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Abstract

The work of D. Singh et al. served as inspiration for this study, which established complex interval
valued fuzzy metric space and proved several common fixed print theorems for compatible types of
(p-1) on the structure of complex interval valued fuzzy metric space. The equivalent findings in the
body of existing research are expanded upon and generalized by these findings. Additionally, we
create a novel implicit relation that can aid researchers in accelerating common fixed-point existence
and uniqueness wherever a pair of self-mappings fits the Clr/[clr/E.A-Property. Appropriate
examples are provided to demonstrate the usefulness of the primary conclusions that are gained.

Keywords: list Complex Interval-valued continues t-norms, complex Interval-valued
fuzzy metric Space (Civfms), Common fixed-point, compatible type of mappings.

I. Introduction

Lorem Interval valued fuzzy metric spaces are a novel generalization of fuzzy metric spaces
created by Shen et al. [26]. Two natural fuzzy metric spaces are induced by each interval-valued
fuzzy metric space. The topology generated by the interval-valued fuzzy metric space coincides
with the topology produced by the interval-valued fuzzy metric space. three different types of
distances between two interval-valued fuzzy sets on real line R were employed by C. Li [16]. The
concept of continuous interval-valued t-norm can be used to build an interval-valued fuzzy metric
space and to characterize the uncertainty of the distance between two points in such a space. In
response to this letter, numerous authors and scholars have thoroughly and in-depthly examined a
variety of issues pertaining to this space from different angles, including compatible mapping,
weak compatible mapping, and new findings on interval-valued fuzzy metric space. Letters I and
[#,(x)] indicate the set of positive integers through this article, wherel = [0,1] and [p,(x)] =
[£n" 2nt]: 0 < p, 7 (%) < p,"(x) < 1. Recently in 2023, Some c-fixed-point results for mapping on
interval-valued fuzzy metric space using weakly compatible were established by V. Deshmukh et
al. [6]. Buckly was the first to introduce fuzzy complex numbers and fuzzy complex analysis [2, 3].
Some scholars were inspired to carry out more research on fuzzy complex numbers by Buckey's
discovery. In this series, Ramot et al. [21, 22] generalized fuzzy sets to complex fuzzy sets.
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According to Ramot, a membership function that extends beyond [0, 1] to the unit circle in the

complex plane defines the complex fuzzy set. The concept of complex valued metric space was
first proposed by Azam et al. [1], who also gave enough conditions for the presence of a common f-
point of a pair of mappings that meet contractive constraints. The concept of complex valued fuzzy
metric spaces was later presented by D. Singh and Kumam [26] using the complex valued
continuous t-norm and associated topologies.

In this research, we introduced the concept of complex interval-valued fuzzy metric space to
modify the distance function under Clr//clr/E. A —Property for common fixed-point theorems in
complex interval-valued fuzzy metric space in order to prove several well-known common fixed-
point theorems for self mappings.

II. Preliminaries

Definition 2.1[26] A mapping p,,:U — [I] is called an interval-valued fuzzy set on U where U is
non empty set, Collection of all interval-valued fuzzy sets on U is denoted by [vf(U). if p, €
If(0). , let p,(x) =[P 22 0< p,  (x) < p,"(x) <1 for all x €U, then the set p,”:U -
[I1and p,*:U - [I] are called lower fuzzy set and upper fuzzy set of p, and if p,”(x) = p,*(x)
then is called degenerate fuzzy set for all x € U. if (I] = {I} — {0} and (I) = {I} — {0, 1}. For every
U iyr, U iy € [1] then the following operations holds:

(Op = 1): Wiy AT iy = [Uing AVinp, thp Aving;

(Op = 2): Wy V T iy = [ty V Ving, iy Ving]s

Op =3): Wi = 1=y = [1—ttfyp , 1=ty |;

Definition 2.2[26] A binary operation of the form is an interval valued t,,;m, is *;: [I] X [I] = [I] on

[I] such that for all 7, 7, € [I] if satistying following four conditions:

1) Commutativity : @ j,r *; b jr = b jr *1 @ i,

) Associativity: [@ i % D iwr| %1 Civy = Ting *1 [D vy *1 Tinf)s

(3) Monotonicity: @ iy *; b if < @ iy *; C iy , Whenever b yp % Ty,

(4) Boundary condition: @ j,r *; 1 = @ jyyp , @ jp *; 0 = [a”,a*] %, [0,1] = [0,a*].

Note: Each interval valued t,,, satisfies some additional boundary conditions for all@ € [I]:
6*16=6*17=6,

Example 1: (a) @ *, 7 = [u".v ", ut.v*]; O)@ 7 =[u Av™,u" Av?];

Definition 2.3[6]: Let{@;};en+ = {[a;, aj ]}be a sequence of interval numbers convergesto a =
[a”,a*] € [1],iflim;..af =a”andlim;..a =a* then the sequence{a;}is convergent to@ and
denoted bylim;,..a; =a ({a; - a}.

