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Abstract 
 

The work of D. Singh et al. served as inspiration for this study, which established complex interval 
valued fuzzy metric space and proved several common fixed print theorems for compatible types of 
(p-1) on the structure of complex interval valued fuzzy metric space. The equivalent findings in the 
body of existing research are expanded upon and generalized by these findings.  Additionally, we 
create a novel implicit relation that can aid researchers in accelerating common fixed-point existence 
and uniqueness wherever a pair of self-mappings fits the Clr/Jclr/E.A-Property. Appropriate 
examples are provided to demonstrate the usefulness of the primary conclusions that are gained. 

 
Keywords: list Complex Interval-valued continues t-norms, complex Interval-valued 
fuzzy metric Space (𝐶𝑖𝑣𝑓𝑚𝑠), Common fixed-point, compatible type of mappings. 
 

 
I. Introduction 

 
Lorem Interval valued fuzzy metric spaces are a novel generalization of fuzzy metric spaces 
created by Shen et al. [26]. Two natural fuzzy metric spaces are induced by each interval-valued 
fuzzy metric space. The topology generated by the interval-valued fuzzy metric space coincides 
with the topology produced by the interval-valued fuzzy metric space. three different types of 
distances between two interval-valued fuzzy sets on real line R were employed by C. Li [16]. The 
concept of continuous interval-valued t-norm can be used to build an interval-valued fuzzy metric 
space and to characterize the uncertainty of the distance between two points in such a space. In 
response to this letter, numerous authors and scholars have thoroughly and in-depthly examined a 
variety of issues pertaining to this space from different angles, including compatible mapping, 
weak compatible mapping, and new findings on interval-valued fuzzy metric space. Letters 𝐼 and  
[𝓅௡(𝑥)] indicate the set of positive integers through this article, where𝐼 = [0,1] and [𝓅௡(𝑥)] =

[𝓅௡
ି, 𝓅௡

ା]:  0 ≤ 𝓅௡
ି(𝑥) ≤ 𝓅௡

ା(𝑥) ≤ 1. Recently in 2023, Some c-fixed-point results for mapping on 
interval-valued fuzzy metric space using  weakly compatible were established by V. Deshmukh et 
al. [6]. Buckly was the first to introduce fuzzy complex numbers and fuzzy complex analysis [2, 3]. 
Some scholars were inspired to carry out more research on fuzzy complex numbers by Buckey's 
discovery. In this series, Ramot et al. [21, 22] generalized fuzzy sets to complex fuzzy sets. 
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According to Ramot, a membership function that extends beyond [0, 1] to the unit circle in the 
complex plane defines the complex fuzzy set. The concept of complex valued metric space was 
first proposed by Azam et al. [1], who also gave enough conditions for the presence of a common f-
point of a pair of mappings that meet contractive constraints. The concept of complex valued fuzzy 
metric spaces was later presented by D. Singh and Kumam [26] using the complex valued 
continuous t-norm and associated topologies. 

In this research, we introduced the concept of complex interval-valued fuzzy metric space to 
modify the distance function under 𝐶𝑙𝑟/𝐽𝑐𝑙𝑟/𝐸. 𝐴 −Property for common fixed-point theorems in 
complex interval-valued fuzzy metric space in order to prove several well-known common fixed-
point theorems for self mappings. 
 

II. Preliminaries 
 
Definition 2.1[26] A mapping 𝓅௡: ℧ → [𝐼] is called an interval-valued fuzzy set on ℧ where ℧ is 
non empty set,  Collection of all interval-valued fuzzy sets on ℧ is denoted by 𝐼𝑣𝑓(℧). if 𝓅௡ ∈

𝐼𝑣𝑓(℧). , let 𝓅௡(𝑥) = [𝓅௡
ି, 𝓅௡

ା]:  0 ≤ 𝓅௡
ି(𝑥) ≤ 𝓅௡

ା(𝑥) ≤ 1  for all 𝑥 ∈ ℧,  then the set 𝓅௡
ି: ℧ →

[𝐼] 𝑎𝑛𝑑  𝓅௡
ା: ℧ → [𝐼] are called lower fuzzy set and upper fuzzy set of 𝓅௡ and if 𝓅௡

ି(𝑥) = 𝓅௡
ା(𝑥)  

then is called degenerate fuzzy set for all 𝑥 ∈ ℧. if (𝐼] = {𝐼} − {0ത}  𝑎𝑛𝑑 (𝐼) = {𝐼} − {0ത, 1ത}. For every 
𝓊 തതത௜௩௙ , 𝑣 ഥ ௜௩௙ ∈ [𝐼] then the following operations holds: 
(𝑂𝑝 − 1): 𝓊 തതത௜௩௙ ∧ 𝑣 ഥ ௜௩௙ = ൣ𝓊௜௡௙  

ି ∧ 𝓋௜௡௙
ି , 𝓊௜௡௙  

ା ∧ 𝓋௜௡௙
ା ൧; 

(𝑂𝑝 − 2): 𝓊 തതത௜௩௙ ∨ 𝑣 ഥ ௜௩௙ = ൣ𝓊௜௡௙  
ି ∨ 𝓋௜௡௙

ି , 𝓊௜௡௙  
ା ∨ 𝓋௜௡௙

ା ൧; 
(𝑂𝑝 − 3): 𝓊 തതത௜௩௙

௖ =  1ത − 𝓊 തതത௜௩௙ = ൣ1 − 𝓊௜௡௙  
ା , 1 − 𝓊௜௡௙  

ି ൧; 
 
Definition 2.2[26] A binary operation of the form is an interval valued 𝑡௡௢௥௠  is ∗ூ: [𝐼] × [𝐼] → [𝐼] on 
[𝐼]  such that for all 𝓊,തതത 𝓋,തതത 𝓌ഥ ∈ [𝐼] if satisfying following four conditions: 
(1) Commutativity : 𝑎 ഥ ௜௩௙ ∗ூ 𝑏 ഥ

௜௩௙ = 𝑏 ഥ
௜௩௙ ∗ூ 𝑎 ഥ ௜௩௙ , 

(2) Associativity:   ൣ𝑎 ഥ ௜௩௙ ∗ூ 𝑏 ഥ
௜௩௙൧ ∗ூ 𝑐 ഥ௜௩௙ = 𝑎 ഥ ௜௩௙ ∗ூ ൣ𝑏 ഥ

௜௩௙ ∗ூ 𝑐 ഥ௜௩௙൧, 
(3) Monotonicity: 𝑎 ഥ ௜௩௙ ∗ூ 𝑏 ഥ

௜௩௙ ≤ 𝑎 ഥ ௜௩௙ ∗ூ 𝑐 ഥ௜௩௙  , 𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟  𝑏 ഥ
௜௩௙ ∗ூ 𝑐 ഥ௜௩௙ , 

(4) Boundary condition: 𝑎 ഥ ௜௩௙ ∗ூ 1ത = 𝑎 ഥ ௜௩௙   , 𝑎 ഥ ௜௩௙ ∗ூ 0ത = [𝑎ି, 𝑎ା] ∗ூ [0,1] = [0, 𝑎ା]. 
Note: Each interval valued 𝑡௡௥௠ satisfies some additional boundary conditions for all 𝑎 ഥ  ∈ [𝐼]: 
𝑎 ഥ ∗ூ 0ത = 0ത ∗ூ 𝓊 തതത = 0ത, 
𝐼 ̅ ∗ூ 𝑎ത = [0,1] ∗ூ [𝑎ି, 𝑎ା] = 0ത, 
1ത ∗ூ 𝑎ത = 1ത. 
Example 1: (a) 𝓊 തതത ∗ூ 𝓋 തതത = [𝓊ି. 𝓋ି, 𝓊ା. 𝓋ା];  (b)𝓊 തതത ∗ூ 𝓋 തതത = [𝓊ି ∧ 𝓋ି, 𝓊ା ∧ 𝓋ା]; 
Definition 2.3[6]: Let{𝑎 ഥ 𝒊}𝒊∈ℕశ = {[𝑎𝒊

