 2.7253
150 0.0807 0.9285 0.0110 0.2702 0.0102 1.4780 0.0103 1.5496
250 0.0616 0.6692 0.0064 0.1539 0.0059 0.7287 0.0060 0.7516
400 0.0498 0.5574 0.0014 0.0697 0.0039 0.5063 0.0039 0.5106
600 0.0392 0.4139 0.0014 0.0504 0.0024 0.2725 0.0024 0.2748
750 0.0367 0.3967 0.0035 0.0692 0.0021 0.2509 0.0021 0.2554
1000 0.0304 0.3203 0.0010 0.0345 0.0014 0.1665 0.0014 0.1676
B=0560=075
30 0.1038 1.4087  0.0465 09523 0.0170  6.3881 0.0192  7.2886
50 0.0836 1.0000 0.0275 05702 0.0109  2.0141 0.0116  2.3372
100 0.0592  0.5901 0.0139  0.2207  0.0052  0.6021 0.0053  0.6502
150 0.0468  0.4557  0.0039 0.1124 0.0033  0.3595 0.0033 0.3718
250 0.0365 0.3529  0.0048  0.0830 0.0020  0.2012  0.0021 0.2079
400 0.0274  0.2626  0.0030  0.0527  0.0012  0.1090  0.0012  0.1117
600 0.0243  0.2336  0.0016  0.0295 0.0009  0.0852  0.0009 0.0860
750 0.0219  0.2101 0.0001 0.0251 0.0008  0.0688  0.0008  0.0693
1000 0.0185  0.1791 0.0013  0.0224  0.0005  0.0497  0.0005 0.0501
p=30=3
30 05617  2.6886  0.1520 14058  0.5068 17.7024  0.5294 19.6608
50 0.4242 1.9312 0.1238 1.0081 0.2863 7.9257 0.3013 8.9342
100 0.3029 1.2760  0.0560  0.4432  0.1404 2.8954  0.1434  3.0889
150 0.2353  0.9476  0.0287  0.2591 0.0873 1.5324  0.0880 1.5980
250 0.1925 0.7455 0.0169 0.1392 0.0548 0.8792 0.0550 0.8977
400 0.1404 0.5568 0.0107 0.0867 0.0307 0.4947 0.0308 0.5017
600 0.1206 0.4890 0.0098 0.0695 0.0224 0.3775 0.0224 0.3819
750 0.1025 0.4065 0.0029 0.0521 0.0164 0.2600 0.0164 0.2624
1000 0.0884 0.3605 0.0017 0.0351 0.0121 0.2041 0.0121 0.2051

AE = Absolute Error, AB = Absolute Bias, AV = Average Variance, MSE = Mean Squared Error.

* MSEg and MSEy also decrease, often quite sharply.

This behavior is characteristic of consistent estimators whose precision improves as the sample
size grows. For large , all entries are small, demonstrating that both B and 8 estimate the true
parameters accurately.
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In almost all scenarios, 6 is somewhat harder to estimate than : AVy and MSE;y are typically
larger than their counterparts for 8, especially for small to moderate n. However, this difference
becomes much less pronounced as 7 increases.

8. APPLICATION

In this section, we evaluate the performance of the proposed Resilience Lindley Distribution (RLD)
using two real-world datasets. The model comparison includes six established distributions:
Lindley , Exponential, Gamma-Lindley ([4]), Generalized Lindley ([5]), DUS Lindley([6]), and
DUS Exponential ([7]) distributions.

Model performance is evaluated using standard statistical criteria: the log-likelihood (Log-
Lik), Akaike Information Criterion (AIC), corrected AIC (AICc), Bayesian Information Criterion
(BIC), Hannan-Quinn Information Criterion (HQIC), and the Kolmogorov-Smirnov (KS) test with
corresponding p-values.

Data set 1: The following data set, studied by [8], represents the successive daily precipitation (in
inches) recorded over thirty days in March.

0.77,1.74, 0.81, 1.20, 1.95, 1.20, 0.47, 1.43, 3.37, 2.20, 3.00, 3.09, 1.51, 2.10, 0.52, 1.62, 1.31, 0.32, 0.59,
0.81,2.81,1.87,1.18, 1.35, 4.75, 2.48, 0.96, 1.89, 0.90, 2.05.

Data set 2: This data set, provided by [9], consists of blood cancer (leukaemia) measurements
from 40 patients treated at Ministry of Health hospitals in Saudi Arabia. The observations are as
follows:

0.315, 0.496, 0.616, 1.145, 1.208, 1.263, 1.414, 2.025, 2.036, 2.162, 2.211, 2.37, 2.532, 2.693, 2.805, 2.91,
2.912, 3.192, 3.263, 3.348, 3.348, 3.427, 3.499, 3.534, 3.767, 3.751, 3.858, 3.986, 4.049, 4.244, 4.323,
4.381, 4.392, 4.397, 4.647, 4.753, 4.929, 4.973, 5.074, 5.381.

Model Comparison and Evaluation

The fitting results for the two datasets are summarized in Table(2). The RLD achieves the highest
log-likelihood values and the lowest AIC, AICc, BIC, and HQIC scores across both datasets,
indicating a consistently better fit compared to alternative models. Additionally, the Kolmogorov-
Smirnov (KS) test p-values for the RLD are higher than those of competing distributions, reflecting
stronger agreement with the empirical data. The parameter estimates for the RLD are g = 1.791
and 6 = 5.995 for Dataset 1, and § = 1.142 and 6 = 10 for Dataset 2, demonstrating the model’s
adaptability to varying data structures. These findings confirm the RLD’s flexibility and reliability
in modeling real-world survival and reliability data, reinforcing its potential as a robust tool for
applied statistical analysis in environmental and medical research contexts.

The visual diagnostics in Figures 13-18 confirm these quantitative results. The density plots
show that the RLD accurately captures the shape characteristics of both datasets. The CDF plots
demonstrate close agreement between theoretical and empirical distributions, while the P-P plots
exhibit nearly perfect diagonal alignment.

13. CONCLUSION

This paper develops a resilience-based interpretation of the Marshall-Olkin transformation
through a survival-weighted hazard formulation. The resulting framework, referred to as the
Resilience Distribution (RD), introduces a parameter that modulates the hazard function via the
survival probability, providing a meaningful representation of resilience in survival and reliability
systems. Rather than proposing a new distributional form, the study offers an alternative
perspective in which the additional parameter governs the adaptive behavior of the hazard rate.