Definition 2.4[6]: An interval valuedt,,,, *;as continuous iff it is continuous in its first component,
i.e. foreach b € [I], if lim;,..a@; =@, then

lim;(a; % b) = (lim_..a@;*x b)=a * b, Where{@;} < [I],a € [I].

Definition 2.5[10]: A triplet (X, M,*) is called fuzzy metric space(FMS) if X is an arbitrary set, * is a
continuoust-normson [0,eeJand Mis a fuzzy set on X* x (0, =) satisfying the following conditions:
(1) M(x,4,t) > 0;

(2) M(x,»,t) =1 forallt >0 iff x=y;

B)M(x,y,t) = M(y,x,t);

@) M(x,z,t, +1,) 2T(M(x,4,t),M(x, 4 ,1,)); vx, 4,z €X

(5) M(x,4,%;):[0,°0] = (0,1]is continuous;

Definition 2.6[29]: A 3-tuple (X, Dy, rms, %) is called interval valued fuzzy metric space (Ivfins) if =
is an arbitrary set, *; is a continuous interval valued t,,,, on [IJand mg a fuzzy set on
X2 x (0, ) satisfying the following conditions:
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(1) Dlvfms (x, Y, tnrm) > 6;

() 2) Profms® 4, tnrm) =1 forallt >0 iff x=1y;

3) Dlvfms (Yo tyrm) = Dlvfms (4, %, tyrm );

(4) Propms(x, 9, t1) * Dpypms (9,3, t2) < Dpyrms (%, 3,6 + t3); Vx,4,%2 € Xand t;,t;,> 0
(5) Diypms(x, 4,%1):[0,50] = (I] is continuous;

(6) limeseDrprms @ % turm) =1, V2,4,2 €X, typm >0

Definition 2.7: A 3-tuple (X, D¢, ms*;) is called complex interval valued fuzzy metric space
(Civfms), where Deprms: X2 X (0,0) - r;e®andX is non-empty set, * is a complex valued
continuous, and t-norm. The fuzzy set - r;e®® has complex values and satisfying the following
conditions:

(CIM = 1) Dcppms(x,y,t) >; 0;

(CIM —2) Deppms(x,y,t) =€, forallt > 0iff x=y;

(CIM = 3) Deiypms(6,¥,8) = D rms v, X, 1);

(CIM = 4) Dewpms (%, ,0) * Dewpms (v, 2,@) Zi Pewpms (2,0 + @)

(CIM =5) Deypms(x,y,.):(0,0) > r.e'is continuous;

Forallx,y,z€ X,p,q >0,1; €[0,1] and 6 € [0,%].

Then (X, D¢yypms.*) is called complex Interval valued fuzzy metric space.

Example 2[31]: Let (X,d) be a real valued metric space. Let u * v = min{u, v}(oru * v = uv), for

eacht > 0,u,v €r,e?, where 1, €[01] and 6€ [0,%].Further more u,v€X, Define
Dwams (x,y,t) = e’ t+d(xy)
Example 3[31]: Let X = R. Let u * v = min{u, v}(oru * v = uv), for each t > 0,u,v € r.e'®, where

- . lx=yl
r, €[0,1] and 6 € [0,%]. Further more u, v € X, define D¢y rms(x, y, 1) = ePe™ ¢ .

Definition 2.8: An self maps is a mapping that, within its range, has a single value for every point
in the domain. As a result, it is either many-to-one or one-to-one.
Definition 2.9: Two self mapping A and B on Civfms(X, D¢yrms.*;) are said to be satisfy weakly
compatible if  Limy_ e Deyypms (A%n, Bxy , tyrm ) = € or  1imy e |Deprms (A%, B, tyrm )| > 1
And lim,, .. Dy pims (BAX,, ABXy , by ) = € or  1limy e |Diyypms (BAXp, ABxp, tyrm )| > 1 For all
twrm > 0,0 € [0,%], whenever {x,} is a sequence in X such that Ax,, Bx,, = z for some z € X as n -
Definition 2.10: Two single valued mapping A and B on Civfins(X, D¢,ppms,*;) then compatible if
1imy . Dy s (ABXy, BAXy £y ) = € or limy | Deyprms (ABxn, BAxy, tyyn )| = 1 for all £, > 0,
0 € [0,%] whenever a sequence {x,} in ¥ provided lim,_,.. Ax,, = lim,_..Bx, = u, forallu € X.
Definition 2.11: Two single valued mapping A and B on Civfms(X, D¢,y rms ;) are said to be satisfy
compatible of type -1 if Limy, ... Diyypms (ABXn, BBXy , tyy ) — €% or
1imyee [Drypms (ABxn, BBXy, tyrm )| = 1 for all £, > 0,0 € [O,g] Whenever {x,} is a sequence in X
such that Ax,, Bx,, — z for some z € X as n — oo.
Lemma 2.12 [10]: Let (X, Dgypms*)Civfms with  lim,.. N(x,y,t) =e” ,vx,y € X,t € (0,1),
0e [0,%] for all x,y € X, tpym > 0 with a positive number k € (0,1) such that D¢,y pms (X, ¥, ktprm ) =
Dewpms (¥, tnrm ) = x = .
Definition 2.13: Let (X, m,* ,) be a Ivfms, where * denotes a continuous t-norm and
f.g,hand k be self-mapping on X .The pairs {f, gland {h, k} are said to be satisfy the “common
limit in the range of g” (CLRg) —Property if and only if there exist sequences {x;,,} and {y,} and a
pointu € X such that
Lim Bey pms (f2n, gU, torm ) = LMDy pms (X0, GU tnrm )