ି, 𝑎𝒊
ା]}be a sequence of interval numbers convergesto 𝑎ത =

[𝑎ି, 𝑎ା] ∈ [𝐼], if lim௜→∞ 𝑎𝒊
ି = 𝑎ିandlim௜→∞ 𝑎𝒊

ା = 𝑎ା then the sequence{𝑎 ഥ 𝒊}is convergent to𝑎 ഥ  and 
denoted bylim௜→∞ 𝑎 ഥ 𝒊 = 𝑎 ഥ  ({𝑎 ഥ 𝒊 → 𝑎ത}.   
Definition 2.4[6]: An interval valued𝑡௡௥௠ ∗ூas continuous iff it is continuous in its first component, 
i.e. for each  𝑏 തതതത ∈ [𝐼], if lim௜→∞ 𝑎 ഥ 𝒊 = 𝑎 ഥ , then 
lim௜→∞൫𝑎 ഥ 𝒊 ∗ூഥ 𝑏 ഥ൯ = (lim௜→∞ 𝑎 ഥ 𝒊 ∗ூ 𝑏 ഥ) = 𝑎 ഥ ∗ூ 𝑏 ഥ , Where {𝑎 ഥ 𝒊} ⊆ [𝑰], 𝑎 ഥ ∈ [𝐼].  
Definition 2.5[10]: A  triplet (𝑋, 𝑀,∗) is called fuzzy metric space(FMS) if 𝔛 is an arbitrary set, ∗ is a 
continuoust-normson [0,∞]and 𝑀is a fuzzy set on 𝑋ଶ × (0, ∞) satisfying the following conditions:  
(1)  𝑀(𝓍, 𝓎, 𝑡) > 0; 
(2)  𝑀(𝓍, 𝓎 , 𝑡) = 1  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 > 0    𝑖𝑓𝑓  𝓍 = 𝓎; 
(3) 𝑀(𝓍, 𝓎 , 𝑡) = 𝑀(𝓎 , 𝓍, 𝑡); 
(4) 𝑀(𝓍, 𝓏 , 𝓉ଵ + 𝓉ଶ) ≥ 𝑇(𝑀(𝓍, 𝓎 , 𝓉ଵ), 𝑀(𝓍, 𝓎 , 𝓉ଶ));         ∀𝓍, 𝓎, 𝓏 ∈ 𝑋 
(5) 𝑀(𝓍, 𝓎,∗ூ): [0, ∞] → (0,1]is continuous; 
Definition 2.6[29]: A  3-tuple ൫𝕏, Đூ௩௙௠௦

തതതതതതതതത,  ∗ூ൯ is called interval valued fuzzy metric space (Ivfms) if 𝛯 
is an arbitrary set, ∗ூ is a continuous interval valued 𝑡௡௢௥௠ on [I]and Đூ௩௙௠௦

തതതതതതതതതis a fuzzy set on 
𝕏ଶ × (0, ∞) satisfying the following conditions:  
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(1) Đூ௩௙௠௦
തതതതതതതതത(𝓍, 𝓎, 𝑡௡௥௠ ) > 0ത; 

(2) (2)  Đூ௩௙௠௦
തതതതതതതതത(𝓍, 𝓎, 𝑡௡௥௠ ) = 1ത  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 > 0    𝑖𝑓𝑓  𝓍 = 𝓎; 

(3) Đூ௩௙௠௦
തതതതതതതതത(𝓍, 𝓎, 𝑡௡௥௠ ) = Đூ௩௙௠௦

തതതതതതതതത(𝓎, 𝓍, 𝑡௡௥௠ ); 
(4) Đூ௩௙௠௦

തതതതതതതതത(𝓍, 𝓎, 𝑡ଵ) ∗ூ Đூ௩௙௠௦
തതതതതതതതത(𝓎, 𝓏, 𝑡ଶ) ≤ Đூ௩௙௠௦

തതതതതതതതത(𝓍, 𝓏, 𝑡ଵ + 𝑡ଶ);                 ∀𝓍, 𝓎, 𝓏 ∈ 𝕏 𝑎𝑛𝑑 𝑡ଵ, 𝑡ଶ, > 0 
(5) Đூ௩௙௠௦

തതതതതതതതത(𝓍, 𝓎,∗ூ): [0, ∞] → (𝐼] is continuous; 
(6) lim௧→∞Đூ௩௙௠௦

തതതതതതതതത(𝓍, 𝓎, 𝑡௡௥௠ ) = 1ത ;   ∀ 𝓍, 𝓎, 𝓏 ∈ 𝕏, 𝑡௡௥௠ > 0 
Definition 2.7: A 3-tuple ൫𝕏, Đ஼ప௩௙௠௦

തതതതതതതതതത,∗ூ൯ is called complex interval valued fuzzy metric space 
(Civfms), where Đ஼ప௩௙௠௦

തതതതതതതതതത: 𝕏ଶ × (0, ∞) → 𝑟௦𝑒௜ఏ𝑎𝑛𝑑𝕏 is non-empty set, * is a complex valued 
continuous, and t-norm. The fuzzy set → 𝑟௦𝑒௜ఏ has complex values and satisfying the following 
conditions: 
(𝐶𝐼𝑀 − 1)   Đ஼ప௩௙௠௦

തതതതതതതതതത(𝑥, 𝑦, 𝑡) ≻௜ 0; 
(𝐶𝐼𝑀 − 2)   Đ஼ప௩௙௠௦

തതതതതതതതതത(𝑥, 𝑦, 𝑡) = 𝑒௜ఏ  , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 > 0 𝑖𝑓𝑓  𝑥 = 𝑦; 
(𝐶𝐼𝑀 − 3)   Đ஼ప௩௙௠௦

തതതതതതതതതത(𝑥, 𝑦, 𝑡) = Đ஼ప௩௙௠௦
തതതതതതതതതത(𝑦, 𝑥, 𝑡); 

(𝐶𝐼𝑀 − 4)   Đ஼ప௩௙௠௦
തതതതതതതതതത(𝑥, 𝑦, 𝑝) ∗ Đ஼ప௩௙௠௦

തതതതതതതതതത(𝑦, 𝑧, 𝑞) ≿௜ Đ஼ప௩௙௠௦
തതതതതതതതതത(𝑥, 𝑧, 𝑝 + 𝑞); 

(𝐶𝐼𝑀 − 5)   Đ஼ప௩௙௠௦
തതതതതതതതതത(𝑥, 𝑦, . ): (0, ∞) →  𝑟௦𝑒௜ఏis continuous; 

𝐹𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦, 𝑧 ∈ 𝕏, 𝑝, 𝑞 > 0, 𝑟௦ ∈ [0,1] 𝑎𝑛𝑑  𝜃 ∈ [0,
గ

ଶ
]. 

Then ൫𝕏, Đ஼ప௩௙௠௦
തതതതതതതതതത,∗൯ is called complex Interval valued fuzzy metric  space . 

Example 2[31]: Let (𝕏, 𝑑) be a real valued metric space. Let  𝑢 ∗ 𝑣 = 𝑚𝑖𝑛{𝑢, 𝑣}(𝑜𝑟𝑢 ∗ 𝑣 = 𝑢𝑣),  for 
each𝑡 > 0, 𝑢, 𝑣 ∈ 𝑟௦𝑒௜ఏ ,  where 𝑟௦ ∈ [0,1] and 𝜃 ∈ ቂ0,

గ

ଶ
ቃ. Further more 𝑢, 𝑣 ∈ 𝕏 ,  Define 

Đ஼ప௩௙௠௦
തതതതതതതതതത(𝑥, 𝑦, 𝑡) = 𝑒௜ఏ ௧

௧ାௗ(௫,௬)
. 

