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Abstract 
 

During reservoir development, efficient fluid transport is very important for the optimization of 

production and minimization of operational costs. This study investigates the influence of non-Newtonian 

fluid properties on the flow behavior in pipes and in annuli. Unlike Newtonian fluids, the non-Newtonian 

fluids have much more complex rheological characteristics which include yield stress and power-law index, 

and those properties affect the overall fluid dynamics during production from the well and further fluid 

transport in the pipelines. Lack of consideration of non-Newtonian parameters during engineering 

calculations leads to different technical, economic and ecological risks. A full mathematical derivation of 

velocity distribution in pipes and in annuli for non-Newtonian fluids was presented. Based on the velocity 

distributions the formulas for flow rates have also been derived and the flow conditions for yield stress 

fluids have been shown. It has been demonstrated that yield stress fluids form a certain region in the middle 

of the flow that flows with maximum velocity but individual fluid layers within this region do not move 

relative to each other, so the velocity gradient is zero here. This region is referred to as core of the flow. The 

analysis has shown that in pipes the decrease of yield stress strongly increases velocity and decreases the 

radius of the core. The decrease of the consistency index significantly increases velocity. One of the most 

interesting observations is that the relationship between velocity and the power-law index depends on the 

pressure gradient. At low pressure gradients the increase of the power-law index increases the velocity, 

but at high pressure gradients the increase of the power-law index decreases the velocity. For annular flow 

the effect of those parameters is the same, however, the velocity for annular flow is much more sensitive to 

the pressure gradient and the yield stress. 

 

Keywords: non-Newtonian fluids, Herschel-Bulkley model, Bingham model, fluid flow in 

pipes, fluid flow in annulus 

 

 

I. Introduction  
  

Non-Newtonian fluids are widely used in the oil and gas industry. Most of the oil reserves in 

the world today can be characterized as unconventional reserves a significant portion of which is 

made up of non-Newtonian fluids [1], [2]. The relevance of studying the behavior of non-Newtonian 

oils is growing nowadays as many experts believe that in the future most of the demand for oil will 

be fulfilled by non-Newtonian reserves [3]. Non-Newtonian fluids are also very common in drilling, 

as most of the drilling muds have non-Newtonian behavior [4].   

 The simplest definition of non-Newtonian fluids is that any fluid the flow of which cannot 

be described by the Newtonian law [5] is considered non-Newtonian. There is a certain set of 

parameters that are unique to non-Newtonian fluids which are: 
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• Yield stress. Fluids that have yield stress do not flow until the shear stress that occurs in 

them exceeds a certain value which is known as the yield stress [6]. 

• Power-law index. For some fluids the relationship between shear stress and velocity 

gradient is not linear and this nonlinearity is taken into account by a parameter known as the power-

law index [7] 

• Consistency index. For non-Newtonian fluids that have a power-law index that is not equal 

to 1, dynamic viscosity is replaced with the consistency index, the dimension of which is dependent 

on the power-law index [8]. 

A complete analysis of fluid flow is not possible without taking into account the boundary 

conditions. Some examples of practically encountered boundary conditions are upward flow 

of oil through the production tubing, horizontal flow of oil through long pipelines used for transport 

of hydrocarbons to large distances, downward flow of drilling mud through the drill pipe, upward 

flow of drilling mud through the annulus between the borehole wall and the drill pipe and etc.  

 Lack of consideration of non-Newtonian parameters during engineering calculations 

related to pipeline systems design means ignoring the influence of those parameters on the flow [9]. 

Obviously, this introduces several risks. Such risks might be technical (actual flow rate too far from 

the predicted one, the velocity profile in pipe is different from the predicted profile, etc.), economical 

(the necessary volume of fluids is not delivered through the transport pipeline) and ecological 

(failure of fluid transport facilities leading to ecological harm). The best mitigation of those risks is 

consideration of as many flow parameters as possible (the ones that have impact on the flow) during 

engineering calculations. 