= Lim Dewpms (hyn, U, tnrm ) = LM Dy pims (kyn, gU turm ) for all tym >0

Similar is the case with CLRf ,CLRh,CLRk-Properties where gu is replace by fu,hu,ku in the
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above equality quantities.
Definition 2.14 Let (X,Dclvfms;*])be a Civfms, where * denotes a continuous t—nrm and

f.g,iand j be self-mapping on X .The pairs {f, g}and {i, j} are said to be satisfy the “joint common
limit in the range of g” (JCLRgj) —Property if and only if there exist sequences {x,} and {y,} and a
pointu € X such that and ku = gu and
Lim,,_,.. Dwams (fXn, gU, typm ) = Limy, ., Dwams (Gxn, gu, tyrm ) =
Limy . Deppms (Ym0 9U, torm ) = Limy e Derppms Gn, U, tuym ) = € for all tym > 0,0 € [0,%].
Similar is the case with CLRf ,CLRi, CLRj-Properties where gu is replace by fu, iu, ju in the above
equality quantities.
Definition 2.15[11] Two self mapping A and B onCivfins(X, D¢yprms* )are said to satisfy the
Property (E.A) if there exist a sequence {x,,} in X such that
1111_1)2 Ax, = 1111_1)130 Bx, =z

Definition 2.16[11] Two pairs {P, Q} and{C,D} of self-mapping of a [vfns(X, D¢,prms* )are said to
be satisfy the Common Property (E.A) if there exist two sequences {x,,} and {y,,} and a pointu € X
such that

lim Px, = ,111_12(2’6" = 71li_r>r°1°Cyn =7111_1>1°1°Dyn =u

Nn—oeo

II1. Main Results

Implicit Relation:

For our theorems first we define a implicit functions which is support our theorems. Let @ be the
set of all continuous functions V: [(I*)]® - I satisfying the following conditions:

(v 1): Pis non-decreasing in first argument.

(¢2): U(a, el a el a,ef >0=a>e".

(¢3): U(a, el e% ae%a)>0=a> e

(1.')4): U(a,a,ee?aa)>0=a>e

(¢5): U(a,a,e'? el el e >0=a> el

Theorem 3.1 Let(X, D¢,yfms*1) be a Civfms with lim.. Doyrms (%, v, 1) =€'® ,vx,y € X,t € (0,1),0 €
[0,%],tnrm > 0. The maps AandBare two weakly compatible self-maps in with ty.m * tpem =
tyrm » satisfying the following:

(1) BX) € AX);

(2) A(X) or B(X) is complete subspace of X;

(3) A and B share (E. A)property;

(4) Forallty,, >0,0<k<land x#y€eX
Deivems (A%, Ay, tarm ), [Deivims (A%, BY, thrm ) * Deivims (A, BX, tyrm )].}

Dervims (Bx, By, Ktyrm ) = Min{ A, 2 nm
rvims e [Dwams (AX' Bx, tarm ) * DClmeS (Ay' By' thrm )]

Then A and Bhave UCFP.

Proof: Since B and A share (E.A) -property. So, by the definition, there exist sequences {x,} in X
such that
lim Bx,, = lim Ax,, = u, forsomeu € X.

n—oo n—oo

Suppose A(X) is complete then lim,, .. Ax,, = Aa, for some a € X. Therefore lim,,_,.. Bx,, = Aa

Now to claim Ba = Aa.