A range of statistical properties of the RD has been derived, including the quantile function,
moments, moment generating function, and order statistics. Theoretical results such as hazard
damping, stochastic ordering, tail behavior, and elasticity properties establish a solid foundation
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Table 2: Comparative Fit Statistics for Lifetime Data Models

Distribution Parameters LogL AIC AICc BIC HQIC KS Statistic KSp-value

Dataset 1 (n=60)

RLD B =1.791, 0 = 5.995 -39.4628 82.9255 83.3700 85.7279 83.8221 0.0673 0.9992
Gamma-Lindley 6 =1.180,p =20 -39.5559 82.9518 83.3962 85.7442 83.8483 0.1149 0.8229
Generalized Lindley 6 =1.133,a =10 -40.0676 84.1353 84.5797 86.9376 85.0318 0.1221 0.7628
Lindley 6 =0.910 -43.1438 88.2875 88.4303 89.6886 88.7357 0.1882 0.2383
DUS Lindley 6 =1.119 -41.4765 84.9530 85.0959 86.3542 85.4013 0.1578 0.4436
DUS Exponential A =0.780 -43.1016 88.2031 88.3459 89.6043 88.6513 0.1988 0.1868
Exponential A =0.597 -45.4744 92.9488 93.0916 94.3450 93.3971 0.2352 0.0724

Dataset 2 (n=40)

RLD B =1142,0 =10 -69.5721 143.1443 143.4686 146.5220 144.3656 0.1198 0.6137
Gamma-Lindley 0 =0.631, p =20 -76.5481 157.0962 157.4205 160.4740 158.3175 0.1973 0.0889
Generalized Lindley 6 = 0.618, a =10 -76.9203 157.8405 158.1649 161.2183 159.0618 0.2019 0.0767
Lindley 6 = 0.527 -80.2506 162.5012 162.6065 164.1900 163.1118 0.2406 0.0195
DUS Lindley 0 = 0.646 -77.2856 156.5713 156.6766 158.2602 157.1819 0.2168 0.0515
DUS Exponential A =0417 -81.7586 165.5171 165.6224 167.2060 166.1277  0.2726 0.0052
Exponential A =0.318 -85.7782 173.5563 173.6616 175.2452 174.1669 0.3002 0.0015

for the formulation. Parameter estimation based on the maximum likelihood method shows
stable and consistent performance, supported by simulation results.

The practical relevance of the approach is demonstrated through a specialization based
on the Lindley distribution, applied to real datasets. The results illustrate the flexibility and
interpretability of the resilience-based formulation in capturing diverse hazard rate patterns
observed in practice.

From a reliability engineering perspective, the proposed framework is particularly useful
for modeling systems whose failure behavior depends on accumulated survival experience. By
linking hazard dynamics to the survival state, the formulation provides a realistic representation
of adaptive failure mechanisms in engineering, environmental, and biomedical contexts.

Overall, the proposed approach provides a useful bridge between classical lifetime models
and resilience-based hazard modeling while preserving analytical tractability. Future work may
consider extensions incorporating covariate-dependent resilience parameters and regression
structures to enhance applicability in complex reliability and risk analysis settings.
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Abstract

The equilibrium distribution approach is applied to the existing Xgamma model in this work to develop a
new lifetime model known as the Induced Xgamma (i-Xg) distribution. Because of its adaptable shape
properties, the suggested distribution can be used to model heterogeneous and positively skewed lifetime
datasets. Probability density and distribution functions, moments, the moment generating function,
reliability measures (mean residual life, hazard rate, and reversed hazard), stochastic dominance, entropy
measures, inequality curves, and order statistics, including extremes, are among the important analytical
properties that we derive. The model’s identifiability is rigorously established. The model parameter is
estimated using seven traditional estimation methods: Maximum Likelihood (ML), Least Squares (LS),
Weighted LSE (WLS), Cramer-von-Mises (CoM), Maximum Product of Spacings (MPS), Anderson-
Darling (AD), and Right-tail AD (RAD). Their performance is assessed in terms of bias and MSE for
varying sample sizes using a Monte-Carlo simulation study. The suggested i-Xg model provides a better
fit than competing distributions, as shown by applications to a variety of real-life datasets, confirming its
value in statistical modelling of survival-type and reliability data.

Keywords: Lorenz curve, Entropy, Generating function, Hazard function, MLE, MRLE, Order
Statistics

1. INTRODUCTION

The field of data analytics is significant in the age of data technology. The data set’s level of un-
certainty is determined using the probability distribution. A class of probability distributions that
fits all the data sets is improbable. When a class of probability distributions adequately matches a
data collection, one can look for another class that does so. Despite the abundance of probability
distributions described in the literature, there is always room to investigate new ones that might fit
a data set more effectively than those previously used. No probability distribution can claim to be
the best match for a specific data set, and what is the best fit now may not be the best fit tomorrow.

The primary motivation behind this research stems from the mathematical elegance and
practical utility of induced or equilibrium distributions in modelling lifetime phenomena. For any
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continuous, non-negative random variable X representing a baseline lifetime model with survival
function 1 — F(x) and a finite mean p, the integral of its survival function equals its mean:

p= [ a-F)dx )

This mathematical identity guarantees that g(x) =

constitutes a valid probability density

f(x)
1—F(x)

1—-F(x)
H

function (PDF). By incorporating the failure rate function, r(x) =

, this equilibrium
transformation can also be structured as a weighted distribution:

_ w(x)f() 1

where w(x) = )’

which provides a weighted interpretation of the baseline model studied by Patil et al. (1977)
and Gupta and Kirmani (1990) [1, 2]. This weighted mechanism offers an intuitive, physics- and
actuarial-based framework to analyse waiting times and ageing mechanisms, making it highly
valuable across queueing systems, transportation engineering, actuarial modelling, and survival
analysis.

Historically, generating new families of continuous distributions relied on classical methodolo-
gies, such as the transformation-based systems proposed by Johnson (1949) [3] or the differential-
equation frameworks introduced by Pearson (1894) [4]. Modern advancements have yielded
highly flexible generators, including the beta-generated framework by Eugene et al. (2002) [5],
the Kumaraswamy-generalisation by Cordeiro and de Castro (2011)[6], and the Exponentiated
T-X family by Alzaghal et al. (2013) [7]. Recently, equilibrium theory has emerged as an alternate
frontier for model generation. Notably, Singh and Das (2023) [9] applied this transformation
to the Lindley distribution to derive the induced-Lindley (i-Lindley) model, which features the
cumulative distribution function (CDF):

@

1+§+€X67€x

F(x;6)=1— T+¢

®)
The above mathematical formulation in equation (3) was found to be identical to the Garima
distribution proposed by Shanker (2016) [8], which later prompted subsequent studies on induced
Garima (i-Garima) properties. Driven by these foundational advancements, the novelty of this
paper lies in extending this exact line of reasoning beyond the Lindley family to the Xgamma
distribution introduced by Sen et al. (2016) [10].