 Several authors have experimentally studied the relationship between shear stress and 

shear rate for non-Newtonian fluids [10], [11], [12]. The authors of [13] have presented the flow rate 

in pipe formula for Herschel-Bulkley fluids, however, the full derivation has not been provided, and 

the impact of non-Newtonian parameters has not been analyzed in detail. In the work [14], an 

analytical formula has been derived that determines the velocity distribution for Bingham fluids in 

annulus for flow in curved (angular) direction. The purpose of this work is to: 

• Present a full mathematical derivation of the velocity distribution for Herschel-Bulkley 

fluids flowing in a pipe 

• Present a full mathematical derivation of the velocity distribution for Bingham fluids 

flowing in annulus 

• Based on the velocity distributions derive a formula that calculates the fluid flow rate 

• Analyze the influence of various non-Newtonian parameters on the velocity distribution 

 

II. Velocity distribution derivation and analysis 
  

The balance of forces acting on a cylindrical element in z-direction (along the pipe) can be 

expressed as follows [15]: 
𝜎𝑟𝑧

𝑟
+

𝜕𝜎𝑟𝑧

𝜕𝑟
+

1

𝑟

𝜕𝜎𝜃𝑧

𝜕𝜃
+

𝜕𝜎𝑧𝑧

𝜕𝑧
+ 𝜌𝑍 = 𝜌

𝑑𝑣𝑧

𝑑𝑡
. 

(1) 

Here 𝜃, 𝑟, 𝑧 – are cylindrical coordinates, t is time, 𝜎𝑟𝑧 is the shear stress that is perpendicular to the 

r-direction and directed in the z-direction, 𝜎𝜃𝑧 is the shear stress that is perpendicular to the 𝜃-

direction and directed in the z-direction, 𝜎𝑧𝑧 is the normal stress in z-direction, 𝜌 is fluid density, 𝑍 

is the acceleration in the z-direction, and 𝑣𝑧 is the velocity in z-direction. The well-known Navier-

Stokes equations [16] for Newtonian fluids are derived from the balance of forces formula given 

above.  

In this work, we consider steady-state laminar flow of incompressible non-Newtonian fluids 

in a pipe. We assume that flow exists only in the z-direction, and the velocity is not dependent on 

𝜃. Due to the steady state, 
𝑑𝑣𝑧

𝑑𝑡
 becomes 0, and 

𝜕𝜎𝜃𝑧

𝜕𝜃
 becomes 0 due the symmetrical flow. 

𝜕𝑣𝑧

𝜕𝑧
 is also 

equal to 0 since the fluid is assumed to be incompressible. We also express the normal stress in z-

direction as 𝜎𝑧𝑧 = -P, where P is fluid pressure. According to the Herschel-Bulkley model, the shear 

489



Muhammad Obeidat  

INFLUENCE OF NON-NEWTONIAN FLUID RHEOLOGY ON 

PIPE AND ANNULAR FLOW DYNAMICS… 

RT&A, Special Issue No. 9 (87), 

Volume 20, November 2025  
stress 𝜎𝑟𝑧 can be expressed as [17]: 

𝜎𝑟𝑧 = −𝜏0 + 𝐾 (
𝜕𝑣𝑟

𝜕𝑧
+

𝜕𝑣𝑧

𝜕𝑟
)

𝑛

. 
(2) 

As there is no flow in r-direction, the term 
𝜕𝑣𝑟

𝜕𝑧
 is neglected and as a result we get: 

𝜎𝑟𝑧 = −𝜏0 + 𝐾 (
𝜕𝑣𝑧

𝜕𝑟
)

𝑛

. 
(3) 

Firstly, we need to determine the relationship between the shear stress 𝜎𝑟𝑧 and the pressure 

gradient. Considering everything written above, equation (1) is transformed into the following 

ordinary differential equation: 
𝜎𝑟𝑧

𝑟
+

𝑑𝜎𝑟𝑧

𝑑𝑟
−

𝑑𝑃

𝑑𝑧
+ 𝜌𝑍 = 0. 