Put x = x, and y = a in inequality (d)

m(BXn’ Ba, ktnrm ) > Min {Dlvf(AXn' Aa, thrm )' [Dwams (AXn' Ba, thrm ) * DC]meS (Aa' BXn' thrm )]'}
[DCmes (AXn' Ban tarm ) * DClmeS (Aa, Ba, thrm )]

As n — o, then we get
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m(Aa‘ Ba, ktnrm ) > Min {Dwams (Aa: Aa, tarm )r [Dwams (Aa' Ba, tarm ) * DCImeS (Aa: Aa, tarm )]'}
[Dwams (Aa' Aa, tarm ) * DC]meS (Aa' Ba, thrm )]
eie' [Dwams (Aa' Ba' tm"m ) *1 eie]'}
[eie *1 DC]meS (Aa' Ba, tnrm )]
e'f, [Dcivfms (Aa, Ba, thrm )]'}
[Deivims (Aa, Ba, thrm )]

Dcivims (Aa, Ba, Kty ) = Min {

Peivims (Aa; Ba, ktnrm ) > Min {

DCImeS (Aa' Ba, ktnrm ) 2 DCImeS (Aa' Ba, tyrm )

By lemma 2.12, we have, Aa = Ba.

Now Aand B are weakly compatible. i.e. ABa = BAa = AAa = BBa then we show that Ba is the
common fixed-point of B and A.

Put x = a andy = Ba in inequality (d)

Dcvims (Ba, BBa, Kty )

> Min {Dwams (Aa' ABa, tnrm )r [Dwams (Aa' BBa: tnrm ) * DCImeS (ABa' Ba: tnrm )]r}

[Dwams (Aa' Ba, tarm ) * DC]meS (ABa' BBa, thrm )]

DC]meS (Ba' BBa, ktnrm )
> Min {Dwams (Ba, BBa, tarm )r [Dwams (Ba, BBa, thrm ) * DClmeS (BBa: Ba, tarm )]r}
h - [Dwams (Ba' Ba, tnﬂ ) * DC]meS (BBa' BBa, thrm )]

Dlvf(Ba' BBa, tnrm ), [Dlvf(Ba' BBa, tm"m )]'

[€1® %; Dpyr(BBa, BBa, tyrm )] }
DClmeS (Ba' BBa, tarm )' [Dwams (Ba, BBa, tarm )]'}
[Dwams (BBa: BBa, thrm )]
DCImeS (Ba' BBa, ktnrm ) = DCImeS (Ba' BBa, thrm )
By lemma 2.12 we get Ba = BBa.

Peivims (Ba' BBa, ktnrm ) > Min {

Peivims (Ba' BBa, ktnrm ) > Min {

Hence Ba is the common fixed-point of B and A.
In the similar manner if B(X) is complete. The result will be same.
Now to show that fixed-point is unique.
Let a and 3 be the two c-fixed-point of A, B.
DCImeS (O( ’ [3' ktnrm ) = DCImeS (BO(, B[S' ktnrm )
DClmeS (AO(, Aﬁ' tnrm )' [Dwams (AO(' Bﬁ, tnrm ) * DClmeS (Aﬁ, BO" tnrm )]'}
[Dwams (AO(' BO(: tnrm ) * DClvfms (A[S' B[S' tnrm )]
DClmeS (O(, [3' tnrm )' [Dwams (0(, [3' tnrm )]'}
[Dwams (0(, x, tm"m ) * DClmeS (ﬁ' ﬁ' tm"m )]
DCImeS (0(, [3' tnrm )r DCImeS (0(, [3' tnrm )r}
[eie * eie]

= Min{

Deivems (O(, B, Kthrm ) = Min{

DClvfms (O(' [—?); ktnrm ) = Min {

DCImeS (O(' [5' ktnrm ) = DClmeS (O(' [.?), tnrm )
By lemma 2.12 we have a = f3.

Thus A and B have UCFP.
i6
Example 3.2 Let Dcyfms(X Y, tarm ) =_¢ fom Jtam >0 and (X, Dgyems*) be a Civims,

tnrm +1x-yl

where X =[1,40], and let AandB be two self mappings as follows:
1, x=1
Ax = 1, x=1lorx>7 Bx = 12, 1<x<7
)10, 1<x<7 ’ ) x+1
, x>7
8

And also a sequence {x,} define as x, = 7 + % ,n > 1 then we see
lim, ., Ax, = 1 = lim,_,.. Bx,then A and B (E.A) property satisfied
. ietnrm i
11mn—><>o DClvfms (ABXn' BAan tarm ) = m = ele