While existing literature provides a vast array of generalised families (such as the beta and
Kumaraswamy-G classes), these traditional approaches often introduce many parameters, making
estimation mathematically cumbersome. Furthermore, while the equilibrium transformation
has been successfully applied to the Lindley and Garima frameworks to capture specific hazard
structures, a distinct gap remains in the literature regarding its application to other flexible
baseline models. Specifically, the standard Xgamma distribution, as described by Sen et al. (2016)
[10], has emerged as a powerful model for lifetime data, yet the literature has not explored how
its unique mathematical properties behave under an equilibrium transformation. This leaves a
gap in available models that can natively inherit the beneficial traits of the Xgamma baseline
while utilising an induced, weighted interpretation to model complex survival structures.

To bridge this gap, this paper explicitly contributes the derivation and introduction of a novel
induced distribution known as the Induced Xgamma (i-Xg) model. Based on the framework of
the Induced Xgamma (i-Xg) model, our contributions are as follows:

¢ Derivation of a Novel Model: Formulates and introduces the Induced Xgamma (i-Xg)
distribution as a new mathematical model within lifetime and waiting-time statistics.

* Methodological Expansion: Successfully applies equilibrium theory and weighted dis-
tribution transformations to the standard Xgamma baseline, extending the application of
induced distributions beyond classical Lindley and Garima frameworks.
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¢ Enhanced Analytical Flexibility: Contributes a robust, highly flexible alternative that does
not belong to the standard exponential family, making it uniquely suited to model complex
ageing mechanisms.

¢ Improved Practical Data Application: Provides data practitioners in queueing systems, actu-
arial science, and survival analysis with an optimised statistical tool engineered specifically
for fitting right-skewed lifetime data.

The rest of the article is framed as follows. Section 2 develops the proposed i-Xg distribution
and its properties, such as moments, reliability, stochastic ordering, order statistics and their
extreme domains, stress-strength reliability, entropy, and inequality curves. Section 3 is devoted to
checking the identifiability condition of the proposed distribution. Seven estimation procedures
are described in Section 4. In Section 5, simulation study results are presented and compared in
terms of bias and mean squared error. Five data sets have been analysed to validate the proposed
distribution in Section 6. Section 7 makes some concluding remarks.

2. THE PROPOSED DISTRIBUTION

By applying the equilibrium transformation to the Xgamma distribution, we obtain the induced
Xgamma (i - Xg) model as

=2 (1 SEp P 0, >0 4

g(x,é)—3+g(+(;‘+§x+ 2)6 ,  x>0,¢>0. @)
. _ gx gx —gx

G(x,g)—l—[1+€+3<2+2 ﬂe . )

It is important to note that the i - Xg distribution can be expressed as a mixture of three
well-known distributions such as the exponential distribution with rate &, the gamma distribution
with shape 2 and rate ¢, and the gamma distribution with shape 3 and rate ¢. Specifically,

8(x;¢) = p181(x) + p2ga(x) + paga(x),
where ¢1(x) = Exp(&), g2(x) = Gamma(2,¢), g3(x) = Gamma(3,§), and the mixing weights are

C1+¢ ! 1
=37 PT3535 PPT3w

Although the i-Xg admits a finite mixture representation, it is not reducible to the baseline
Xgamma or any known special case. The plot of some PDF and CDF is given in Figure 1.
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Figure 1: Plot of i-Xg for different values of ¢
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2.1. Moments

The " moment about the origin is

! r+1)(r+4)
"= E[X"] = _n 1 (7 .
For r =1,2 and 3 we get,
, ¢+6
=2 =E(X)=uy,
= 2(¢ +10)
22+
i, = 6(¢ +15)
PR+
and from above the variance can be obtained as,
E2 4+ 14E +24

U2 = V’z - (V’l)z = W

The index of dispersion (ID), ID(X) = % = % indicates the suitability of the distribution

for under or over-dispersed data sets. ID(X) ; 1 implies ¢ § 1.399. Therefore, for 0 < ¢ < 1.399,
the distribution is suitable for fitting over-dispersed data, whereas for ¢ > 1.399, under-dispersed
data fitting is appropriate. Here, the coefficient of variation (CV) is less than 1 for all values
of ¢, also coefficient of skewness (\/‘BT ) and kurtosis (B;) are found to be more than 1 and 3
respectively for different values of ¢; therefore the proposed distribution is positively skewed and
leptokurtic (see, Figure 2).

I I I
09
1

Skewness
2.5
I
Kurtosis
36 3.8 4.0 4.2 44
Coefficient of Variation
0.7
1
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1

05

Figure 2: The graph of skewness, kurtosis and Coefficient of variation of i-Xg for different values of ¢

¢ The harmonic mean is obtained from

The moment generating function is

E(3&2 + 12 — 3¢t)
C+3)(¢—1)p?

The central moments of i-Xg distribution is given by

_ T(k+1) (k+1)(k+4)\ & [k
E(Xﬂ)k—w(1+é‘+2>2<,)( 1)k ik

Mx(t) =
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2.2. Mean Deviation about mean and median

¢ Mean Deviation about mean
}l
MDmeun - 2]41:(.”) - 2/0 xf(x)dx
4 CZP‘ -
=2u|1—(1+=—"2=(2 H
w1+ g+ o

2x2 3.3
_€(€2+3) [<6+g) ((1+yg)(6+g>+5”25 +52”>eué}

* Mean Deviation about median
MDyeqion = M — 2/ xf(x
— 5]/[262 }1353 e
- §<§+3) [(”5) <(1+u€)(6+é‘)+2+2>e V}

2.3. Reliability properties

The reliability function is given by

R(x) = 1—F(x)= {1+§j’:3(2x+§2xz)} e %%,

The hazard rate function is given by

2x2
r(x)_f(X) C<1+§+Cx+2)

R@) (3+§+2§x+22"2).

It is to be noted that 5(1+§) <r(x)<g.

The MRL function is given by

2,2
mrl(x) = P(X—xX>x):§( sz>
3+§+2§x+72
Since
2,2 @22
found that mrl !and } (x) < 2845 Note that mrl(0) = 210 = !
we found that mrl(x) > z and z < mrl(x) 7375 Note at mrl(0) §(§+3)—y1.

3. StocHASTIC ORDERING
Theorem 1. Let X; ~ i-Xg(&;), i =1,2. If & > {p, then

X1 <y Xo = Xy <p Xo = Xy <o Xp and Xy <oy Xo.
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Figure 3: The graph of hazard rate and mean remaining life function of i-Xg for different values of ¢

Proof. Consider the likelihood ratio

8(x;81)
X) =
0= )
ERET R TR e
1+ G2+ Gox + éz
Now, differentiating the log ¢(x) w.r.t. x, we get
d + Zix +
Liogg() = — DG GiE ealCRL)
148 +8x+ > 1+é‘2+§2x+
__a(rE) 52(1“1*")
1+& 1+Cl+§1x+§1
)

Let A(¢;x) = . A calculus argument shows A(¢; x) increases in ¢ for x > 0.
1+¢+ex+ 82
Thus, if {1 > &, then A(&q;x) > A(; x) and

2 logp(x) = Algix) — AlGi) <0

Hence ¢(x) is decreasing in x, proving X; <, X5. Standard results give X; <, X and X <¢ Xp,
and for this model the convex order also follows. |

From the above it is found that ¢ acts as a failure-intensity control. A larger value of ¢
corresponds to stochastically shorter lifetimes. When ¢; > ¢», the system modeled by X; tends
to fail earlier, exhibits a uniformly higher hazard rate, and has lower survival probability than
the system modeled by X,. Thus, ¢ governs the rate of aging and reliability behavior of the i-Xg
model.