Example 3[31]: Let 𝕏 = 𝑅. Let 𝑢 ∗ 𝑣 = 𝑚𝑖𝑛{𝑢, 𝑣}(𝑜𝑟𝑢 ∗ 𝑣 = 𝑢𝑣),  for each 𝑡 > 0, 𝑢, 𝑣 ∈ 𝑟௦𝑒௜ఏ , where 

𝑟௦ ∈ [0,1] and 𝜃 ∈ ቂ0,
గ

ଶ
ቃ.  Further more 𝑢, 𝑣 ∈ 𝕏 , define Đ஼ప௩௙௠௦

തതതതതതതതതത(𝑥, 𝑦, 𝑡) = 𝑒௜ఏ𝑒ି
|ೣష೤|

೟ . 
Definition 2.8: An self maps is a mapping that, within its range, has a single value for every point 
in the domain. As a result, it is either many-to-one or one-to-one. 
Definition 2.9: Two self mapping A and B on Civfms൫𝕏, Đ஼ప௩௙௠௦

തതതതതതതതതത,∗ூ൯ are said to be satisfy weakly 
compatible if  Lim௡→∞ Đ஼ప௩௙௠௦

തതതതതതതതതത(𝐴𝑥௡ , 𝐵𝑥௡ , 𝑡௡௥௠ ) → 𝑒௜ఏ or lim௡→∞หĐ஼ప௩௙௠௦
തതതതതതതതതത(𝐴𝑥௡ , 𝐵𝑥௡ , 𝑡௡௥௠ )ห → 1ത 

And lim௡→∞ Đ஼ప௩௙௠௦
തതതതതതതതതത(𝐵𝐴𝑥௡ , 𝐴𝐵𝑥௡ , 𝑡௡௥௠ ) → 𝑒௜ఏ   or lim௡→∞หĐ஼ప௩௙௠௦

തതതതതതതതതത(𝐵𝐴𝑥௡ , 𝐴𝐵𝑥௡ , 𝑡௡௥௠ )ห → 1ത For all 
𝑡௡௥௠ > 0, 𝜃 ∈ ቂ0,

గ

ଶ
ቃ, whenever {𝑥௡} is a sequence in X such that 𝐴𝑥௡ , 𝐵𝑥௡ → 𝑧 for some 𝑧 ∈ 𝑋 𝑎𝑠 𝑛 →

∞. 
Definition 2.10: Two single valued mapping A and B on Civfms൫𝕏, Đ஼ప௩௙௠௦

തതതതതതതതതത,∗ூ൯ then compatible if 
lim௡→∞ Đூ௩௙௠௦

തതതതതതതതത(𝐴𝐵𝑥௡ , 𝐵𝐴𝑥௡ , 𝓉௡௥௠ ) = 𝑒௜ఏ or lim௡→∞หĐ஼ప௩௙௠௦
തതതതതതതതതത(𝐴𝐵𝑥௡ , 𝐵𝐴𝑥௡ , 𝑡௡௥௠ )ห → 1ത for all 𝓉௡௥௠ > 0, 

𝜃 ∈ ቂ0,
గ

ଶ
ቃ whenever a sequence {𝑥௡} in 𝔛 provided  lim௡→∞ A𝑥௡ = lim௡→∞ B𝑥௡ = 𝑢 ,  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑢 ∈ 𝕏. 

Definition 2.11: Two single valued mapping A and B on Civfms൫𝕏, Đ஼ప௩௙௠௦
തതതതതതതതതത,∗ூ൯ are said to be satisfy 

compatible of type (𝑝 − 1) if Lim௡→∞ Đ஼ప௩௙௠௦
തതതതതതതതതത(𝐴𝐵𝑥௡ , 𝐵𝐵𝑥௡ , 𝑡௡௥௠ ) → 𝑒௜ఏ  or 

lim௡→∞หĐ஼ప௩௙௠௦
തതതതതതതതതത(𝐴𝐵𝑥௡ , 𝐵𝐵𝑥௡ , 𝑡௡௥௠ )ห → 1ത for all 𝓉௡௥௠ > 0, 𝜃 ∈ ቂ0,

గ

ଶ
ቃ Whenever {𝑥௡} is a sequence in X 

such that 𝐴𝑥௡ , 𝐵𝑥௡ → 𝑧 for some 𝑧 ∈ 𝑋 𝑎𝑠 𝑛 → ∞. 
Lemma 2.12 [10]: Let  ൫𝕏, Đ஼ప௩௙௠௦

തതതതതതതതതത,∗ூ൯𝐶𝑖𝑣𝑓𝑚𝑠 with   lim௧→∞ 𝑁(𝑥, 𝑦, 𝑡) = 𝑒௜ఏ  , ∀𝑥, 𝑦 ∈ 𝑋, 𝑡 ∈ (0,1), 
𝜃 ∈ ቂ0,

గ

ଶ
ቃ for all 𝑥, 𝑦 ∈ 𝕏, 𝑡௡௥௠ > 0ത with a positive number 𝑘 ∈ (0,1) such that Đ஼ప௩௙௠௦

തതതതതതതതതത(𝑥, 𝑦, 𝑘𝑡௡௥௠ ) ≥

Đ஼ప௩௙௠௦
തതതതതതതതതത(𝑥, 𝑦, 𝑡௡௥௠ ) ⇒ 𝑥 = 𝑦. 
Definition 2.13: Let ൫𝕏, Đ஼ప௩௙௠௦

തതതതതതതതതത,∗ூ൯ be a Ivfms, where * denotes a continuous t-norm and 
𝑓, 𝑔, ℎ 𝑎𝑛𝑑 𝑘  be self-mapping on 𝑋 .The pairs {𝑓, 𝑔}𝑎𝑛𝑑 {ℎ, 𝑘} are said to be satisfy the “common 
limit in the range of 𝑔” (𝐶𝐿𝑅𝑔) –Property if and only if there exist sequences {𝒙𝒏} and {𝒚𝒏} and a 
point 𝑢 ∈ 𝑋 such that  

 Lim
௡→∞

Đ஼ప௩௙௠௦
തതതതതതതതതത(𝑓𝑥௡ , 𝑔𝑢 , 𝑡௡௥௠ ) =  Lim

௡→∞
Đ஼ప௩௙௠௦
തതതതതതതതതത(𝑔𝑥௡ , 𝑔𝑢 , 𝑡௡௥௠ ) 

=  Lim
௡→∞

Đ஼ప௩௙௠௦
തതതതതതതതതത(ℎ𝑦௡ , 𝑔𝑢 , 𝑡௡௥௠ ) =  Lim

௡→∞
Đ஼ప௩௙௠௦
തതതതതതതതതത(𝑘𝑦௡ , 𝑔𝑢 , 𝑡௡௥௠ )   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡௡௥௠ > 0 

Similar is the case with 𝐶𝐿𝑅𝑓 , 𝐶𝐿𝑅ℎ , 𝐶𝐿𝑅𝑘–Properties where 𝑔𝑢 is replace by 𝑓𝑢, ℎ𝑢 , 𝑘𝑢 in the 
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above equality quantities. 
Definition 2.14 Let ൫𝕏, Đ஼ప௩௙௠௦

തതതതതതതതതത,∗ூ൯be a Civfms, where * denotes a continuous 𝑡 − 𝑛𝑟𝑚 and 
𝑓, 𝑔, 𝑖 𝑎𝑛𝑑 𝑗  be self-mapping on 𝑋 .The pairs {𝑓, 𝑔}𝑎𝑛𝑑 {𝑖, 𝑗} are said to be satisfy the “joint common 
limit in the range of 𝑔” (𝐽𝐶𝐿𝑅𝑔𝑗) –Property if and only if there exist sequences {𝒙𝒏} and {𝒚𝒏} and a 
point 𝑢 ∈ 𝑋 such that and 𝑘𝑢 = 𝑔𝑢  𝑎𝑛𝑑  
Lim௡→∞ Đ஼ప௩௙௠௦

തതതതതതതതതത(𝑓𝑥௡ , 𝑔𝑢 , 𝑡௡௥௠ ) =  Lim௡→∞ Đ஼ప௩௙௠௦
തതതതതതതതതത(𝑔𝑥௡ , 𝑔𝑢 , 𝑡௡௥௠ ) =

 Lim௡→∞ Đ஼ప௩௙௠௦
തതതതതതതതതത(𝑖𝑦௡, 𝑔𝑢 , 𝑡௡௥௠ ) =  Lim௡→∞ Đ஼ప௩௙௠௦

തതതതതതതതതത(𝑗𝑦௡ , 𝑔𝑢 , 𝑡௡௥௠ ) = 𝑒௜ఏ   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡௡௥௠ > 0, 𝜃 ∈ ቂ0,
గ

ଶ
ቃ. 

