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Abstract

We consider two-orbit retrial queueing inventory system with a single server. Service time follows
phase-type distribution, while arrivals follow the Markovian arrival process. During busy period of the
server, the arriving customer may either balk or move to the limitless orbit. Following service completion,
the server takes a vacation if there are no customers in the system. When a breakdown happens during
busy times, the server undergoes phase-type repair, and the current customer enters finite orbit. Once
the repair is finished, the server either stays idle or searches the finite orbit. The replenishment period is
exponential and we use (s, S) policy. The matrix analytic approach has been used to analyze steady state
probability. We assess this retrial queueing inventory model both numerically and graphically.

Keywords: Markovian arrival process, phase-type service, phase-type repair, Breakdown,
Two orbits, Retrial customers, Orbital search, (s, S) policy
MSC 2010 No.: 60K25, 68M20, 90B05.

1. INTRODUCTION

The retrial queueing theory is commonly used to explain how real-world systems work. When a
customer arrives during the busy period of the server, then the customer may join the queue to
get the service. This virtual waiting area for customers is orbit. At the moment of retrial when
the server is free, they begin to get the service immediately; if not, they return to the orbit and go
through the entire procedure again. In this case, it is also possible for the new arrival to get service
directly without joining the orbit, provided that the server is available. Falin et al. [11] released
the first literature on retrial queues and it includes a full description of basic methodologies
and results on retrial queues. A regenerative approach algorithm was used by Artalejo [3] to
determine the steady state probability for the M/G/I retrial queue with breakdowns. Using the
matrix analytic method, Ayyappan and Gowthami [5] investigated the effect of retrial rate against
the expected number of customers in the system while analyzing the retrial queueing model with
a single server.

Retrial queueing model with re-service was researched by Melikov et al [15]. This model
assumes that the distribution service time is exponential and analyzes the input flow of calls
using a Markovian Arrival Process (MAP). Melikov et al. [16] measured performance metrics for
the average number of retrial customers in the orbit, the mean values of both failed and busy
servers, and the loss probabilities of both primary and retrial customers. Dudin et al. [4] analyzed
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a single-server retrial queueing model with two types of customer, exponential service times,
arrivals governed by a Marked Markovian process, and a joint distribution for the number of
customers in the orbits.

Abdul Reiyas and Jeganathan [1] examined a classical retrial queueing inventory system with
two component demand rate. Singla and Kaur [20] developed a method for solving difference-
differential equations to get the transient state probability for the precise number of arrivals and
departures while the server is busy or idle. We experience many situations in our daily lives
where customer service is disrupted by server failure. For instance, the server can break due
to internal or external issues in manufacturing systems, computers, or electronic systems; in
packet transferring of communication channels; or even in the service process of everything in
one’s life. Customers whose service is interrupted must wait for service to come back once the
server’s repair is finished. The server may be disrupted during a customer’s service by a vital
interruption (emergency circumstance) under the Poisson process. Nithya et al. [17] state that
due to breakdown, the current customer join in the queue and waits to be served.

Using inventory management and queuing systems together has many benefits for improving
customer satisfaction and operational efficiency. With a comprehensive evaluation and man-
agement of these systems, firms may better balance maintaining appropriate stock levels with
reducing waiting times. For M/M/1 Queueing-Inventory System(QIS) with lost sales, under
various inventory management policies, including (r,Q) and (r,S) policies, Schwarz et al. [19]
discovered steady state distributions of inventory processes and combined queue length in a
particular product form. Ayyappan and Arulmozhi [6] examined the retrial QIS using a constant
retrial rate, orbital client collision, working vacation, flush out, balking, breakdown, and repair.
Ayyappan and Meena [7] looked at a retry QIS with a phase-type vacation and an inconsistent
server.

Two separate types of customers arrive in two different Poisson streams when they are
sent to a single server system. The service station can only handle one client at a time and if
blockage occurs, the two types of consumers are sent to a different type. Two orbit queues with
infinite capacity were assumed and the theory of Riemann (—Hilbert) boundary value problems
by Dimitriou [10] can be used to find how the joint stationary orbit queue length distribution
generates probabilities. Sangha and Jain [18] have investigated the best course of action for
a double-orbit retrial queue with erratic service and vacation interruption . Retrial QIS with
an isolated server and feedback for consumers in which the orbit size is finite was covered by
Amirthakodi and Sivakumar [2].

The idea of orbital search has been presented in order to make effective use of the server’s
idle time in a retry queueing system. This idea states that the server will seek for customers in
the orbit during idle time rather than waiting for a direct or repeat customer to arrive. Falin
[11] has researched the Markovian model that includes dissatisfied customers on a single server.
The retrial queueing system and the orbit’s search for priority customers have been studied by
Krishnamoorthy and Joshua [13]. According to Dhanya et al. [8], the server either resumes orbital
search for the interrupted clients in the finite orbit or stays idle once each service and repair
is completed. According to Sivakumar [21], retrial demands compete for their exponentially
distributed necessity by sending out signals. The steady state example produces the combined
likelihood distribution of the number of orbital needs and the inventory level.