This shows that A and B compatible property.
Theorem 3.4: Let (X,Dc,vfms,*1) be a Civims with lim_,.. Dcyms (%, y,t) =€i®,0 € [0, E] tarm > 0 .
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Let A, B,S,T,G and H be a self mapsof a Civfms(X, Dc,yfms,*1) satisfying the following:
AGX) S T(X), BHX) CSX)
The pair (AG,S) and (BH, T) share one of the Clryg, Clrgy, Clrs, Clrp-property;
AG = GA and either SA = AS or SG = GS
BH = HB and either TB = BT or TH = HT.
(AG,S) and (BH, T) are Compatible Type of P-1.
YeD forallx,y € X,tyy >0
{Dwams (AGX' BHYr tarm )r DClmeS (SX' TY: tarm )' DCImeS (AGX' SX: thrm )'} >0
DClmeS (BHYI TYr tnrm )’ Dclvfms (AGX: TY: tnrm )’ DClmeS (SX' BHYr tnrm ) -
Then A,B,S,T,G and H have a UCFP.
Proof: Case (i) Consider (AG,S) and (BH, T)share one of the Clrpg or Clrg -property. So, by the
definition, there exist sequences {x,} and {y,} in X such that
rlli_)rr‘}QAGxn = rlll_r)g Sx, = rlll_rg BHy, = rlll_r)g Ty, = Su, for someu € X
Step (i) Putting x = uandy = y, in (e) then
{ M(AGW BHyn, tarm ), M(Su' TYn tarm ), M(AGW Su, tyrm ), } >0
DClmeS (BHan Ty tarm )r DClmeS (AGu, TYn tarm )’ DClmeS (Su' BHyn, thrm ) B
As n — o, then we get

{Dwams (AGu, Su, thrm ), Deiyfms (SU, SU, thrm ), Deyms (AGU, SU, thrm ):}
DCImeS (Su, Su, thrm )r DClmeS (AGu: Su, tarm )' DCImeS (Su, Su, tarm )
¥ {Dwams (AG}L SU, tarm ), e'f, Deivems (AG}J' Su, tyrm )'} >0

ele' DC]meS (AGu' Su, tarm )' ele -
By Implicit relation of (Lpz). We have

Divims (AGU, Su, tym ) = € = AGu = Su

Step (ii) Since, AG(X) € T(X) then there is a v € X such that AGu = Tv
Putting x = x,andy =v in (e) then

{M(AGXW BHY, tarm ), Deivims (SXn TV, tarm ) Deivims (AGXn, SXn) tarm ),} -0

=0

DClvfms (BHV' TV' tnrm )' b (AGan TV' tnrm )r DClmeS (an' BHVr tnrm )
As n — o, then we get
{ DClmeS (TV' BHV' tm"m )' DClmeS (TV' TV' tnrm )' DC]meS (TV' TV' tm"m )' } >0

DClmeS (BHV' TV' tm"m )' Dclvfms (TV' TV' tnrm )' DC]meS (TV' BHV' tnrm )

{ Dervims (T, BHY, tyrm ), e, et } -
Denfms BHY, TV, tyrm ), €%, Deryms (TV, BHY, tyrm )
By Implicit relation of (,). We have

Dervims BHY, TV, tym ) = € = BHv = Tv
Thus AGu = Su = BHv = Tv = z (say)

Civfms

Step (iii) Since(AG, S) and (BH, T) are compatible Type of (P-1)
Then we have, AGSu = SSu and BHTv = TTv i.e AGz=Sz and BHz = Tz
Putting x =z and y = vin (e) then
{Dclvfms (AGz, BHV, tyrm ), Pewems (SZ, TV, torm )y Peivems (AGZ, Sz, tyrm ),} >0

DClmeS (BHV' TV' tm"m )' Dclvfms (AGZ' TV' tnrm ): DClmeS (SZ' BHV' tnrm )
{Dwams (AGZ, 7, tyrm ) Deivims (AGZ, 2, torm ), Deivims (AGZ, AGZ, tyrm )'} >0

DClmeS (Z' Z, tm"m )' Dclvfms (AGZ' Z, tm"m ): DClmeS (AGZ' Z, tnrm )

q} {DC{vfms (AGZ' Z,thrm )r DClmeS (AGZ' Z, thrm )' eie'} >0
ele' DClmeS (AGZ, Z,thrm )’ DClmeS (AGZ, Z,thrm ) B
By Implicit relation of ({,). We have
Deivims (AGZ,Z, thm ) = el > AGz = z
ThusAGz =Sz =1z
Similarly by taking x = u and y = z in (e) then
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{Dwams (AGu BHz, thrm ) DCImeS (Su, Tz, tarm )r DClvfms (AGu: Su, tarm )'} >0
Deivims (BHZ, T2, turm ) Peyyrms (AGW, TZ, torm ), Dewvims (52, BHZ, tyrm ) ) —

{ DC]meS (Z BHz, thrm ) DC]meS (Z BHz, thrm )' DClmeS (Z' Z, thrm ): } >0

DC]meS (BHZ BHZ tnrm ) Dclvfms (Z' BHZ' tm"m )' DClmeS (Z' BHZ' tm"m )