Similar is the case with 𝐶𝐿𝑅𝑓 , 𝐶𝐿𝑅𝑖 , 𝐶𝐿𝑅𝑗–Properties where 𝑔𝑢 is replace by 𝑓𝑢, 𝑖𝑢 , 𝑗𝑢 in the above 
equality quantities.  
Definition 2.15[11] Two self mapping A and B onCivfms൫𝕏, Đ஼ప௩௙௠௦

തതതതതതതതതത,∗ூ൯are said to satisfy the 
Property (E.A) if there exist a sequence {𝑥௡} in 𝑋 such that 

lim
௡→∞

𝐴𝑥௡ = lim
௡→∞

𝐵𝑥௡ = 𝑧 

Definition 2.16[11] Two pairs {𝑃, 𝑄}  𝑎𝑛𝑑{𝐶, 𝐷}  of self-mapping of a Ivfms൫𝕏, Đ஼ప௩௙௠௦
തതതതതതതതതത,∗ூ൯are said to 

be satisfy the Common Property (E.A) if there exist two sequences {𝒙𝒏} and {𝒚𝒏}  and a point 𝑢 ∈ 𝑋 
such that  

lim
௡→∞

𝑃𝑥௡ = lim
௡→∞

𝑄𝑥௡ = lim
௡→∞

𝐶𝑦௡ = lim
௡→∞

𝐷𝑦௡ = 𝑢 

 
III. Main Results 

 
Implicit Relation: 
For our theorems first we define a implicit functions which is support our theorems. Let 𝜱 be the 
set of all continuous functions ψ: [(Iା)]଺ → 𝐈 satisfying the following conditions: 
൫ψ

ଵ
൯: ψis non-decreasing in first argument. 

൫ψ
ଶ

൯: ψ(a, e୧θ, a, e୧θ, a, e୧θ) ≥ 0 ⇒ a ≥ e୧θ. 
൫ψ

ଷ
൯: ψ(a, e୧θ, e୧θ, a, e୧θ, a) ≥ 0 ⇒ a ≥ e୧θ. 

൫ψ
ସ

൯: ψ(a, a, e୧θ, e୧θ, a, a) ≥ 0 ⇒ a ≥ e୧θ. 
൫ψ

ହ
൯: ψ(a, a, e୧θ, e୧θ, e୧θ, e୧θ) ≥ 0 ⇒ a ≥ e୧θ. 

 
Theorem 3.1 Let(𝕏, Đେన୴୤୫ୱ

തതതതതതതതതത,∗୍) be a Civfms with lim୲→∞ Đେన୴୤୫ୱ
തതതതതതതതതത(x, y, t) = e୧θ , ∀x, y ∈ 𝕏, t ∈ (0,1), θ ∈

ቂ0,
π
ଶ

ቃ , t୬୰୫ > 0ത. The maps A and B are two weakly compatible self-maps in with t୬୰୫ ∗୍ t୬୰୫ ≥

t୬୰୫ ,  satisfying the following: 
(1) B(X) ⊆ A(X); 
(2) A(X) or B(X) is complete subspace  of 𝕏; 
(3) A  and B share (E. A)property; 
(4) For all t୬୰୫ > 0, 0 < 𝑘 < 1 𝑎𝑛𝑑  𝑥 ≠ 𝑦 ∈ 𝕏 

Đେన୴୤୫ୱ
തതതതതതതതതത(Bx, By, kt୬୰୫ ) ≥   Min ቊ

Đେన୴୤୫ୱ
തതതതതതതതതത(Ax, Ay, t୬୰୫ ), [Đେన୴୤୫ୱ

തതതതതതതതതത(Ax, By, t୬୰୫ ) ∗ Đେన୴୤୫ୱ
തതതതതതതതതത(Ay, Bx, t୬୰୫ )],

[Đେన୴୤୫ୱ
തതതതതതതതതത(Ax, Bx, t୬୰୫ ) ∗ Đେన୴୤୫ୱ

തതതതതതതതതത(Ay, By, t୬୰୫ )]
ቋ 

Then A and Bhave  UCFP. 
 
Proof: Since B and A share (E. A) -property. So, by the definition, there exist sequences {x୬} in 𝕏 
such that 
lim
୬→∞

Bx୬ = lim
୬→∞

Ax୬ = u,   for some u ∈ 𝕏. 

Suppose A(X) is complete then lim୬→∞ Ax୬ = Aa,   for some a ∈ 𝕏. Therefore lim୬→∞ Bx୬ = Aa    
Now to claim Ba = Aa. 
Put x = x୬  and y = a in inequality (d) 

Đେన୴୤୫ୱ
തതതതതതതതതത(Bx୬, Ba, kt୬୰୫ )    ≥ Min ቊ

Đ୍୴୤
തതതതത(Ax୬, Aa, t୬୰୫ ), [Đେన୴୤୫ୱ

തതതതതതതതതത(Ax୬, Ba, t୬୰୫ ) ∗ Đେన୴୤୫ୱ
തതതതതതതതതത(Aa, Bx୬, t୬୰୫ )],

[Đେన୴୤୫ୱ
തതതതതതതതതത(Ax୬, Bx୬, t୬୰୫ ) ∗ Đେన୴୤୫ୱ

തതതതതതതതതത(Aa, Ba, t୬୰୫ )]
ቋ 

As n → ∞, then we get 
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Đେన୴୤୫ୱ
തതതതതതതതതത(Aa, Ba, kt୬୰୫ ) ≥   Min ቊ

Đେన୴୤୫ୱ
തതതതതതതതതത(Aa, Aa, t୬୰୫ ), [Đେన୴୤୫ୱ

തതതതതതതതതത(Aa, Ba, t୬୰୫ ) ∗ Đେన୴୤୫ୱ
തതതതതതതതതത(Aa, Aa, t୬୰୫ )],

[Đେన୴୤୫ୱ
തതതതതതതതതത(Aa, Aa, t୬୰୫ ) ∗ Đେన୴୤୫ୱ

തതതതതതതതതത(Aa, Ba, t୬୰୫ )]
ቋ 

Đେన୴୤୫ୱ
തതതതതതതതതത(Aa, Ba, kt୬୰୫ ) ≥ Min ቊ

e୧θ, ൣĐେన୴୤୫ୱ
തതതതതതതതതത(Aa, Ba, t୬୰୫ ) ∗୍ e୧θ൧,

ൣe୧θ ∗୍ Đେన୴୤୫ୱ
തതതതതതതതതത(Aa, Ba, t୬୰୫ )൧

ቋ 

Đେన୴୤୫ୱ
തതതതതതതതതത(Aa, Ba, kt୬୰୫ ) ≥ Min ቊ

e୧θ, [Đେన୴୤୫ୱ
തതതതതതതതതത(Aa, Ba, t୬୰୫ )],

[Đେన୴୤୫ୱ
തതതതതതതതതത(Aa, Ba, t୬୰୫ )]

ቋ 

 
Đେన୴୤୫ୱ
തതതതതതതതതത(Aa, Ba, kt୬୰୫ ) ≥ Đେన୴୤୫ୱ

തതതതതതതതതത(Aa, Ba, t୬୰୫ ) 
By lemma 2.12, we have,   Aa = Ba. 
Now A and B are weakly compatible. i. e.  ABa = BAa = AAa = BBa then we show that Ba is the 
common fixed-point of B and A. 
Put   x = a  and y = Ba in inequality (d) 
Đେన୴୤୫ୱ
തതതതതതതതതത(Ba, BBa, kt୬୰୫ )

≥ Min ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(Aa, ABa, t୬୰୫ ), [Đେన୴୤୫ୱ