(4) 

The following assumptions are made in equation (4): 

• 𝜎𝑟𝑧 is considered to be only a function of r and it is not dependent on coordinates z and 𝜃. 

• The pressure gradient 
𝑑𝑃

𝑑𝑧
 only dependents on the coordinate z and it is not dependent on r 

and 𝜃. 

Then the solution of the equation (4) would look as follows: 

𝜎𝑟𝑧 =
𝑐1

𝑟
+

𝑟

2
(

𝑑𝑃

𝑑𝑧
− 𝜌𝑍). 

(5) 

Further solution of this equation depends on the chosen boundary conditions. Firstly, we will 

consider flow in a pipe of radius R. In case of a pipe, r = 0 is a valid coordinate, however, it leads to 

an infinite 𝜎𝑟𝑧 in equation (5) which is not possible. For this reason, 𝑐1 must be taken as 0, and as a 

result we get: 

𝜎𝑟𝑧 =
𝑟

2
(

𝑑𝑃

𝑑𝑧
− 𝜌𝑍). 

(6) 

From this equation, we can conclude that the shear stress is equal to 0 in the center of the pipe, and 

it has the maximum value at the pipe radius R.  

The next goal is to determine the relationship between fluid velocity and r. For this, we insert 

equation (3) into equation (4), and as a result we get the following: 

−
𝜏0

𝑟
+

𝐾

𝑟
(

𝑑𝑣

𝑑𝑟
)

𝑛

+ 𝐾𝑛 (
𝑑𝑣

𝑑𝑟
)

𝑛−1 𝑑2𝑣

𝑑𝑟2 =
𝑑𝑃

𝑑𝑧
− 𝜌𝑍. 

(7) 

Now let’s assume that 
𝑑𝑣

𝑑𝑟
= 𝑤, 

𝑑2𝑣

𝑑𝑟2 =
𝑑𝑤

𝑑𝑟
, add the term 

𝜏0

𝑟
 to left and right side and divide both sides 

by K: 

𝑛
𝑑𝑤

𝑑𝑟
𝑤𝑛−1 +

𝑤𝑛

𝑟
=

𝜏0 + 𝑟 (
𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝐾𝑟
. 

(8) 

Let’s assume that 𝑤𝑛 = 𝑢, 𝑛𝑤𝑛−1 𝑑𝑤

𝑑𝑟
=

𝑑𝑢

𝑑𝑟
. Then we get: 

𝑑𝑢

𝑑𝑟
+

𝑢

𝑟
=

𝜏0 + 𝑟 (
𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝐾𝑟
. 

(9) 

Equation (9) can be transformed as follows: 

𝑑(𝑟𝑢) =
𝜏0 + 𝑟 (

𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝐾
𝑑𝑟. 

(10) 

By integrating both sides of this equation we get: 

𝑟𝑢 =
𝜏0𝑟 +

𝑟2

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝐾
+ 𝑐1. 

(11) 

By solving for u, we get: 

𝑢 =
𝜏0 +

𝑟
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝐾
+

𝑐1

𝑟
. 

(12) 

Then u is transformed back into w: 

𝑤 =
√𝜏0 +

𝑟
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝐾
+

𝑐1

𝑟

𝑛

. 

(13) 
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Then w is transformed back to v: 

𝑑𝑣

𝑑𝑟
=

√𝜏0 +
𝑟
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝐾
+

𝑐1

𝑟

𝑛

. 

(14) 

Since r = 0 leads to an infinite 
𝑑𝑣

𝑑𝑟
, the constant 𝑐1 needs to be made equal to 0: 

𝑑𝑣

𝑑𝑟
=

√𝜏0 +
𝑟
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝐾

𝑛

. 

(15) 

Considering that 
𝑑𝑃

𝑑𝑧
 always has a negative value, and that the term 𝜏0 +

𝑟

2

𝑑𝑃

𝑑𝑧
 has to always be positive, 

in order for 
𝑑𝑣

𝑑𝑟
 to remain a real number, we rewrite the equation (15) as follows: 

𝑑𝑣

𝑑𝑟
= −

√−
𝑟
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍) − 𝜏0

𝐾

𝑛

. 