The remaining parts of the paper are organized as follows: Our model is described in section 2.
Matrix creation and several notations are explained in section 3. The invariant probability vector,
the rate matrix R and the stability condition are all obtained in section 4. Section 5 describes the
examination of the busy period. Section 6 lists the performance metrics. Sectionn 7 presents cost
analysis. There are some graphical and numerical results in section 8. Section 9 presents the
conclusion.
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2. MATHEMATICAL MODEL

We examine a double-orbit, unreliable single server retrial QIS. The model’s fundamental function
can be characterized as follows:

* Arrival process: Primary customers with parameter matrices of order m (Dy, D7) come in
accordance with MAP. If the server is available when a customer arrives, he will receive
service directly; if the server is active, the customer has the chance of either joining an
infinite orbit with probability (1-b) or may balk the system with probability b.

* Service Process: The first-come, first-served approach applies to each customer. The service
period is determined by the PH distribution, which is represented as (y, U) of order n, such
that U° + Ue = 0 and the rate is u = [y(—U) 'ey].

* Breakdown state: During busy times, the server is prone to breakdowns. Breakdown time
follows an exponential distribution with parameter . Interruptions can happen often, and
it is predicted that a customer’s service would repeat in the same way. When a server breaks
down, the customer goes to a finite orbit N and the server undergoes repair.

¢ Retrial process: Retrial of the customer is successful when the server is free with positive
inventory. An exponential distribution governs the interval between retrials, with a rate of
o, for a finite orbit and ¢y for an unlimited orbit.

¢ Vacation state: After service is finished, the server takes a break if there are no clients
within the system. When the vacation is over, the server remains in an idle state. The rate of
vacation is exponential distribution and is denoted as 7.

* Repair state: During the busy period, the server may breakdown, the repair process starts
immediately. It is represented as a phase-type distribution with the notation («, T) of order
I such that T° + Te = 0 and the rate is T = [a(—T) e/

¢ Orbital search Once the repair is finished, the server has the option of staying idle with
probability q or searching for an orbital customer from the finite orbit with probability p.
The search time is negligible.
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Figure 1: Schematic representation
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* Replenishment: When a customer finishes service, one item is removed from stock. Under
the (s, S) policy, an order of S items is placed when inventory drops to level s. The supply
lead time follows an exponential distribution with rate .

The lead time, customer arrival time, retrial time and service times (for both primary and retrial
customers) are all considered to be mutually independent. Refer to figure 1 for a schematic
representation of the model.

3. GENERATION MATRIX

ABBREVIATION AND NOTATIONS

¢ CTMC- Continuous Time Markov Chain

* QBD process - Quasi-Birth-Death Process

* MAM - Matrix Analytic Method

* e - entries in a column’s vector are one;

* I, - Identity matrix of order n

* 0 - Matrix whose entries are 0, of appropriate size

* ® - A block matrix is created by the Kronecker product of two matrices of different
dimensions;

* @ - The Kronecker addition creates a block matrix from two matrices of varying sizes;
* Nj(t) indicates the number of customers in an infinite orbit;

* N(t) indicates the number of customers in the finite orbit;

* J(t) represents the server status;

e (t) represents the stock level for commodity;

* S(t
* R(t

* A(t) represents the arrival phases;
at time t, where

) represents the service phases;

represents the repair phases;

J(t) represents the status of the server, defined as

, server is in vacation,
n , server is in idle,
( pum—

0
1
2, server is in busy,
3

,  server is in repair.

It is obvious that {Ny(t), Na(t), J(t), I(t), S(t), R(t), A(t) : t > 0} is a CTMC with the state space

is as follows:
(e}

w=J x(c1),

C1 =0
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x(e1) = {(
U {(
U {(

1,0,¢3,c4,c7) :0< 3 <N,0<¢g <5,1<¢c7 <m}
c1,1,¢3,¢4,07) :0<c3 <N,0< ¢y <§5,1<¢c7 <m}
c1,2,¢3,64,¢5¢7) :0<c3 <N, 1<¢y <5,1<¢c5<n,1<c7 <m}

U{(c1,3,¢c3,¢4,¢6,¢7) : 1 <3 <N,0<¢cs <S5,1<¢5<1,1<c¢cy<m}.