3.1. Distribution of order statistics

Let X(l), X(z), . X(n) be the corresponding order statistics, then the PDF and CDF of rth order
statistics say, Y = X(,) is given by,

n'§(1+§+é‘y+€2 Z)e &, 0y g &y? r+l-1
W) = — 3y =it = )1 ; ( ) [1— <1+ 13yt 2)) eéy}
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fut - £ 5 () ()0 i (10 s )]

j=r1=0

3.2. Extreme domain of order statistics

Let the random observations (X1, X, ..., Xj) come from the proposed distribution. According to
Xn—p
N

asymptotic distributions of order statistics may be of interest. The highest and smallest order
statistics are X(,,) = max(Xy, X3, ..., Xy) and Xy = min(Xy, Xo, ..., Xn), respectively. These
two extreme order statistics serve as representations of the lives of parallel and series systems
and are important tools in reliability analysis. For the CDF in (5), it is noticed that

the central limit theorem, the

approaches to standard normal distribution as n — . The

1 — G(t+x) 7636

limt_mw =e
and
ZimHOGG((t:)) =x
So,
limy coPlan(X () —bn) < x] = e*‘féx, (6)
where, a, = 1and b, = G~1(1 — %) and
limp—seoPlen(X(q) —dn) <x]=1—¢€"7, (7)

where, ¢, = 1 and d,, = G’l(%). It is to be noted that for the exponential distribution, the
asymptotic distributions of X(,;) and X also take the forms given by (6) and (7). The largest
order statistic converges to the extreme value distribution, and the smallest order statistic
converges to the exponential distribution.

3.3. Stress- strength Reliability

Let the stress X ~ i-Xg({1) and strain Y ~ i-Xg(&») be independent to each other. The stress—
strength index (R) is

R=P(X<Y)= /Ooo Fx(y;61) gy (v; G2) dy.

Let,

2
gy (v; &) K(1+ & + &y + Fy)e
Fx(y;&1) = 1-— (1 +a(2y + blyz))efgly

where K = §,/(82+3), a1 = gf_}_g, and by = %1 Hence

" 00 [} 2
R = /0 8y (v ¢2) dy _K/o (1 +a1(2y + blyz)) (1 + 02+ Goy + %yZ)e—(Cﬁ-Cz)y dy.
Since [~ gy (y;&2)dy =1, we have R =1 — I with

o] 2
1=K [ (1+2my+5%22) (1+ @+ e+ $2) e My, A=+

Aly) B(y)
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: - 281 a181 &
Define, A = 14 ¢y + cpy? with ¢ = 24 = where, ¢, = = and
(v) 1Y + 2y 1 1 & +3 2 2 206, +3)

2
B(y) = by + b1y + byy?> where by = 1+ &, by = &, by = %2 Then

A(y)B(y) = po+ p1y + p2y” + psy° + pay’,
where
po="bo =1+,
281(1+¢2)
¢1+3
_ C(1+8)E 268 | &
p2 = boca +bicy + by = 26 +3) +§1+3+?,
683 n &183
2(¢1+3) & +3

p1 = boc1 +b1 = + 2,

p3 = bica +bycy =

&
4(& +3)

oo !
Using /0 yle Mdy = % for A > 0, we get

pa = bycr =

_wfPo  P1 | 2p2  bp3  24p4 RS B

Therefore,

G2 (po, p1 2p2  6p3  24ps
Rel-g Tt Tt s ) Asati

with po, ..., ps given above. This closed form follows directly from the polynomial expansion
and elementary gamma-integrals.

Since larger ¢ yields stochastically smaller lifetimes for i-Xg, R is increasing in {1 (stress
becomes smaller) and decreasing in ¢ (strength becomes smaller). Hence designs with large &1
and small ¢, achieve higher stress—strength reliability.

3.4. Inequality curves

The Lorenz curve is given by

Lp(x) = ——
- [5+6 (c+6>(x+1)+ e ew]

W ‘
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Lorenz Curve for i-Xg distribution
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Figure 4: The Lorenz curve of i-Xg for different values of ¢

4. IDENTIFIABILITY CONDITION

We have to check whether the i-xgamma model is identifiable. Assume for two different parameter
¢1 and & we have the same distribution i.e. f(x;¢1) = f(x;&2). The distributions can be shown
as,

2,2
f(x:81) = <1+§1+§1x+62 )eglx; x>0,¢>0

3+
)

f(x:82) =

2,2
1 62X ) . )
5 ( + & + Cox + > >e ; x>0,6,>0

Now, from our assumption, we get
fwd) = fxé)
& @2 2 é 2,2
<1+Cl +81x+ )e_glx = 2 <1+Cz+§2x+ 22 )e_@x

"3rE 346,

Taking ”log” on both sides, we get

log (1) +10g (1 1 —1 62
og 713 + log +§1+§1x+T —¢1x = log 13 +

2.2
log(1—|—§z+§2x—|—§x ) Cox

&
13 1481+ C1x + ———
or, log (m> +log 22 5 | — (G1—C2)x=0

148+ Gox + 22
Since the expression equals zero for all x > 0, the coefficient of x must be zero, which implies
¢1 = &o. Thus, the parameters ¢; and ¢, are equal, which contradicts our assumption that they are
different. This proves that the parameter ¢ of the given statistical distribution i-Xg is identifiable,
and that we can obtain precise estimates of its value.
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5. ESTIMATION OF { USING DIFFERENT METHODS

Let x1,...,x, be an i.i.d. sample from i-Xg(&). Here we have used seven methods of estimation,
namely,

1. Maximum Likelihood Estimation (MLE),
. Ordinary Least Squares Estimation (OLSE),
. Weighted Least Squares Estimation (WLSE),

2

3

4. Cramér-von Mises Estimation (CvME),

5. Maximum Product of Spacings Estimation (MPSE),
6. Anderson-Darling Estimation (ADE) and

7

. Right-Tail Anderson Darling Estimation (RADE)

51. MLE
The likelihood and log-likelihood are

n

n n 252
L(¢) = Hg(xi;é) = (g%) H(l +¢+ 3+ szl ) e tn,

i=1

0(&) = n{logg —log(¢+3)} + Zlog(l + &4 Cx; + g22x§> — Cin.
j i=1

i=1
Differentiating w.r.t ¢,

n n 1+ x; + &x? L
El(g) = E_ €+3+2 l %23(.2 - Xi
i=1 1+¢+0x; + 5+ =1
3n & 1—|—x,~—|—§x% _

¢(E+3) 1 E g+ gzzxiz

The MLE §MLE solves /(&) = 0. A closed form is unavailable; use a 1-D root finder (e.g.,
Newton, BFGS) starting from a positive initial value.