(16) 

From equation (6), we can conclude that in order for a fluid layer located at coordinate r to 

move relative to neighboring layers, the following condition has to be satisfied: 

|
𝑟

2
(

𝑑𝑃

𝑑𝑧
− 𝜌𝑍)| > 𝜏0. 

(17) 

The solution of differential equation (16) is as follows: 

𝑣 = 𝑐2 −
𝑛

𝑛 + 1
√−

𝑟
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍) − 𝜏0

𝐾

𝑛

(
2𝜏0

𝑑𝑃
𝑑𝑧

− 𝜌𝑍
+ 𝑟). 

(18) 

As indicated previously, the shear stress has a minimum value in the center of the pipe, and it 

increases with the increase of radius. Since we are considering a fluid that has a yield stress 𝜏0, there 

has to be a certain radius 𝑟𝑐  in the pipe until which the shear stress that occurs in the fluid does not 

exceed the yield stress. Therefore, a certain flow region from r=0 to r=𝑟𝑐  is formed where the shear 

stress is less than 𝜏0. This region can be called the core of the flow, and it is moving through the pipe 

as a whole, meaning that the layers within this core do not move relative to each other. The core of 

the flow has a certain velocity 𝑣𝑐 which is the maximum velocity in the pipe. In the flow region from 

r=𝑟𝑐  to r=R the velocity gradually decreases and becomes equal to 0 at r=R and we can refer to this 

region as out-of-core region. All of this can be summarized in the following equations: 

𝑟𝑐 = |
2𝜏0

𝑑𝑃
𝑑𝑧

− 𝜌𝑍
|, 

(19) 

|
2𝜏0

𝑑𝑃
𝑑𝑧

− 𝜌𝑍
| < 𝑅. 

(20) 

Equation (19) shows the formula for determination of the radius of the core. We can see that 

the core radius increases with the increase of yield stress and decreases with the increase of the 

pressure gradient. Equation (20) shows the condition of flow in a pipe in general. In other words, in 

order for flow to occur in the pipe, the radius of the core needs to be smaller than the radius of the 

pipe.  

Next, we shall determine the constant 𝑐2 in equation (18) by using the conditions described 

above. Due to the fact that the velocity is equal to 0 at r = R, we get: 

0 = 𝑐2 −
𝑛

𝑛 + 1
√−

𝑅
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍) − 𝜏0

𝐾

𝑛

(
2𝜏0

𝑑𝑃
𝑑𝑧

− 𝜌𝑍
+ 𝑅). 

(21) 

From here we get that the constant 𝑐2 is determined as: 

𝑐2 =
𝑛

𝑛 + 1
√−

𝑅
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍) − 𝜏0

𝐾

𝑛

(
2𝜏0

𝑑𝑃
𝑑𝑧

− 𝜌𝑍
+ 𝑅). 

(22) 

Finally, we derive the equation that describes the velocity distribution in a pipe for Herschel-Bulkley 

fluids: 
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𝑣 =
𝑛

𝑛 + 1
√−

𝑅
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍) − 𝜏0

𝐾

𝑛

(
2𝜏0

𝑑𝑃
𝑑𝑧

− 𝜌𝑍
+ 𝑅) −

𝑛

𝑛 + 1
√−

𝑟
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍) − 𝜏0

𝐾

𝑛

(
2𝜏0

𝑑𝑃
𝑑𝑧

− 𝜌𝑍
+ 𝑟). 

(23) 

If we insert r=𝑟𝑐  into the equation above and use the definition of 𝑟𝑐  from equation (19), we will get 

the following formula for finding the velocity of the core of the flow: 

𝑣𝑐 =
𝑛

𝑛 + 1
√−

𝑅
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍) − 𝜏0

𝐾

𝑛

(
2𝜏0

𝑑𝑃
𝑑𝑧

− 𝜌𝑍
+ 𝑅). 