തതതതതതതതതത(Aa, BBa, t୬୰୫ ) ∗ Đେన୴୤୫ୱ
തതതതതതതതതത(ABa, Ba, t୬୰୫ )],

[Đେన୴୤୫ୱ
തതതതതതതതതത(Aa, Ba, t୬୰୫ ) ∗ Đେన୴୤୫ୱ

തതതതതതതതതത(ABa, BBa, t୬୰୫ )]
ቋ 

Đେన୴୤୫ୱ
തതതതതതതതതത(Ba, BBa, kt୬୰୫ )

≥ Min ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(Ba, BBa, t୬୰୫ ), [Đେన୴୤୫ୱ

തതതതതതതതതത(Ba, BBa, t୬୰୫ ) ∗ Đେన୴୤୫ୱ
തതതതതതതതതത(BBa, Ba, t୬୰୫ )],

[Đେన୴୤୫ୱ
തതതതതതതതതത(Ba, Ba, t୬୰୫ ) ∗ Đେన୴୤୫ୱ

തതതതതതതതതത(BBa, BBa, t୬୰୫ )]
ቋ 

Đେన୴୤୫ୱ
തതതതതതതതതത(Ba, BBa, kt୬୰୫ ) ≥ Min ቊ

Đ୍୴୤
തതതതത(Ba, BBa, t୬୰୫ ), [Đ୍୴୤

തതതതത(Ba, BBa, t୬୰୫ )],

ൣe୧θ ∗୍ Đ୍୴୤
തതതതത(BBa, BBa, t୬୰୫ )൧

ቋ 

Đେన୴୤୫ୱ
തതതതതതതതതത(Ba, BBa, kt୬୰୫ ) ≥ Min ቊ

Đେన୴୤୫ୱ
തതതതതതതതതത(Ba, BBa, t୬୰୫ ), [Đେన୴୤୫ୱ

തതതതതതതതതത(Ba, BBa, t୬୰୫ )],

[Đେన୴୤୫ୱ
തതതതതതതതതത(BBa, BBa, t୬୰୫ )]

ቋ 

Đେన୴୤୫ୱ
തതതതതതതതതത(Ba, BBa, kt୬୰୫ ) ≥ Đେన୴୤୫ୱ

തതതതതതതതതത(Ba, BBa, t୬୰୫ ) 
By lemma 2.12 we get Ba = BBa. 
Hence Ba is the common fixed-point of B and A.  
In the similar manner if  B(X) is complete. The result will be same. 
Now to show that fixed-point is unique. 
Let α  and β be the two c-fixed-point of A, B. 
Đେన୴୤୫ୱ
തതതതതതതതതത(α , β, kt୬୰୫ ) = Đେన୴୤୫ୱ

തതതതതതതതതത൫Bα, Bβ, kt୬୰୫ ൯

≥ Min ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത൫Aα, Aβ, t୬୰୫ ൯, ൣĐେన୴୤୫ୱ

തതതതതതതതതത൫Aα, Bβ, t୬୰୫ ൯ ∗ Đେన୴୤୫ୱ
തതതതതതതതതത൫Aβ, Bα, t୬୰୫ ൯൧,

ൣĐେన୴୤୫ୱ
തതതതതതതതതത(Aα, Bα, t୬୰୫ ) ∗ Đେన୴୤୫ୱ

തതതതതതതതതത(Aβ, Bβ, t୬୰୫ )൧
ቋ 

Đେన୴୤୫ୱ
തതതതതതതതതത൫α, β, kt୬୰୫ ൯ ≥ Min ቊ

Đେన୴୤୫ୱ
തതതതതതതതതത൫α, β, t୬୰୫ ൯, ൣĐେన୴୤୫ୱ

തതതതതതതതതത൫α, β, t୬୰୫ ൯൧,

ൣĐେన୴୤୫ୱ
തതതതതതതതതത(α, α, t୬୰୫ ) ∗ Đେన୴୤୫ୱ

തതതതതതതതതത(β, β, t୬୰୫ )൧
ቋ 

Đେన୴୤୫ୱ
തതതതതതതതതത൫α, β, kt୬୰୫ ൯ ≥ Min ቊ

Đେన୴୤୫ୱ
തതതതതതതതതത൫α, β, t୬୰୫ ൯, Đେన୴୤୫ୱ

തതതതതതതതതത൫α, β, t୬୰୫ ൯,

ൣe୧θ ∗୍ e୧θ൧
ቋ 

Đେన୴୤୫ୱ
തതതതതതതതതത൫α, β, kt୬୰୫ ൯ ≥ Đେన୴୤୫ୱ

തതതതതതതതതത൫α, β, t୬୰୫ ൯ 
By lemma 2.12 we have α = β. 
Thus A and B have  UCFP. 

Example 3.2 Let Đେన୴୤୫ୱ
തതതതതതതതതത(x, y, t୬୰୫ ) =

ୣ౟θ୲౤౨ౣ 

୲౤౨ౣ ା|୶ି୷|
  , t୬୰୫ > 0  and (𝕏, Đେన୴୤୫ୱ

തതതതതതതതതത,∗୍) be a Civfms, 

where    𝕏 = [1,40] ,    and let AandB be two self mappings   as follows: 

     Ax = ൞
1 , 𝑥 = 1 𝑜𝑟 𝑥 > 7

10, 1 < 𝑥 ≤ 7
  ,    Bx = ൞

1 , 𝑥 = 1
12, 1 < 𝑥 ≤ 7

x + 1

8
,   x > 7

   

And also a sequence {x୬} define as  x୬ = 7 +
ଵ

୬
  , n ≥ 1 then we see   

lim୬→∞ Ax୬ = 1 = lim୬→∞ Bx୬then A and B (E.A) property satisfied 

lim୬→∞ Đେన୴୤୫ୱ
തതതതതതതതതത(ABx୬, BAx୬, t୬୰୫ ) =

ୣ౟θ୲౤౨ౣ 

୲౤౨ౣ ା|ଵିଵ|
= e୧θ 

This shows that A and B compatible property. 
Theorem 3.4: Let (𝕏, Đେన୴୤୫ୱ

തതതതതതതതതത,∗୍) be a Civfms with lim୲→∞ Đେన୴୤୫ୱ
തതതതതതതതതത(x, y, t) = e୧θ , θ ∈ ቂ0,

π
ଶ

ቃ , t୬୰୫ > 0ത . 
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Let A, B, S, T, G  and H be a self mapsof a Civfms(𝕏, Đେన୴୤୫ୱ
തതതതതതതതതത,∗୍) satisfying the following: 

AG(X) ⊆ T(X) ,        BH(X) ⊆ S(X) 
The pair (AG, S)  and   (BH, T) share one of the Clr୅ୋ, Clr୆ୌ, Clrୗ, Clr୘-property; 

AG = GA and either SA = AS  or SG = GS 
BH = HB and either TB = BT or TH = HT. 

(AG, S) and (BH, T) are  Compatible Type of  P-1. 
ψ ∈ Φ  , for all x, y ∈ 𝕏 , t୬୰୫ > 0 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(AGx, BHy, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(Sx, Ty, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(AGx, Sx, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(BHy, Ty, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതതത(AGx, Ty, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(Sx, BHy, t୬୰୫ )

ቋ ≥ 0 

Then   A, B, S, T, G  and H have a UCFP. 
Proof: Case (i) Consider (AG, S) and (BH, T)share one of the Clr୅ୋ or Clrୗ -property. So, by the 
definition, there exist sequences {x୬} and {y୬} in 𝕏 such that 

lim
୬→∞

AGx୬ = lim
୬→∞

Sx୬ = lim
୬→∞

BHy୬ = lim
୬→∞

Ty୬ = Su , for some u ∈ 𝕏 

Step (i) Putting x = u and y = y୬ in  (e) then 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, BHy୬, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(Su, Ty୬, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, Su, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(BHy୬, Ty୬, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(AGu, Ty୬, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(Su, BHy୬, t୬୰୫ )

ቋ ≥ 0 

As n → ∞, then we get 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, Su, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(Su, Su, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, Su, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(Su, Su, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(AGu, Su, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(Su, Su, t୬୰୫ )