5.2. OLSE

Let the ordered sample as x1., < - -+ < Xp;4. All minimum-distance estimators below minimize
a sum of squared (or weighted) differences between model CDF values F(x;.,; ¢). The normal
equations use the CDF derivative

n(x|8) = ;gm;@.

From F(x;&) =1 — A(¢)e % where A(¢) =1+ ér%(ZJC + éziz),

mx | &) =—A'(&)e ¥+ A@)xe &,

with

/ . 3 ‘:xz ¢ x?
A0 = Far ) e T
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g Zx? 3 gx? [ Sl g
= 14+ —= (2x+22)) — oy ot ) 5,
m(x| &) x( +§+3<x+ 2) 137 X+ > 13 2 e (8)
Define

@) = 1 [Fexe®) ~ 5]

The LSE {1 sg minimizes S(&) and solves the normal equation

Xn: [ Xin; & %_i_l} 771(3(1':11 | é) =0.

i=1

where 71 (x;,,, | {) is given in equation 8.

5.3. WLSE

(n+1)?
(n+2)i(n—i+1)

sz{ Xions 6 nj—lr’

With Beta-variance weights w; =

and the WLSE §WL5E satisfies

Zwl[ Xi; € n4’—1} 1 (Xin | ¢) = 0.

where 71 (x;,,, | ¢) is given in equation 8.

54. CvME

Using the standard plotting positions an ,

L 2i — 172
c@ ’12n i;[x”" el
and the CvM estimator éCVME solves
1 2i—1
Z [ Xin; C) — n } Ul(xi:n | g) =0.

i=1

where #1(x;., | €) is given in equation 8.

55. MPSE

Define spacings on the transformed scale

Di(¢) = F(xi; §) — F(xi—1:; ), F(xo:;6) =0, F(xpi105¢) = 1.
The MPS estimator maximizes the geometric mean
n+1 1/(n+1) n+1 ) o
G(¢) = (H Di(C)) < H(¢) = P ) logDj(¢) is maximized.
i=1 i=1

Differentiating H (&) w.r.t. { gives

oH 1 "Eop(xin [ —mxica |8
Tg_n+1z D;(¢) =0
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5.6. ADE

Define,
n

A(E) = —n— 1 Z(Zi -1) {logF(xi;n;(:) +log [1 — F(xp41-im; €)] },

=
We obtain ADE by minimising A(&) w.r.t. ¢ and the normal equation as

< _ (xzn ‘ C) m (xn+17i:n | g) _
,:Zl 21 1 [ F(xlznr g) 1 - F(xn+1—i:n; 5)1 =0

5.7. RADE
The RADE uses

3
2
3\»—\

n
Z (2i —1) log [1 = F(xy11-in:8)],
i:1 i=1

and satisfies

B L ) 1 < . Wl(xn+1—i:n|€) —
2) i | €)+ 5, (2= 1R s o

Here all estimating equations are one-dimensional in ¢ and can be solved by a bracketed method
(e.g., Brent)in latest R-4.5.2 which enforces ¢ > 0. We take,

1
éMLE = mm{ 7 2} , ‘31(\2?) : minimize the objective on a coarse grid (say, [10>,10)).

For stability in MPS/AD/RAD, clip F to [¢,1 — €] with € ~ 10~!2 to avoid log 0, and regularize
tiny spacings D;(&) similarly.

6. SIMULATION STUDY

To evaluate the performance of the proposed estimation methods (MLE, LSE, WLSE, CvME, MPS,
ADE, and RADE) for the i-Xg distribution, a Monte Carlo simulation experiment is conducted.
The primary objective of this study is to compare the bias and mean squared error (MSE) of each
estimator across different sample sizes and parameter values.

Random samples from the i-Xg distribution are generated using its mixture representation.
For a given parameter ¢ > 0, the distribution can be expressed as a mixture of three components:

C1+e B 1
=77y NPT PBPTary

corresponding respectively to an exponential(&) distribution, a gamma(2, ) distribution, and a
gamma(3, ¢) distribution. Thus, a simulated observation from the i-Xg distribution is obtained by

1. Generate U ~ Uniform(0,1).

2. If U < pq, set X ~ Exponential(§).

3. Elseif py < U < p1 + p2, set X ~ Gamma(2,§).
4. Otherwise, set X ~ Gamma(3, &).

This algorithm produces exact samples from the i-Xg model without relying on numerical
inversion or approximation techniques.
The simulation is carried out for sample sizes

n = 10, 20, 40, 70, 100,
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and parameter values
£=0.1,05,1.0,15.

For each (n,{) combination, N = 5000 independent datasets are generated. Each dataset is
analyzed using all seven estimation techniques implemented in R, ensuring that the parameter
space restriction ¢ > 0 is enforced during optimization and two evaluation metrics are computed
as

Bias(¢) = E[{] —¢,  MSE({) = E[({ - )]
The Bias and MSE plot for different ¢ are shown in Figure 5.
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Figure 5: Bias and MSE plot for different ¢

From the Table 1 and Table 2 it is observed that lower values of both bias and MSE indicate
superior estimator performance. All estimators are compared to determine their convergence
behaviour as the sample size increases. In general, consistent estimators are expected to exhibit
decreasing bias and MSE as n increases, confirming desirable asymptotic properties. Though, the
minor increase observed for ADE and RADE at n=100 relative to n=70 is attributable to Monte
Carlo variability and does not indicate estimator inconsistency, since the overall trend remains
decreasing.
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Table 1: True value of ¢, average bias and std. error (in parentheses) of the different estimation procedures for i-the Xg
distribution

¢ n MLE LSE WLSE CVM MPSE AD RAD

10 0007179 0017169  0.017319 0016201  0.015536  0.016349  0.013307
(0.021762)  (0.025945)  (0.025674)  (0.025425)  (0.024456)  (0.024942)  (0.023437)

20 0.009822 0018036 0018014  0.017531  0.014954  0.017309  0.013917
(0.017093)  (0.022530)  (0.022286)  (0.022166)  (0.020020)  (0.021735)  (0.019335)

01 40 0010687  0.018472 0018224  0.018213 0013738  0.017703  0.014001
(0.014472)  (0.020766)  (0.020405)  (0.020547)  (0.016686)  (0.019986)  (0.016922)