(24) 

By knowing the velocity distribution, we can determine the flow rate in the pipe using the formula 

below: 
𝑄 =  𝑄𝑐 + 𝑄𝑜𝑐 , (25) 

where 𝑄𝑐 is the flow rate of the core region and 𝑄𝑜𝑐  is the flow rate of out-of-core region. 𝑄𝑐 is 

determined as: 

𝑄𝑐 = 𝜋𝑟𝑐
2𝑣𝑐 = 𝜋 (−

2𝜏0

𝑑𝑃
𝑑𝑧

− 𝜌𝑍
)

2

𝑛

𝑛 + 1
√−

𝑅
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍) − 𝜏0

𝐾

𝑛

(
2𝜏0

𝑑𝑃
𝑑𝑧

− 𝜌𝑍
+ 𝑅). 

(26) 

On the other hand, 𝑄𝑜𝑐  is determined as: 

𝑄𝑜𝑐 = ∫ 𝑣𝑑(𝜋𝑟2)
𝑅

𝑟𝑐

= ∫ 2𝜋𝑣𝑟𝑑𝑟
𝑅

𝑟𝑐

. 
(27) 

By calculating this integral and summing up 𝑄𝑐 and 𝑄𝑜𝑐 , we get the following final formula for flow 

rate in pipe: 

𝑄 =
𝜋𝑛

𝐾
1
𝑛

(−
𝑅
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍) − 𝜏0)
1+

1
𝑛

(−
1
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍))

3 (
(−

𝑅
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍) − 𝜏0)
2

3𝑛 + 1
+

2𝜏0 (−
𝑅
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍) − 𝜏0)

2𝑛 + 1
+

𝜏0
2

𝑛 + 1
). 

(28) 

Figure 1 (a) shows the velocity distribution in pipe in 3D built based on equation (23) for 

Herschel-Bulkley fluids (𝜏0=20 Pa, n=1.2). Due the presence of yield stress, a core region of radius 𝑟𝑐  

is formed in the center of the pipe which has maximum velocity. 

Figure 1 (b) shows various distributions of fluid velocity in pipe for different values of pressure 

gradient. It can be seen that the increase of pressure gradient leads to the increase of velocity in 

every coordinate, and it decreases the radius 𝑟𝑐  of the core. 

 
 

(a) (b) 
Figure 1: Velocity distribution in pipe in 3D (a); Velocity distributions in pipe for different pressure gradients (b) 
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Figure 2 (a) shows various distributions of fluid velocity in pipe for different values of 

consistency index. It can be seen that the decrease of the consistency index increases velocity at every 

point, however, it does not affect the core radius. Moreover, the increase of velocity with the 

decrease of the consistency index is higher for lower consistency indexes.  

Figure 2 (b) shows various distributions of fluid velocity in pipe for different values of yield 

stress. The decrease of yield stress increases velocity at every point and decreases the radius of the 

core region. The increase of velocity with the decrease of yield stress is higher for lower yield 

stresses.  

Figure 2 (c) shows the relationship between core velocity, pressure gradient and power-law 

index n. The key observation here is that the relationship between core velocity and power-law 

index depends on the pressure gradient. At low pressure gradients the velocity increases with the 

increase of n, while at high pressure gradients the velocity increases with the decrease of n. 

  
(a) 

 
(b) 

 

 

(c) 
 

 

Figure 2: Velocity distributions in pipe for different consistency indexes (a); Velocity distributions in pipe for different 

yield stresses (b); Relationship between velocity, pressure gradient and power-law index in 3D (c) 

Next, we shall analyze the flow of non-Newtonian fluids in annulus. No analytical solution for 

Herschel-Bulkley fluids in annulus was found, however, we derived an analytical solution for 