¥ {Dfllvfms (z,BHz, tyrm ), DClmeS (z,BHz, tym ), eie'} >0
e, Dcivems (Z BHZ, thrm ), Devms (2 BHZ, thrm )
By Implicit relation of (1 4). We have
Deivfms (z BHZ, tpm ) = el = BHz = z

Thus ,BHz =Tz = z
Hence ,AGz=BHz=Sz=Tz=1z

Step (iv) By condition (c)
Suppose SA = AS
Since AG = GA then we have AGAz = AAGz = Az and SAz = ASz = Az
By takingx = Az and y = v in (e) then
" D rvims (AGAZ, BHV, thrm ), Pewims (SAZ, TV, thrm ), Porims (AGAZ, SAZ, thm ),} -0
Deivims (BHY, TV, tyrm ), DClvfmS (AGAzZ, TV, tyrm ), Pewems (SAZ, BHV, thrm ) )
DClmeS (Az,Z, thrm ), Deivems (AZ, Z, thrm ), Dewvems (Az, Az, thrm )'} >0
DClmeS (Z Z, tm"m) Dclvfms (AZ Z, tm"m) DC]meS (AZ' Z, tm"m) -

U{) DClvfms (AZ Z, tnrm) DClvfms (AZ Z, tnrm) el } >0
10 Dclvfms(AZ Z, tnrm) DC]meS(AZ Z, tnrm)

e
By Implicit relation of (1 4). We have
DClmes(AZ' zZ, tnrm) = eie =>Az =17z

L

Since, AGz = GAz =Lz
Thus, Az=Gz=Sz =1z
And suppose SG = GS
Since G = GA then we have AGGz = GAGz = Gz and SGz = GSz = Gz
Similarly by takingx = Gz and y = v in (e) thenwe getGz = z
Since, AGz=Az=1z
Thus, Az=Gz=Sz =1z
Now suppose BT = TB
Since BH = HB then we have BHBz = BBHz = Bz and TBz = BTz = Bz
By taking x = uand y = Bz in (e) then
{ DClvfms (AGu BHBz, tarm ) DCImeS (Su, TBz, tarm )' DCImeS (AGU, Su' thrm )r } >0
Dcwvims (BHBzZ, TBz, thm ), DclvfmS(AGu, TBZ thrm ), Pewems (SU, BHBZ, trm ) ) —
{ DClmeS (z,Bz, thrm ), DC]meS (z,BZ, thrm ), Dewvfms (2 Z, tarm ), } >0
DClmeS (BZ' BZ' tnrm ): Dclvfms (Z' BZ' tm"m )' DC]meS (Z' BZ' tm"m ) N
1.’) {Dwams (Z, Bz, tarm )r DClvfms (Z: Bz, thrm )' eie’} >0
eiem@' Bz, thrm ), M(Z' Bz, thm )
By Implicit relation of (},). We have
Dervims (% Bz, tym ) = €9 > Bz =z

Since ,BHz = HBz = Hz

Thus, Bz=Hz=Tz =1z

And suppose TH = HT

Since BH = HB then we have BHHz = HBHz = Hz and THz = HTz = Hz

Similarly by takingx = u and y = Hz in (e) thenwe getHz = z

Since, BHz =Bz =1z

Thus, Bz=Hz=Tz =1z

Combine all results then we get, Az=Bz=Gz=Hz=Sz=Tz =z

Case (ii) Suppose (AG, S) and (BH, T) Share one of the Clrgy or Irp-property. So, by the  definition,
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there exist sequences {x,} and {y,} in X such that
lim ALx,, = lim Sx, = lim BHy,, = lim Ty, = Tv, for some v € X
n—oe n-ooo

n—co n—co

Proceeding on similar lines of case (i)

Firstly we get BHv = Tv

Since BH(X) € S(X) then there is a u € X such that BHv = Su

Using step (ii) then we get AGu = Su

Thus AGu = Su = BHv = Tv = z (say)

Now using step (iii) we get AGz = Sz and BHz = Tz by using inequality (e) then we get AGz =
BHz=Sz=Tz=1z

From this stage the proof is similar as step (iv) then we get z is a common fixed point of
A,B,ST,G and H inX.

For uniqueness further we consider a and 3 be the two common fixed-point of A, B, S, T, G and H.
Putx = a andy = 3 ininequality (e) then

v (Dervims (AGa, BHB, torm ), (Deivms (S0 TB, tarm ), (Pevims (AGB, St tarm ).} -

(Dwams (BHﬁ' Tﬁ' tnrm ), (Dwams (AGO" TO(, tm"m ), (Dwams (SO(, BHO(' tnrm ) -

(Dwams (O(' [3' tnrm )' (Dwams (0" [5' tnrm )' (Dwams ([3' Q, tnrm )r} >0

(Dwams ([3' [3' tnrm )r (Dwams (0" «, tnrm )' (Dwams (0" «, tnrm ) h

(DCmeS (@B, tarm )' (DCmeS (& B tarm )' (DCImeS (B &, torm )' >0
q) eie eie eie =
By Implicit relation of (1.’)5). We have
(Dwams (a, ﬁ'tnrm) > ef=>0=9

Hence z is a unique common fixed point of A,B,S,T,G and H in X.