ቋ ≥ 0 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, Su, t୬୰୫ ), e୧θ, Đେన୴୤୫ୱ

തതതതതതതതതത(AGu, Su, t୬୰୫ ),

e୧θ, Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, Su, t୬୰୫ ), e୧θ ቋ ≥ 0 

 By Implicit relation of  (ψ
ଶ

). We have 
Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, Su, t୬୰୫ ) ≥ e୧θ ⇒ AGu = Su 

Step (ii) Since, AG(X) ⊆ T(X) then there is a v ∈ X such that AGu = Tv 
Putting  x = x୬ and y = v  in  (e) then 

         ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(AGx୬, BHv, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(Sx୬, Tv, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(AGx୬, Sx୬, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(BHv, Tv, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതതത(AGx୬, Tv, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(Sx୬, BHv, t୬୰୫ )

ቋ ≥ 0 

As n → ∞, then we get 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(Tv, BHv, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(Tv, Tv, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(Tv, Tv, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(BHv, Tv, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതതത(Tv, Tv, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(Tv, BHv, t୬୰୫ )

ቋ ≥ 0 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(Tv, BHv, t୬୰୫ ), e୧θ, e୧θ,

Đେన୴୤୫ୱ
തതതതതതതതതത(BHv, Tv, t୬୰୫ ), e୧θ, Đେన୴୤୫ୱ

തതതതതതതതതത(Tv, BHv, t୬୰୫ )
ቋ ≥ 0 

By Implicit relation of  (ψ
ଷ

). We have 
Đେన୴୤୫ୱ
തതതതതതതതതത(BHv, Tv, t୬୰୫ ) ≥ e୧θ ⇒ BHv = Tv 

Thus AGu = Su = BHv = Tv = z (say) 
 
Step (iii) Since(AG, S) and (BH, T) are  compatible Type of (P-1)  
             Then we have,  AGSu = SSu  and BHTv = TTv     i. e   AGz = Sz   and   BHz = Tz 
Putting x = z  and  y = v in  (e) then 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(AGz, BHv, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(Sz, Tv, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(AGz, Sz, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(BHv, Tv, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതതത(AGz, Tv, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(Sz, BHv, t୬୰୫ )

ቋ ≥ 0 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(AGz, z, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(AGz, z, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(AGz, AGz, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(z, z, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതതത(AGz, z, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(AGz, z, t୬୰୫ )

ቋ ≥ 0 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(AGz, z, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(AGz, z, t୬୰୫ ), e୧θ,

e୧θ,   Đେన୴୤୫ୱ
തതതതതതതതതത(AGz, z, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(AGz, z, t୬୰୫ )
ቋ ≥ 0 

By Implicit relation of  (ψ
ସ

). We have 
Đେన୴୤୫ୱ
തതതതതതതതതത(AGz, z, t୬୰୫ ) ≥ e୧θ ⇒ AGz = z 

ThusAGz = Sz = z 
Similarly by taking  x = u  and  y = z  in  (e) then 
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ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, BHz, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(Su, Tz, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, Su, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(BHz, Tz, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതതത(AGu, Tz, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(Sz, BHz, t୬୰୫ )

ቋ ≥ 0 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(z, BHz, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(z, BHz, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(z, z, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(BHz, BHz, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതതത(z, BHz, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(z, BHz, t୬୰୫ )

ቋ ≥ 0 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(z, BHz, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(z, BHz, t୬୰୫ ),   e୧θ,

e୧θ , Đେన୴୤୫ୱ
തതതതതതതതതത(z, BHz, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(z, BHz, t୬୰୫ )
ቋ ≥ 0 

By Implicit relation of  (ψ
ସ

). We have 
Đେన୴୤୫ୱ
തതതതതതതതതത(z, BHz, t୬୰୫ ) ≥   e୧θ ⇒ BHz = z 

Thus ,BHz = Tz = z 
Hence ,AGz = BHz = Sz = Tz = z 
 
Step (iv) By condition (c) 
Suppose  SA = AS 
Since AG = GA  then we have AGAz = AAGz = Az and SAz = ASz = Az 
By takingx = Az  and  y = v  in  (e) then 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(AGAz, BHv, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(SAz, Tv, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(AGAz, SAz, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(BHv, Tv, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതതത(AGAz, Tv, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(SAz, BHv, t୬୰୫ )

ቋ ≥ 0 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(Az, z, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(Az, z, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(Az, Az, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(z, z, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതതത(Az, z, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(Az, z, t୬୰୫ )

ቋ ≥ 0 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(Az, z, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(Az, z, t୬୰୫ ),   e୧θ,

  e୧θ  , Đେన୴୤୫ୱ
തതതതതതതതതതത(Az, z, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(Az, z, t୬୰୫ )
ቋ ≥ 0 

By Implicit relation of  (ψ
ସ

). We have 
Đେన୴୤୫ୱ
തതതതതതതതതത(Az, z, t୬୰୫ ) ≥   e୧θ ⇒ Az = z 

Since,   AGz = GAz = Lz 
Thus,  Az = Gz = Sz = z 
And suppose  SG = GS 
Since G = GA  then we have AGGz = GAGz = Gz and SGz = GSz = Gz 
Similarly by takingx = Gz  and  y = v  in  (e) thenwe getGz = z 
Since,   AGz = Az = z 
Thus,  Az = Gz = Sz = z 
Now suppose  BT = TB 
Since BH = HB  then we have BHBz = BBHz = Bz and TBz = BTz = Bz 
By taking x = u and y = Bz in (e) then 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, BHBz, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(Su, TBz, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, Su, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(BHBz, TBz, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതതത(AGu, TBz, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(Su, BHBz, t୬୰୫ )

ቋ ≥ 0 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(z, Bz, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(z, Bz, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(z, z, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(Bz, Bz, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതതത(z, Bz, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(z, Bz, t୬୰୫ )

ቋ ≥ 0 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(z, Bz, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(z, Bz, t୬୰୫ ),   e୧θ,

  e୧θ, Đେన୴୤୫ୱ
തതതതതതതതതതത(z, Bz, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(z, Bz, t୬୰୫ )
ቋ ≥ 0 

By Implicit relation of  (ψ
ସ

). We have 
Đେన୴୤୫ୱ
തതതതതതതതതത(z, Bz, t୬୰୫ ) ≥   e୧θ ⇒ Bz = z 

Since  ,BHz = HBz = Hz 
Thus,  Bz = Hz = Tz = z 
And suppose  TH = HT 
Since BH = HB  then we have BHHz = HBHz = Hz and THz = HTz = Hz 
Similarly by takingx = u  and  y = Hz  in  (e) thenwe getHz = z 
Since,   BHz = Bz = z 
Thus,  Bz = Hz = Tz = z 
Combine all results then we get,  Az = Bz = Gz = Hz = Sz = Tz = z 
Case (ii) Suppose (AG, S) and (BH, T) Share one of the Clr୆ୌ or lr୘-property. So, by the     definition, 
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there exist sequences {x୬} and {y୬} in X such that 
lim
୬→∞

ALx୬ = lim
୬→∞

Sx୬ = lim
୬→∞

BHy୬ = lim
୬→∞

Ty୬ = Tv , for some v ∈ X 

Proceeding on similar lines of case (i) 
Firstly  we get BHv = Tv 
Since BH(X) ⊆ S(X) then there is a u ∈ X such that BHv = Su 
Using step (ii)  then we get AGu = Su 
Thus   AGu = Su = BHv = Tv = z (say) 
Now using step (iii) we get AGz = Sz   and BHz = Tz   by using inequality (e) then we get AGz =

BHz = Sz = Tz = z 
From this stage the proof is similar as step (iv) then we get z is a common fixed point of 
A, B, S, T, G  and  H   in X.      
For uniqueness further we consider α  and β be the two common fixed-point of A, B, S, T, G and H. 
Put x = α  and y = β  in inequality (e) then 