Bingham fluids in annulus.  
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In annulus, the flow occurs between the inner radius 𝑅1 and the outer radius 𝑅2. The core region 

of the flow should be located between the radiuses 𝑟𝑐1 and 𝑟𝑐2. Those radiuses correspond to the 

conditions 𝑅1 < 𝑟𝑐1 < 𝑟𝑐2 < 𝑅2. As in previous case, here we start with the analysis of the shear stress 

formula: 

𝜎𝑟𝑧 =
𝑐1

𝑟
+

𝑟

2
(

𝑑𝑃

𝑑𝑧
− 𝜌𝑍) 

(29) 

When r=𝑟𝑐1 the shear stress becomes equal to -𝜏0, so we get the following: 

−𝜏0 =
𝑐1

𝑟𝑐1
+

𝑟𝑐1

2
(

𝑑𝑃

𝑑𝑧
− 𝜌𝑍) 

(30) 

From here we find that the constant 𝑐1 is equal to: 

𝑐1 = −𝜏0𝑟𝑐1 −
𝑟𝑐1

2

2
(

𝑑𝑃

𝑑𝑧
− 𝜌𝑍) 

(31) 

So, we get the following equation for the shear stress: 

𝜎𝑟𝑧 =
−𝜏0𝑟𝑐1 −

𝑟𝑐1
2

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝑟
+

𝑟

2
(

𝑑𝑃

𝑑𝑧
− 𝜌𝑍) 

(32) 

Next, we can insert r=𝑟𝑐2 to the shear stress equation and it should also lead to 𝜎𝑟𝑧=−𝜏0: 

−𝜏0 =
−𝜏0𝑟𝑐1 −

𝑟𝑐1
2

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝑟𝑐2
+

𝑟𝑐2

2
(

𝑑𝑃

𝑑𝑧
− 𝜌𝑍) 

(33) 

From here we get the following relationship between 𝑟𝑐2 and 𝑟𝑐1: 

𝑟𝑐2 =

−𝜏0 − √𝜏0
2 + 2 (𝜏0𝑟𝑐1 +

𝑟𝑐1
2

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍)) (
𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝑑𝑃
𝑑𝑧

− 𝜌𝑍
 

(34) 

Next, we use the formula for velocity gradient derived earlier to proceed further (we set n=1): 

𝑑𝑣

𝑑𝑟
=

𝜏0 +
𝑟
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝐾
+

𝑐1

𝑟
 

(35) 

 

We should have 2 independent solutions for the flow region between 𝑅1&𝑟𝑐1 and between 𝑅2&𝑟𝑐2. 

Let’s first consider the first region. In this case, the velocity gradient at 𝑟𝑐1 will be equal to 0, so we 

get: 

0 =
𝜏0 +

𝑟𝑐1

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝐾
+

𝑐1

𝑟𝑐1
 

(36) 

From here we get that 𝑐1 is equal to: 

𝑐1 = −
𝜏0𝑟𝑐1 +

𝑟𝑐1
2

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝐾
 

(37) 

The integration of the velocity gradient equation gives the following result: 

𝑣 =

𝑟2

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍) + 2𝑐1𝐾𝑙𝑛(𝑟) + 2𝑟𝜏0

2𝐾
+ 𝑐2 

(38) 

Since at r=𝑅1 the velocity becomes equal to 0, then we get: 

0 =

𝑅1
2

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍) + 2𝑐1𝐾𝑙𝑛(𝑅1) + 2𝑅1𝜏0

2𝐾
+ 𝑐2 

(39) 

So, the constant 𝑐2 is equal to: 

𝑐2 = −

𝑅1
2

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍) + 2𝑐1𝐾𝑙𝑛(𝑅1) + 2𝑅1𝜏0

2𝐾
 

(40) 

So, the final velocity distribution equation after simplification would look as follows (minus is 

added to account for the fact that the velocity gradient is positive in the region from 𝑅1 to 𝑟𝑐1): 

𝑣 = −

(𝑟2 − 𝑅1
2)

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍) − 2 (
𝜏0𝑟𝑐1 +

𝑟𝑐1
2

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝐾
) 𝐾𝑙𝑛 (

𝑟
𝑅1

) + 2𝜏0(𝑟 − 𝑅1)