70 0011344  0.018718  0.018477  0.018569  0.013314  0.017980  0.014222
(0.013455)  (0.019995)  (0.019678)  (0.019859)  (0.015090)  (0.019254)  (0.015884)

100 0.011490 0018755  0.018535  0.018650  0.012974  0.018024  0.014210
(0.012979)  (0.019654)  (0.019382)  (0.019556)  (0.014274)  (0.018923)  (0.015394)

10 0056032 0105953  0.105772  0.101781  0.093744  0.101434  0.084459
(0.110675)  (0.138717)  (0.137173)  (0.135948)  (0.128869)  (0.133955)  (0.123437)

20 0065629  0.108759  0.108006  0.106598  0.088872  0.104644  0.085509
(0.093265)  (0.125887)  (0.124361)  (0.124140)  (0.109063)  (0.121699)  (0.106873)

05 40 0071072  0.110747  0.109299  0.109636  0.084927  0.106809  0.086766
(0.084370)  (0.118904)  (0.117141)  (0.117902)  (0.095776)  (0.114990)  (0.097357)

70 0073885  0.112102  0.110621  0.111463  0.082866  0.108224  0.087687
(0.081264)  (0.116606)  (0.114993)  (0.116003)  (0.089290)  (0.112772)  (0.093691)

100 0.074492  0.112324  0.110623  0.111874  0.081251  0.108439  0.087702
(0.079493)  (0.115408)  (0.113586)  (0.114975)  (0.085745)  (0.111545)  (0.091832)

10 0148040 0247865  0.247289 0240555 0217815 0238763  0.202601

(0.231379)  (0.296582)  (0.294643)  (0.291037)  (0.273609)  (0.287509)  (0.262300)

20 0165271 0252654 0249990  0.248808  0.208287  0.244093  0.203821

(0.205865)  (0.277219)  (0.274027)  (0.273896)  (0.239175)  (0.268959)  (0.235294)

1 40 0173788 0255933 0251542 0253951  0.199349 0247569  0.205316
(0.192446)  (0.267270)  (0.262755)  (0.265415)  (0.215060)  (0.259085)  (0.220271)

70 0179196 0257952 0253069  0.256809  0.195831  0.249809  0.206894

(0.190050)  (0.264772)  (0.259756)  (0.263674)  (0.205500)  (0.256724)  (0.215931)

100 0182646 0260250  0.255288  0.259445  0.195054  0.252224  0.209211

(0.189699)  (0.264776)  (0.259718)  (0.263993)  (0.201513)  (0.256801)  (0.215159)

10 0267098 0416412 0413645 0406140 0366197 0401970  0.346370
(0.365240)  (0.475352)  (0.471172)  (0.467127)  (0.433115)  (0.461382)  (0.418505)

20 0288168  0.419473 0414442 0414138 0349526  0.406525  0.344970
(0.333633)  (0.448210)  (0.442480)  (0.443416)  (0.384698)  (0.435454)  (0.381363)

15 40 0302127 0425893  0.418370 0423143  0.338568 0413160  0.348785
(0.323665)  (0.439539)  (0.431905)  (0.436928)  (0.356992)  (0.427010)  (0.366494)

70 0310101 0428870 0420506  0.427278 0333651  0.416635  0.351497
(0.322629)  (0.436937)  (0.428518)  (0.435392)  (0.344970)  (0.424826)  (0.362039)

100 0.308388 0427658  0.418520 0426545  0.339384 0415331  0.348979
(0.316863)  (0.4329708) (0.4238929) (0.4318791) (0.3645649) (0.4207491)  (0.3560576)

7. APPLICATION TO LIFETIME DATA

The i-Xg distribution has been used to fit five data sets, and it has been compared to the i-garima
and xgamma distributions. Dataset I is taken from Lawless (2003), pp. 204 [12], which contains
the failure times (mm) for a sample of 15 electronic components in an accelerated life test. Dataset
I is obtained from Lawless (2003), pp. 263 [12], which reports the number of cycles to failure for
25 (100 cm) yarn specimens tested at a particular strain level. Dataset III contains remission times
(in weeks) for 20 leukaemia patients randomly assigned to a specific treatment, taken from Atia
et al. (2023) [13]. Dataset IV is about the survival time (in days) of 72 guinea pigs infected with
virulent tubercle bacilli reported by Bjerkedal, T. (1960) [14], and Dataset V is about the time to
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Table 2: True value of {, MSE and std. error (in parentheses) of the different estimation procedures for the i-Xg
distribution

¢ n MLE LSE WLSE CVM MPSE AD RAD

10 0.000474  0.000673  0.000659  0.000646  0.000598  0.000622  0.000549
(0.021762)  (0.025945) (0.025674) (0.025425) (0.024456) (0.024942) (0.023437)

20 0.000292  0.000508  0.000497  0.000491  0.000401  0.000472  0.000374
(0.017093)  (0.022530) (0.022286)  (0.022166)  (0.020020) (0.021735)  (0.019335)

0. 40  0.000209 0.000431  0.000416  0.000422  0.000278  0.000399  0.000286
(0.014472)  (0.020766) (0.020405) (0.020547) (0.016686) (0.019986) (0.016922)

70 0.000181  0.000400  0.000387  0.000394  0.000228  0.000371  0.000252
(0.013455)  (0.019995) (0.019678) (0.019859) (0.015090) (0.019254) (0.015884)

100 0.000168  0.000386  0.000376  0.000382  0.000204  0.000358  0.000237
(0.012979)  (0.019654) (0.019382) (0.019556) (0.014274) (0.018923) (0.015394)

10 0012249  0.019242  0.018816  0.018482  0.016607  0.017944  0.015237
(0.110675)  (0.138717) (0.137173) (0.135948) (0.128869) (0.133955) (0.123437)

20 0008698 0015847  0.015466  0.015411  0.011895  0.014811  0.011422
(0.093265) (0.125887) (0.124361) (0.124140) (0.109063) (0.121698)  (0.106872)

05 40  0.007118  0.014138 0013722  0.013901  0.009173  0.013223  0.009478
(0.084370)  (0.118904) (0.117141) (0.117902) (0.095776) (0.114990) (0.097357)

70 0.006604  0.013597  0.013223  0.013457  0.007973  0.012717  0.008778
(0.081264)  (0.116606) (0.114993) (0.116003) (0.089290) (0.112772)  (0.093691)

100 0.006319  0.013319 0012902  0.013219  0.007352  0.012442  0.008433
(0.079493) (0.115408) (0.113586) (0.114975) (0.085745) (0.111545) (0.091832)

10 0.053536  0.087961  0.086814  0.084702  0.074862  0.082661  0.068801

(0.231379)  (0.296582) (0.294643) (0.291037) (0.273609) (0.287509)  (0.262300)