L

Now, taking G = H = I(Identity mapping)
Remark 3.5: if we apply JCIr- property instead of Clr-Proprty then we can ignore condition (a) in
theorem (3.4). Now we prove the following:

Theorem 3.6: Let (X, D¢,yfms,*1) be a Civfms with lim,.. Deyms (X, y,t) =€ ,0 € [O,S]Jnrm > 0.

Let A, B,S,T,G and H be a self maps of a Civfms(X, D¢,yms*1) satisfying the following;:
AG(X) S T(X), BH(X) €S(X)
The pair (AG,S) and (BH,T) share one of the JClrgp-property;
AG = GA and either SA = AS or SG = GS
BH = HB and either TB = BT or TH = HT.
(AG,S) and (BH, T) are Compatible Type of P-1.
P eED  forallx,y € X,ty, >0
{Dwams (AGX' BHYr tarm )r DClmeS (SX' TY: tarm )' DCImeS (AGX' SX: thrm )'} >
DClmeS (BHYI TYr tnrm )’ Dclvfms (AGX: TY: tnrm )’ DClmeS (SX' BHYr tnrm ) -
Then A,B,S,T,G and Hhave a UCFP.

Proof: Suppose (AG,S) and (BH, T)share one of the JClrgy -property. So, by the definition, there
exist sequences {x,} and {y,} in X such that
lim AGx, = lim Sx,, = lim BHy,, = lim Ty,, = Su(= Tu) , for some u € X
n-ooo

n—oo n—oo n—oo

Step (i) Putting x = uandy =y, in (e) then

{ DC]meS (AGu' BHYn' tnrm )' DC]meS (Su' TYn' tm"m )' DClmeS (AGu' Su' tnrm ): } >0

DClvfms (BHYn' TYn' tnrm )' DClvfms (AGU, TYn' tnrm )r DClmeS (Sur BHYn' tnrm )
As n — o, then we get

{Dwams (AGu' Su' tnrm )' DC]meS (Su' Su' tm"m )' DClmeS (AGu' Su' tnrm ):} >0
DCImeS (Su' Su' tnrm )' DCImeS (AGu, Su: tnrm )’ DClmeS (Su' Su: tnrm )

¥ Deivms (AG‘-.L Su, tyrm ), eie‘ Deivms (AGl.lﬁ Su, tyrm ), >0
ele' DClmeS (AGu' Su' tnrm )' ele B
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by implicit relation (},) . We have
Dyvims (AGU, Su, ty, ) = e = AGu = Su (AGu = Su = Tu).

And Putting x = x, andy = u in (e) thenwe get, BHu = Tu

Thus AGu = Su = BHu = Tu = z (say)
Since (AG, S) and(BH, T) are compatible Type of (P-1)

Then we have, AGSu = SSu and BHTv = TTv

i.e AGz=Sz and BHz =Tz

Now taking x =z andy = uin (e) then we get AGz =Sz =1z

And takingx =u andy =z in (e) thenwe getBHz =Tz =z
Thus, AGz = Sz = BHz =Tz = z.
From this stage, the proof is similar as proof of theorem (3.4).

Remark 3.7: If the Theorem (3.4) shares common properties (E.A) then the proof run on similar
steps of the theorem (3.3).

Example 3.9 Let(X, D¢yfms*1) be a Civfms with limg,.. Deyfms(x%,y,£) =€l?,0 € [0, g],tmm >0 .

- i6
Define Peyims % Y, torm ) = _¢ form _ywhere , X = [0,40]

tnrm +1x-yl
Consider {(ty, ty, t3, tg, ts, tg) = 40ty — 12t, + 24t; — 3t, + 18t; — 11t,, t € [0,1]
2, x<10 2, x<10
Tx = {

=, x>10" =, x> 10
Case (a): When x,y < 10 then the LHS of inequality (e) (Theorem 3.4)
{Dwams (2;2, thrm )’ DClmeS (2,2; tarm )' DCImeS (2;2, thrm )’}

Now, Ax=2, Bx=2, Gx=x, Hx =%, sz{

>0

DClmeS (2'2' tm"m )' DClmeS (2'2' tnrm )' DC]meS (2'2' tm"m )