2𝐾
 

(41) 

Similarly, for the second out-of-core region we would get: 
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𝑣 =

(𝑟2 − 𝑅2
2)

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍) − 2 (
𝜏0𝑟𝑐2 +

𝑟𝑐2
2

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝐾
) 𝐾𝑙𝑛 (

𝑟
𝑅2

) + 2𝜏0(𝑟 − 𝑅2)

2𝐾
 

(42) 

At this point we have 1 unknown, which is the 𝑟𝑐1 (because the relationship between 𝑟𝑐1 and 𝑟𝑐2 is 

already known). To find 𝑟𝑐1 we use the boundary condition that the velocity in the first region at 

r=𝑟𝑐1 should be equal to the velocity in the second region at r=𝑟𝑐2. Then we express 𝑟𝑐2 in terms of 𝑟𝑐1 

and solve the equation for 𝑟𝑐1. However, mathematically this is very complex, and we suggest using 

numerical approaches to find the value of 𝑟𝑐1.  

For annular flow, the condition for a certain layer to move relative to neighboring layers is: 

|
−𝜏0𝑟𝑐1 −

𝑟𝑐1
2

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍)

𝑟
+

𝑟

2
(

𝑑𝑃

𝑑𝑧
− 𝜌𝑍)| > 𝜏0 

(43) 

The general flow condition in annulus is: 
𝑅1 < 𝑟𝑐1 < 𝑟𝑐2 < 𝑅2 (44) 

Obviously, the values of 𝑟𝑐1 and 𝑟𝑐2 depend on the value of the pressure gradient. When the 

pressure gradient increases then the values of 𝑟𝑐1 and 𝑟𝑐2 become closer. 

The flow rate in annulus is determined using the formula: 
𝑄 =  𝑄𝑐 + 𝑄𝑜𝑐1 + 𝑄𝑜𝑐2 (45) 

where 𝑄𝑐 is the flow rate of the core region, and 𝑄𝑜𝑐1&𝑄𝑜𝑐2 are flow rates of out-of-core regions. 𝑄𝑐 

is determined using the formula: 
𝑄𝑐 = 𝜋(𝑟𝑐2

2 − 𝑟𝑐1
2 )𝑣𝑐 (46) 

Here 𝑣𝑐 can be found by inserting either 𝑟𝑐1 in the first velocity distribution equation or 𝑟𝑐2 in the 

second velocity distribution equation.  

On the other hand, 𝑄𝑜𝑐1 is determined using the formula below: 

𝑄𝑜𝑐1 = 2𝜋 ∫ 𝑣𝑟𝑑𝑟
𝑟𝑐1

𝑅1

 
(47) 

Integration results in the following: 

𝑄𝑜𝑐1 = −

𝜋𝑟2 (6 (𝜏0𝑟𝑐1 +
𝑟𝑐1

2

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍)) (1 − 2𝑙𝑛 (
𝑟

𝑅1
)) − 3𝑅1

2 (
𝑑𝑃
𝑑𝑧

− 𝜌𝑍) − 12𝑅1𝜏0 +
3
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍) 𝑟2 + 8𝑟𝜏0)

12𝐾
|𝑅1

𝑟𝑐1 

(48) 

Similarly, for 𝑄𝑜𝑐2 we have: 

𝑄𝑜𝑐2 = 2𝜋 ∫ 𝑣𝑟𝑑𝑟
𝑅2

𝑟𝑐2

 
(49) 

And integration gives the following result: 

𝑄𝑜𝑐2 =

𝜋𝑟2 (6 (𝜏0𝑟𝑐2 +
𝑟𝑐2

2

2
(

𝑑𝑃
𝑑𝑧

− 𝜌𝑍)) (1 − 2𝑙𝑛 (
𝑟

𝑅2
)) − 3𝑅2

2 (
𝑑𝑃
𝑑𝑧

− 𝜌𝑍) − 12𝑅2𝜏0 +
3
2

(
𝑑𝑃
𝑑𝑧

− 𝜌𝑍) 𝑟2 + 8𝑟𝜏0)

12𝐾
|𝑟𝑐2

𝑅2  

(50) 

Figure 3 (a) shows the velocity distribution in annulus in 3D for Bingham fluids (𝜏0=300 Pa, 

n=1). It can be seen that the velocity is equal to 0 at the inner and outer boundaries of the annulus 

and it quite abruptly increases to the maximum value which corresponds to the core of the flow.  