ψ ቊ
൫Đେన୴୤୫ୱ

തതതതതതതതതത(AGα, BHβ, t୬୰୫ ൯, ൫Đେన୴୤୫ୱ
തതതതതതതതതത(Sα, Tβ, t୬୰୫ ൯, ൫Đେన୴୤୫ୱ

തതതതതതതതതത(AGβ, Sα, t୬୰୫ ൯,

൫Đେన୴୤୫ୱ
തതതതതതതതതത(BHβ, Tβ, t୬୰୫ ൯, (Đେన୴୤୫ୱ

തതതതതതതതതത(AGα, Tα, t୬୰୫ ), (Đେన୴୤୫ୱ
തതതതതതതതതത(Sα, BHα, t୬୰୫ )

ቋ ≥ 0 

ψ ቊ
൫Đେన୴୤୫ୱ

തതതതതതതതതത(α, β, t୬୰୫ ൯, ൫Đେన୴୤୫ୱ
തതതതതതതതതത(α, β, t୬୰୫ ൯, ൫Đେన୴୤୫ୱ

തതതതതതതതതത(β, α, t୬୰୫ ൯,

൫Đେన୴୤୫ୱ
തതതതതതതതതത(β, β, t୬୰୫ ൯, (Đେన୴୤୫ୱ

തതതതതതതതതത(α, α, t୬୰୫ ), (Đେన୴୤୫ୱ
തതതതതതതതതത(α, α, t୬୰୫ )

ቋ ≥ 0 

ψ ቊ
൫Đେన୴୤୫ୱ

തതതതതതതതതത(α, β, t୬୰୫ ൯, ൫Đେన୴୤୫ୱ
തതതതതതതതതത(α, β, t୬୰୫ ൯, ൫Đେన୴୤୫ୱ

തതതതതതതതതത(β, α, t୬୰୫ ൯,

  e୧θ,   e୧θ,   e୧θ ቋ ≥ 0 

By Implicit relation of  (ψ
ହ

). We have 
൫Đେన୴୤୫ୱ

തതതതതതതതതത(α, β, t୬୰୫ ൯ ≥   e୧θ ⇒ θ = ϑ 
Hence z is a unique common fixed point of A, B, S, T, G  and  H   in X.      
Now, taking   G = H = I(Identity mapping) 
Remark 3.5: if we apply JClr- property instead of Clr-Proprty then we can ignore condition (a) in 
theorem (3.4). Now we prove the following: 
 
Theorem 3.6: Let (𝕏, Đେన୴୤୫ୱ

തതതതതതതതതത,∗୍) be a Civfms with lim୲→∞ Đେన୴୤୫ୱ
തതതതതതതതതത(x, y, t) = e୧θ , θ ∈ ቂ0,

π
ଶ

ቃ , t୬୰୫ > 0ത. 

Let A, B, S, T, G  and H be a self maps of a Civfms(𝕏, Đେన୴୤୫ୱ
തതതതതതതതതത,∗୍) satisfying the following: 

AG(X) ⊆ T(X) ,        BH(X) ⊆ S(X) 
The pair (AG, S)  and   (BH, T) share one of the JClrୗ୘-property; 

AG = GA and either SA = AS  or SG = GS 
BH = HB and either TB = BT or TH = HT. 

(AG, S) and (BH, T) are  Compatible Type of  P-1. 
ψ ∈ Φ  , for allx, y ∈ 𝕏 , t୬୰୫ > 0 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(AGx, BHy, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(Sx, Ty, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(AGx, Sx, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(BHy, Ty, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതതത(AGx, Ty, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(Sx, BHy, t୬୰୫ )

ቋ ≥ 0 

Then   A, B, S, T, G  and H have a UCFP. 
 
Proof:  Suppose (AG, S) and (BH, T)share one of the JClrୗ୘ -property. So, by the definition, there 
exist sequences {x୬} and {y୬} in X such that 

lim
୬→∞

AGx୬ = lim
୬→∞

Sx୬ = lim
୬→∞

BHy୬ = lim
୬→∞

Ty୬ = Su(= Tu) , for some u ∈ X 

Step (i) Putting x = u and y = y୬ in  (e) then 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, BHy୬, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(Su, Ty୬, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, Su, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(BHy୬, Ty୬, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(AGu, Ty୬, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(Su, BHy୬, t୬୰୫ ) 

ቋ ≥ 0 

As n → ∞, then we get 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, Su, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(Su, Su, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, Su, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(Su, Su, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(AGu, Su, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(Su, Su, t୬୰୫ ) 

ቋ ≥ 0 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, Su, t୬୰୫ ),   e୧θ, Đେన୴୤୫ୱ

തതതതതതതതതത(AGu, Su, t୬୰୫ ),

  e୧θ, Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, Su, t୬୰୫ ),   e୧θ ቋ ≥ 0 
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by implicit relation (ψ
ଶ

)  . We have 
Đେన୴୤୫ୱ
തതതതതതതതതത(AGu, Su, t୬୰୫ ) ≥   e୧θ ⇒ AGu = Su (AGu = Su = Tu). 

 And Putting x = x୬ and y = u  in  (e) thenwe get, BHu = Tu  
         Thus AGu = Su = BHu = Tu = z (say) 
Since (AG, S) and(BH, T) are  compatible Type of (P-1)  
          Then we have,  AGSu = SSu  and BHTv = TTv     
                                      i. e   AGz = Sz   and   BHz = Tz 
Now taking x = z  and y = u in (e)  then we get AGz = Sz = z 
And taking x = u  and y = z  in (e)  then we get BHz = Tz = z 
Thus, AGz = Sz = BHz = Tz = z. 
From this stage, the proof is similar as proof of theorem (3.4). 
 
Remark 3.7: If the Theorem (3.4) shares common properties (E.A) then the proof run on similar 
steps of the theorem (3.3). 
 
Example 3.9 Let(𝕏, Đେన୴୤୫ୱ

തതതതതതതതതത,∗୍) be a Civfms with lim୲→∞ Đେన୴୤୫ୱ
തതതതതതതതതത(x, y, t) = e୧θ , θ ∈ ቂ0,

π
ଶ

ቃ , t୬୰୫ > 0ത . 

Define Đେన୴୤୫ୱ
തതതതതതതതതത(x, y, t୬୰୫ ) =

ୣ౟θ୲౤౨ౣ 

୲౤౨ౣ ା|୶ି୷|
   , where  , 𝕏 = [0,40] 

Consider  ψ(tଵ, tଶ, tଷ, tସ, tହ, t଺) = 40tଵ − 12tଶ + 24tଷ − 3tସ + 18tହ − 11t଺,   t ∈ [0,1] 

Now,  Ax = 2 , Bx = 2 , Gx = x , Hx = x, Sx = ቊ
2 , 𝑥 ≤ 10
ଵ

ସ 
, 𝑥 > 10

  ,    Tx = ቊ
2 , 𝑥 ≤ 10
ଵ

ଶ 
, 𝑥 > 10

   

Case (a): When x, y ≤ 10 then the LHS of inequality (e) (Theorem 3.4) 

ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(2,2, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(2,2, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(2,2, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(2,2, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(2,2, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(2,2, t୬୰୫ )

ቋ ≥ 0 

LHS = ψ ቊ
Đେన୴୤୫ୱ
തതതതതതതതതത(2,2, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(2,2, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(2,2, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(2,2, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(2,2, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(2,2, t୬୰୫ )

ቋ 

 

          = ψ

⎩
⎪
⎨

⎪
⎧ e୧θt୬୰୫

t୬୰୫ + |x − y|
   ,

e୧θt୬୰୫

t୬୰୫ + |x − y|
   ,

e୧θt୬୰୫

t୬୰୫ + |x − y|
   ,

e୧θt୬୰୫

t୬୰୫ + |x − y|
   ,

e୧θt୬୰୫

t୬୰୫ + |x − y|
   ,

e୧θt୬୰୫

t୬୰୫ + |x − y| ⎭
⎪
⎬

⎪
⎫

 

          = ψ

⎩
⎪
⎨

⎪
⎧ e୧θt୬୰୫

t୬୰୫ + |2 − 2|
   ,

e୧θt୬୰୫

t୬୰୫ + |2 − 2|
   ,

e୧θt୬୰୫

t୬୰୫ + |2 − 2|
   ,

e୧θt୬୰୫

t୬୰୫ + |2 − 2|
   ,

e୧θt୬୰୫

t୬୰୫ + |2 − 2|
   ,

e୧θt୬୰୫

t୬୰୫ + |2 − 2| ⎭
⎪
⎬

⎪
⎫

 

          = ψ ൜
e୧θ   , e୧θ   , e୧θ   ,

e୧θ  , e୧θ  , e୧θ ൠ 

          = 40e୧θ − 12e୧θ + 24e୧θ − 3e୧θ + 18e୧θ − 11e୧θ 
          = 59e୧θ ≥ 0ത  Satisϐied. 
 