LHS = 1.’) {Dwams (2'2' tarm )' DC]meS (2'2' thrm )' DClmeS (2'2' thrm )'}
DCImeS (2;2, tarm )’ DClmeS (2,2; Carm )' DCImeS (2;2, Earm )
eietnrm eietnrm eietnrm \
B e R e S T ¥
eletnrm eletnrm eletnrm
tarm + X =Y “toem + X =yl tom + X =yl }
eietnrm eietnrm eietnrm )
=1Jr}<tnrm'+_'|2_2| 'tnrm‘i_'lz_zl ’tnrm‘|_'|2_2| ’¥
eletnrm eletnrm eletnrm
_gnrm_g'lzgzl ’tnrm+|2_2| 'tnrm+|2_2| }
1 1 1
=y {e eie’ feeie ,‘eem }

= 40e® — 12e1% + 24e'% — 3¢9 + 18e1% — 11¢!”
= 59¢% > 0 Satisfied.
Case (b): When x > 10,y = 10 then the LHS of inequality (e) (Theorem 3.4)

_ — /1 - 1
LHS = U{) DClmeS (2'2' thrm )' DC]meS (Z' 2, thrm ) ’ DClmeS (2' Z' thrm ) ’
DC]meS (2'2' tnrm )' DClmeS (2'2' tm"m )' DC]meS (2'2' tnrm )

et m et et m
3 tarm + 12 — 2] ’tnrm"" i_2| ,tnrm+ Z—ﬂ )
e %t m e %t m e %t
toem + 12 = 2] “toem 12— 2] tyem + 12 — 2]
o Harme'” 4torme’” el0 0 0

=04® T4+ 7 " Ta+7
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o 4t el 4t o " o
= 40e" — 12 + 24 — 3e!” + 18e'" — 11¢'
4t +7 4t +7

>0, Satisfied.

Case (c): When x < 10,y = 10 then the LHS of inequality (e) (Theorem 3.4)

DC]meS (2 2 tm"m) DClmeS (2 nrm) DC]meS (2 2 tnrm)
LHS =

1 1
DClmeS (2 nrm ) DC]meS (2 nrm ) DC]meS (2 2 tm"m )

i0 i0 i0
e thrm € thrm e thrm
tnrm+|2_2| 't 2—l| tarm |2_2| ’
_ L’) nrm T P
- i0 i0 i0
€ tnrm € tnrm € tnrm
I 't 2-2
thrm + |2 — | tarm 2 - E| nrm + | |
= {ele 2tnrme’® el® 2tnrme!® o0 eie}
- ) ) ) ) )
2t+3 ) 2t+3

. i0 . i0 i0 )
= 40e!® — 12—““"“3e + 240 — 32 | 1g2nme 44,0
>0,

2t+3 2t+3
Satisfied.

Case (d): When x > 10,y > 10 then the LHS of inequality (e) (Theorem 3.4)

- 11 1
DClmeS (2'2' tm"m )' DC]meS (4 2 nrm ) ’ DClmeS (2' Z ) tnrm ) )

1 - /1 - 1
DClmeS (2' E » Earm ) , DClmeS (2, E' tarm ) , DCImeS (Z )2, thrm )

LHS =

etorm e“thrm etarm
torm +12 — 2| ’tnrm+ i_z tarm 2__ &
=¥ ietnrm ietnrm letnrm |
tarm + |2 =2 torm + |2 — _| ' tm"m 2| }

40 tnrm 4e%t,
Aty +1 Aty +7
2e%t . 29t 4%t ¥
2tm +3 " 2tom +3 4tym + 7)

ei@

i 4ei%% 4ei%% 2t ei® 2t ei® 4ei%%
= 40e16 — 12 nrm + 24 nrm —_ 3 nrm + nrm nrm

4tprm+1 4tprm+7 2t+3 2t+3 4tprm+7
> 0, Satisfied.

Hence all four conditions variables are satisfied. Therefore A,B,S,T,G and H satisfied the
hypothesis of theorem 3.4. Hence 2 is a unique c-fixed-point in X.

IV. Conclusion

In many scientific domains, fixed point theory has several applications. In this research, we
introduced the concept of complex interval-valued fuzzy metric space to modify the distance
function under Clr/Jc;lr/E.A-Property for common fixed-point theorems in complex interval-
valued fuzzy metric space in order to prove several well-known common fixed-point theorems for
self-mapping. our results enhanced, expanded, and generalized some findings in the literature.
These findings can be applied to the solution of LPP in dynamic programming. quantum
mechanics, control systems, machine learning, robotics, digital problems, image processing,
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economics and other fields. These uses demonstrate how complex interval-valued fuzzy metric

spaces may be used to handle a wide range of data kinds and uncertainty, making them an
invaluable tool in many engineering and scientific fields.
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