Figure 3 (b) shows various distributions of fluid velocity in annulus for different values of 

pressure gradient. Despite the fact that the pressure gradient varies in a small interval, it 

significantly affects the velocity profile. At pressure gradient equal to -520 Pa/m flow is absent while 

at -625 Pa/m the velocity is very high, and the radius of the core is very small. Another observation 

is that the velocity increases more abruptly in the inner part of the annulus (between the annulus 

inner radius and the core inner radius) than in the outer part of the annulus (between the core outer 

radius and the annulus outer radius). 
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(a) (b) 

Figure 3: Velocity distribution in annulus in 3D (a);  

Velocity distributions in annulus for different pressure gradients (b) 

 
Fig.4 (a) shows various distributions of fluid velocity in annulus for different values of 

consistency index. It can be seen that decrease of the consistency index significantly increases 

velocity but does not affect the inner and outer radiuses of the core. 

Fig.4 (b) shows various distributions of fluid velocity in annulus for different values of yield 

stress. The yield stress changes in a very small interval (from 250 to 300 Pa), however, the sensitivity 

of the velocity profile to yield stress is very high, as it increases from 0 at 𝜏0=300 Pa to a very high 

value at 𝜏0=250 Pa, at which the size of the core becomes very small.  

  
(a) (b) 

Fig.4: Velocity distributions in annulus for different consistency indexes (a); Velocity distributions in annulus for 

different yield stresses (b) 

 

III. Conclusion 
 

The purpose of this work was to study the flow of non-Newtonian fluids in pipe and annulus 

and analyze the impact of non-Newtonian parameters on the flow. Firstly, the velocity distribution 

in pipes for Herschel-Bulkley fluids has been derived based on the balance of forces equation. It has 

been shown that the flow of yield stress fluids is characterized by presence of a certain region (core 

of the flow) that moves as a whole (layers do not move relative to each other) which has the 

maximum velocity. Moreover, the flow condition for such fluids in a pipe has been presented and 

the formula to determine the overall flow rate in the pipe has been derived.  

Next, the impact of non-Newtonian parameters on the velocity distribution in a pipe was 

graphically analyzed. The conclusion was that the decrease of the consistency index significantly 

increases the velocity, however, it does not affect the size of the core. On the other hand, the decrease 

496



Muhammad Obeidat  

INFLUENCE OF NON-NEWTONIAN FLUID RHEOLOGY ON 

PIPE AND ANNULAR FLOW DYNAMICS… 

RT&A, Special Issue No. 9 (87), 

Volume 20, November 2025  
of the yield stress strongly increases velocity and decreases the size of the core. The most interesting 

finding of this work is that the relationship between the velocity and the power-law index depends 

on the pressure gradient. At low pressure gradients the increase of power-law index increases 

velocity, while at high pressure gradients it is the opposite.  

No analytical solution for velocity distribution was found for Herschel-Bulkley fluids in 

annulus, however, a solution has been derived for Bingham fluids. It has been shown that similar 

to the case with the pipe, in annulus a core region is present as well and it is characterized by 2 

radiuses – inner and outer radius of the core that are located between the inner and outer radius of 

the annulus. It has been concluded that the velocity is very sensitive to even small changes in yield 

stress and pressure gradient. Another conclusion is that the velocity increases more abruptly 

between the inner radius of the annulus and the core compared with the velocity in the region 

between the core and the outer radius of the annulus. 
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