Case (b): When x > 10 , 𝑦 ≥ 10 then the LHS of inequality (e) (Theorem 3.4) 

LHS = ψ ቐ
Đେన୴୤୫ୱ
തതതതതതതതതത(2,2, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത ൬
1

4
, 2, t୬୰୫ ൰ , Đେన୴୤୫ୱ

തതതതതതതതതത ൬2,
1

4
, t୬୰୫ ൰ ,

Đେన୴୤୫ୱ
തതതതതതതതതത(2,2, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(2,2, t୬୰୫ ), Đେన୴୤୫ୱ
തതതതതതതതതത(2,2, t୬୰୫ )

ቑ 

= ψ

⎩
⎪
⎨

⎪
⎧

e୧θt୬୰୫

t୬୰୫ + |2 − 2|
   ,

e୧θt୬୰୫

t୬୰୫ + ቚ
ଵ

ସ
− 2ቚ

   ,
e୧θt୬୰୫

t୬୰୫ + ቚ2 −
ଵ

ସ
ቚ
   ,

e୧θt୬୰୫

t୬୰୫ + |2 − 2|
   ,

e୧θt୬୰୫

t୬୰୫ + |2 − 2|
   ,

e୧θt୬୰୫

t୬୰୫ + |2 − 2| ⎭
⎪
⎬

⎪
⎫

 

= ψ ቐe୧θ,
4t୬୰୫e୧θ

4t + 7
,
4t୬୰୫e୧θ

4t + 7
, e୧θ, e୧θ, e୧θ

ቑ 
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= 40e୧θ − 12
4t୬୰୫e୧θ

4t + 7
+ 24

4t୬୰୫

4t + 7
− 3e୧θ + 18e୧θ − 11e୧θ 

    ≥ 0ത ,  Satisfied. 
 
Case (c): When x ≤ 10 , y ≥ 10 then the LHS of inequality (e) (Theorem 3.4) 

LHS = ψ ൞
Đେన୴୤୫ୱ
തതതതതതതതതത(2,2, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(2,
1

2
, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(2,2, t୬୰୫ ),

Đେన୴୤୫ୱ
തതതതതതതതതത(2,

1

2
, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(2,
1

2
, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത(2,2, t୬୰୫ )

ൢ 

 

          = ψ

⎩
⎪
⎨

⎪
⎧

e୧θt୬୰୫

t୬୰୫ + |2 − 2|
   ,

e୧θt୬୰୫

t୬୰୫ + ቚ2 −
ଵ

ଶ
ቚ
   ,

e୧θt୬୰୫

t୬୰୫ + |2 − 2|
   ,

e୧θt୬୰୫

t୬୰୫ + ቚ2 −
ଵ

ଶ
ቚ
   ,

e୧θt୬୰୫

t୬୰୫ + ቚ2 −
ଵ

ଶ
ቚ
   ,

e୧θt୬୰୫

t୬୰୫ + |2 − 2|
⎭
⎪
⎬

⎪
⎫

 

          = ψ ቄe୧θ,
ଶ୲౤౨ౣୣ౟θ

ଶ୲ାଷ
,  e୧θ,

ଶ୲౤౨ౣୣ౟θ

ଶ୲ାଷ
, e୧θ, e୧θቅ  

         = 40e୧θ − 12
ଶ୲౤౨ౣୣ౟θ

ଶ୲ାଷ
+ 24e୧θ − 3

ଶ୲౤౨ౣୣ౟θ

ଶ୲ାଷ
+ 18

ଶ୲౤౨ౣୣ౟θ

ଶ୲ାଷ
− 11e୧θ 

          ≥ 0ത ,  Satisfied. 
 
Case (d): When x > 10 , 𝑦 > 10 then the LHS of inequality (e) (Theorem 3.4) 

LHS = ψ ൞
Đେన୴୤୫ୱ
തതതതതതതതതത(2,2, t୬୰୫ ), Đେన୴୤୫ୱ

തതതതതതതതതത ൬
1

4
,
1

2
, t୬୰୫ ൰ , Đେన୴୤୫ୱ

തതതതതതതതതത ൬2,
1

4
, t୬୰୫ ൰ ,

Đେన୴୤୫ୱ
തതതതതതതതതത ൬2,

1

2
, t୬୰୫ ൰ , Đେన୴୤୫ୱ

തതതതതതതതതത ൬2,
1

2
, t୬୰୫ ൰ , Đେన୴୤୫ୱ

തതതതതതതതതത ൬
1

4
, 2, t୬୰୫ ൰

ൢ 

 

          = ψ

⎩
⎪
⎨

⎪
⎧

e୧θt୬୰୫

t୬୰୫ + |2 − 2|
   ,

e୧θt୬୰୫

t୬୰୫ + ቚ
ଵ

ସ
−

ଵ

ଶ
ቚ
   ,

e୧θt୬୰୫

t୬୰୫ + ቚ2 −
ଵ

ସ
ቚ
   ,

e୧θt୬୰୫

t୬୰୫ + ቚ2 −
ଵ

ଶ
ቚ
   ,

e୧θt୬୰୫

t୬୰୫ + ቚ2 −
ଵ

ଶ
ቚ
   ,

e୧θt୬୰୫

t୬୰୫ + ቚ
ଵ

ସ
− 2ቚ ⎭

⎪
⎬

⎪
⎫

 

          = ψ

⎩
⎪
⎨

⎪
⎧ e୧θ   ,

4e୧θt୬୰୫

4t୬୰୫ + 1
   ,

4e୧θt୬୰୫

4t୬୰୫ + 7
   ,

2e୧θt୬୰୫

2t୬୰୫ + 3
   ,

2e୧θt୬୰୫

2t୬୰୫ + 3
   ,

4e୧θt୬୰୫

4t୬୰୫ + 7⎭
⎪
⎬

⎪
⎫

 

 

         = 40e୧θ − 12
ସୣ౟θ୲౤౨ౣ

ସ୲౤౨ౣାଵ
+ 24

ସୣ౟θ୲౤౨ౣ

ସ୲౤౨ౣା଻
− 3

ଶ୲౤౨ౣୣ౟θ

ଶ୲ାଷ
+ 18

ଶ୲౤౨ౣୣ౟θ

ଶ୲ାଷ
− 11

ସୣ౟θ୲౤౨ౣ

ସ୲౤౨ౣା଻
 

           ≥ 0ത  ,  Satisfied. 
 
Hence all four conditions variables are satisfied. Therefore  A, B, S, T, G  and H satisfied the 
hypothesis of theorem 3.4. Hence 2 is a unique c-fixed-point in X. 
 

IV. Conclusion 
 
In many scientific domains, fixed point theory has several applications. In this research, we 
introduced the concept of complex interval-valued fuzzy metric space to modify the distance 
function under Clr/Jc;lr/E.A-Property for common fixed-point theorems in complex interval-
valued fuzzy metric space in order to prove several well-known common fixed-point theorems for 
self-mapping. our results enhanced, expanded, and generalized some findings in the literature. 
These findings can be applied to the solution of LPP in dynamic programming. quantum 
mechanics, control systems, machine learning, robotics, digital problems, image processing, 
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economics and other fields. These uses demonstrate how complex interval-valued fuzzy metric 
spaces may be used to handle a wide range of data kinds and uncertainty, making them an 
invaluable tool in many engineering and scientific fields. 
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