20 0.042380  0.076850  0.075091  0.075019  0.057205  0.072339  0.055363

(0.205865) (0.277219) (0.274027) (0.273896) (0.239175) (0.268959) (0.235294)

1 40 0037035 0.071433  0.069040  0.070445  0.046251  0.067125  0.048519
(0.192446) (0.267270) (0.262755) (0.265415) (0.215060) (0.259085)  (0.220271)

70 0036119  0.070104  0.067473  0.069524  0.042230  0.065907  0.046626

(0.190050) (0.264772) (0.259756)  (0.263674)  (0.205500) (0.256724) (0.215931)

100 0.035986  0.070106  0.067454  0.069692  0.040608  0.065947  0.046293

(0.189699)  (0.264776) (0.259718)  (0.263993) (0.201513) (0.256801) (0.215159)

10 0133400 0225959 0222003 0.218208  0.187589  0.212874  0.175146
(0.365240) (0.475352) (0.471172) (0.467127) (0.433115) (0.461382) (0.418505)

20 0111311 0200892  0.195789  0.196617  0.147992  0.189620  0.145438
(0.333633) (0.448210) (0.442480) (0.443416) (0.384698) (0.435454) (0.381363)

15 40 0104759  0.193195  0.186542  0.190906  0.127443  0.182337  0.134318
(0.323664) (0.439539) (0.431905) (0.436928) (0.356992) (0.427010) (0.366494)

70 0.104089  0.190914  0.183628  0.189566  0.119005  0.180477  0.131072
(0.322629) (0.436937) (0.428518) (0.435391) (0.344970) (0.424826) (0.362039)

100 0.100402  0.187464  0.179685  0.186520  0.132908  0.177030  0.126777
(0.316863) (0.432971) (0.423893) (0.431879) (0.364565) (0.420749) (0.356058)

failure of 18 electronic devices used in Wang (2000) [15].

We can observe that the means of all the datasets are higher than their medians, indicating
that the data are positively (right) skewed with positive support. All of these datasets can be used
as lifetime data is evidence from Table 3. The first four datasets are nearly concave, indicating
that the data are drawn from a distribution with an increasing failure rate (IFR). Consequently, it
has a decreasing mean remaining life (DMRL). For Dataset V, it is approximately convex-concave,
indicating that the data come from a distribution with a bathtub failure rate. For each data set,
the probability model is chosen using Akaike’s Information Criterion (AIC = -2 log-likelihood +
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2k, where k is the number of parameters in the model). A lower AIC indicates a better fit for the
model. Table 3 presents some fundamental summary statistics, and calculated AICs are shown in
Table 4 and demonstrate that the i-Xg is a better fit. For each data set, the histogram and the three
fitted distributions such as xgamma, i-garima, and i-Xg, are plotted in Figures 6 for comparison.

Table 3: Summary of the Datasets

Min Q1 Q> (Median) Mean Qs Max

Dataset 1 140 1145 22.20 2755 4180  66.20
DatasetII.  15.0 86.0 175.0 1783 2240 653.0
Dataset II  1.00  7.00 16.50 19.55 2825  49.00
Dataset IV 12.00 54.75 70.00 99.82 11275 376.00

Dataset V. 5.00 53.25 155.00 172.11 281.00 420.00

Table 4: Fitting of different distributions and corresponding negative log-likelihood and AIC values

Xgamma I-Garima I-Xg
Dataset 5 = 5

—logL AIC ¢ —logL AIC ¢ —logL AIC
DatasetI  0.0066 65.4170 134.834 0.0489 64.4600 132920 0.0725 64.0600 132.120
Dataset I 0.0189 154.8800 313.760 0.0076 154.0100 312.020 0.0115 152.9850 309.970
Dataset III  0.1620 80.1163 164.233 0.0687 79.0970 162.194 0.1017 78.5750 161.150
Dataset IV 0.3167 325.8400 655.680 0.1360 326.8540 657.708 0.2017 323.0910 650.182

Dataset V. 0.0189 116.0758 236.152 0.0078 110.3970 224.794 0.0115 110.0940 224.188

8. CONCLUDING REMARKS

This study presents an innovative one-parameter lifetime model, the Induced Xgamma (i-Xg)
distribution, formulated through an equilibrium (induced) transformation of the existing Xgamma
distribution. The model is very flexible and can accurately capture both under-dispersed and over-
dispersed behaviour in reliability data. Its capacity to depict various hazard shapes, including
increasing, decreasing, bathtub, and inverted-bathtub patterns, highlights its practical utility in
reliability engineering and longevity studies. We examine important distributional properties,
including moments, stochastic ordering, inequality measures, and reliability characteristics. We
also show that the model is identifiable. We examine several traditional estimation methods and
assess their performance in simulations. The empirical findings underscore the robustness and
efficacy of the estimation methodologies. The i-Xg model is a desirable tool for practitioners
evaluating duration and survival-type data, offering greater flexibility and better goodness-of-fit
than competing models, as demonstrated in applications across several real-world datasets. All
things considered, the suggested distribution adds something useful to the family of continuous
reliability models and might encourage further developments and applications in related statistical
fields.
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Abstract

In this paper we use the Akaike information criterion to compare the use of parametric models with the
use of very flexible models with a large parameter set, as in artificial intelligence models. It turns out that
information is lost in models with many parameters, compared with using the real model.
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1. INTRODUCTION

The use of artificial intelligence (Al) systems is on the rise. They are widely applied and used. So,
there seems to be a big advantage of Al use. On the other hand, one must also ask: what do we
lose?

In an earlier paper Schidbe and Shubinsky [1] considered what would be the correct approach
to use artificial intelligence in order to gain efficiency but not to lose too much.

In this paper we will apply the Akaike information criterion to find an answer to the question,
what we would lose. However, AI models are complex and there are many different classes of
models. So, we can restrict ourselves to rather simple cases. Al models are mostly just statistical
models, judging from the fundamental publications [2, 3], so we will use the Akaike information
criterion to compare the behaviour of a AI model with the one of an ordinary statistical model.
In section two, we explain the Akaike information criterion [4] and give an example, how it is
applied for a kernel estimator comparing it to a parametric model. In section three, we consider a
general approach. The fourth section is dedicated to the conclusions.

2. THE AKAIKE INFORMATION CRITERION

2.1. The Definition of the Akaike Information Criterion

The Akaike information criterion has been introduced by Akaike in 1974 [4]. Assume, we have a
sample of size n, say Xj,...Xn and two different statistical models, with densities f(x) and g(x)
having a different number of parameters k; and k,. Here 6 and # are the parameters (6 being a
k1-dimensional vector and 7 being a kp-dimensional vector) of the densities f(x | 8) and g(x | 77),
whereas § and 7 are the coinciding values obtained as maximum likelihood estimators. Here
and throughout the paper we assume that the densities exist and that they fulfil the regularity
conditions as given e.g. in [5] for the maximum likelihood estimators to exists, converge in
probability and being asymptotically unbiased.
Then the Akaike information criterion (AIC) compares the following quantities

AIC; =ky — ilnf(Xl- | 6), 1)
i=1
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n
AIC; =k = ) Ing(Xi [ ), @
i=1

for both models. The model with the minimal AIC value is preferred. Should the number of
parameters be the same for both models, simply the model with the largest likelihood function
computed for the parameter values coinciding with maximum likelihood estimators is chosen. For
different numbers of parameters, a penalty term is introduced — just the number of parameters.
In the following two subsections we assume that the sample comes from a normal distribution
and we will apply two different estimators. The one will be the normal distribution, i.e. the real
underlying distribution of the sample. The other model is the kernel estimator. Vapnik [3] has

considered this as kind of an Al application.

2.2. The AIC for a normal model

The AIC for a normal distribution model is computed as

n
AICy =2k—2) Inf(X; | m,0). (3)
i=1

Since the normal distribution has 2 parameters, k = 2. Here f (X;|r1, ) is the normal density
with estimated mean and standard deviation, with

X —m 2
o) = o exp (30 ). @

Now we compute the expectation of the AICN. We will neglect higher order terms in 1/n, by
partially substitution estimators by its values, e.g. for the standard deviation. Correlation between
sample elements, X; and the estimated deviation will be neglected as higher order terms. We get

=

=4+2n <1n(\/277w) + ;) :

E(AICyN) =4+ 2nIn(V2no) + nE

®)

The expected AICy for the normal distribution still depends on the variance of the distribution.
Also, one can see that the AIC is proportional to n.

2.3. AIC for the Kernel Estimator

In the next step, we compute the AIC for a kernel estimator. The kernel estimator is defined by
Rosenblatt and Parzen [6, 7] as

f(x)=linlhk (x_hxi)- ®)

For simplicity, we take a normal kernel, i.e.

k(x) = Nt (—"22) , @)

v =X

For the bandwidth we use the approximation proposed by Silverman [8], i.e.

which leads to

4 1/5
h= (3) on~ V5 ~ 1.066m1/°. )
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where ¢ is the standard deviation estimated from the sample. A more precise expression has
been given by [9] using a Gram-Charlier approximation for the unknown distribution. Now, we
compute the AIC; for the kernel estimator as

AK%:2n72§]nﬂXJ (10)
i=1

Here the number of parameters is n, since in fact each value of the sample acts as a parameter.
Since the bandwidth is derived from the standard deviation and this is also computed from the
same n values X;, the number of parameters stays n. Now we compute the expectation of AIC.
We will again neglect higher order terms in 1/n, by partially substitution estimators by its values,
e.g. for the standard deviation. Correlation between sample elements, X; and the estimated
deviation will be neglected as higher order terms.

EMKH:M—ME%R&”

X; — X;)? 1)
=2n+2nlIn(nhv2m) + 2nE %
o2
E(AICy) = 2n+ 2nIn(nhv2m) + 2l’lﬁ. (12)
4\ 1/5
E(AICy) =2n+2nln(v2m) 4+ 2nln <n4/5 <3) (7)
(13)
+2n l o
3n )
4 1. 4
4 \2/5 (14)
tino+ () )
3n
1. 4
E(AICy) =2n (1 +In(vV2m) + 5 lng +Inco
E(AIC,) = O(nlnn). (16)

2.4. Comparison

The expected AICy does not depend on any parameters of the underlying distribution function
that we assumed to be the normal one. It can be seen that it grows with n In(n) , i.e. faster than
linearly in n. Comparing this fact with the AIC for the normal model, we can see that the AIC of
the kernel estimator grows faster in n than the AIC for the parametric model. The AIC shows a
relative information loss and the most preferable model is always that with the smaller AIC. So
we can see that with growing sample size the kernel estimator will perform worse with growing
sample size, assuming the underlying model is the normal distribution.

On the one hand side this result seems to be trivial, a parametric model will always perform
better than a non-parametric one — provided it is correct. On the other hand side we see that the
difference in information loss for the non-parametric approach is only of the order n'/°.

Figure 1 shows then difference of E(AICy) -E(AICy). It can be seen that the difference grows
with increasing n, but decreases with increasing variance of the population.
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Expected AIC for Kernel - Normal Distribution

Figure 1: Comparison of the expected AIC values for the kernel estimator versus the normal model

3. A GENERALISATION

In this chapter we generalise the considerations from the previous chapter. Assume again that
we have a sample Xj,... X, from a distribution with density f(x| ¢), where 6 is a k; dimensional
vector of parameters. The values can be multidimensional and the only restriction is, that the
coinciding sigma algebra is measurable and that the density exists and fulfils the necessary
regularity conditions for the existence and convergence of the maximum likelihood estimator.

Assume now that we the second model is the Al model, having density g(x| #) with parameter
vector #, having k, dimensions and in most cases ky » k;.

Now we have

n

AIC; =k — ) Inf(X; | 6), (17)
i=1

AlCar = Ky — ) Ing(X; | 7). (18)

i=1
Computing the expectations we arrive at

E(AIC)) = ky — /_ °; In f(x) f(x) dx, (19)

E(AICA) = ky — / 0:0 Ing(x) f(x) dx. (20)

So, the difference of the expectations turns out to be

E(AIC,1) — E(AIC,) = ky —ky — /Z Ing(x) f(x) dx

o0 (1)
+/_ In f(x) f(x)dx.
The second term is just the Kullback-Leibler distance
(™)
p(rlle)= [~ (L) rmas, @
ie.
E(AICar) — E(AICs) =k, — k1 + D(f [| 8). (23)
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This expression is positive, if the parametric model outperforms the Al model. Now we have kp
> kyand D(f| g) > 0 for f (x) and g(x) being different. This shows, that using an AI model in
place of the genuine parametric model leads to information loss measured by the Akaike
criterion caused first by the increased number of parameters and second by using another model.
This other model (here described by the density g(x)) might be very flexible, but is not identical to
the real model f(x).

4. CONCLUSION

Then result of the application of the Akaike information criterion shows, that application of an Al
model always leads to information loss, compared with the use of the real correct model.

So, Al models might help for a first guess or if the real underlying model is hard to find.
Nevertheless, one must always keep in mind that the use of an Al model will not use the entire
information. This is also caused by the fact, as pointed out by Schibe and Shubinsky [1], that an
Al model will not use a set of sufficient statistics, which would distillate all information from the
sample. The question is then, how to apply an Al model and a good first step would be to ask it,
in assisting for finding the underlying model, then testing for this model and then to apply the
real parametric model.
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