The QBD procedure using the (s, S) policy generates an infinitesimal matrix, as provided by

Ap
Aq

B,
Ay

0 0 0
Ay 0 0
Al Ay O

Ay A1 Ay

The following defines each entry in Q’s block matrices:,

B! B 0 0
0 BZ B 0
By = B3 B%Z 383 B34 | v By' = Int1 ® Eqor,
0 BgZ Bg:’) 334
Vi 0 0 0 0 0 V]
0o Vi o0 0 0 0o W
0 0 W 0 0 0 W
E001 = 0 0 0 V] 0 0 V2 ’
0 0 0 0 Vs 0 0
0 0 0 ... 0 O Vi 0
0 0 0 ... 0 0 ... 0 Vi
where, Vi = Do — (#+ B)Ln, Vo= Bly, Va3 = Do—yly,
E 0
B12 _ I I I , B22 — 002 ,
0 N+1 @ L(g41)1 Lm 0 0 In® Egps
[V, 0 0 ... 0 0 0 Vs
0 V,; 0 ... 0 0O 0 Vs
o o VvV, ... 0 0 0 Vs
Eopp=|0 0 0 ... V4 O 0 Vs,
0 0 0 0 Vg 0 0
0 0 0 ... 0 O Ve O
00 0 ... 0 0 ... 0 Vg
where, Vy = Dy — Blin, Vs = Blu, Vs = Dy, i
V., 0 0 ... 0 0 0 W
0 Vo 0 ... 0 0 0 Vs
0 0 Vo ... 0 0O 0 Vs
Epz=|0 0 0 ... Vo O 0 Vs |,
0 0 0 ... 0 Vp 0 0
0 0 0 0 0 Vip 0
(0 0 0 0 o0 0 Vi
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V7 = Do — Bly,

[Eoo4
Eoos

23
BO

0

Egos = [IS®')’®D1

0
Eoo4

0
0
0

0 0 0]
0 0 0

Eoos Epos O
0 Epos Ol

_ 0 31 _ [Eoos 0

0 0
Eoos = [ls@u’® L, 0], B = {0 Iy @ EOOJ , B3® = In+1® Eoo7,
(viy 0 0o ... 0 0 0 Vi
0 Viy 0 ... 0 0 ... 0 Vp
0 0 Vy ... 0 0 0 Vp
Egoy = 0 0 0 oo Vi 0 . 0 Via |,
0 0 o ... 0 Vi3 ... 0 0
0 0 0o ... 0 0 Viz 0
0 0 0 0 0 ... 0 V]

where, Vi1 = U@ Dy +bDy — (¢ + B) Lum,  Viz = Blum,

Vl3 =U® DO + bDl - lplnm/

B34 — {IN ® Eoos
(U 0

0
E } , Ews=0 Is®L®¢ly,, B¥=[0 Iy® Ey,
008

T ® I 0 0
Egp9 = ,  BE=[IN®Eno 0], Eoqo= ,
Viy 0 o0 ... 0 0 ... 0 V5]
0 Viyg 0 ... 0 0 ... 0 Vs
0 0 V14 Ce 0 0 . 0 V15
334 = [IN ® EOll]r Espp=10 0 0 Viga 0 ... 0 Vs,
0 0 0 0 Vig ... 0 0
0 0 0 ... 0 0 Vie 0
(0 0 0 ... 0 0 ... 0 Vi
where, Vig4 = I;11 ® T @ Do — BLiy, Vis = Blim, Vie =T & Dy,
A0 00
o A2 0 o0
=19 0 AP 0|
0 0 o0 AY

Al =INy1®Is11 @Dy, A% = Inj1 ® Eon, Eo1p = {

Dy 0
0 0|

AP =y @@L, (1-b)D;, A =Iy®Is ] ®Dy,
0 0 0 0
100 A% 0 s [0 0 B 0
A2=100 0 o’ 2|0 In ® Epz )’ Eois = Is®@ @011y’
00 0 0
(AL A2 0 0
0 A22 A23 0
Al = ! 1 , Al =[INy1®Epqal,
O K
L0 AR AP Al
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Viz 0 0 0 0 0 Vis
0 V17 0 0 0 0 V18
0 0 Vi 0 0 0 GI18
Ejqia=1 0 0 0 Vir 0 0 Vis |,
0 0 0 0 Vi 0 0
0 0 0 0 0 Vig 0
L 0 0 0o ... 0 0o ... 0 Vig |
where, V17 = Dy — (77 + ,B)Im/ Vig = Blm, Vig = Do — 111,

E
AP =[N @ s @nly], AP = { 0

Eng
IN ® Egie] ’

0
(Voo 0 0 0 0 0 Vy
0 Vzo 0 0 0 0 V21
0 0 Vy 0 0 0 Vy
Esp;s5=1 0 0 0 Voo 0 0o Vx|,
0 0 0 0 Vyp 0 0
0 0 0 0 0 Vo 0
0 0 0 ... 0 0 ... 0 Vy
where, ‘720 = DO — ﬁ[m, V21 = ,Blm, sz = D(), )
Vs 0 0 0 o0 0 V]
0 Vi 0 0 0 0 Vyu
0 0 Vs 0 o0 0 Vo
Epte =1 0 0 0 Vos 0 0 Vo,
0 0 0 0V 0 0
0 0 0 0 0 Vog 0
(0 0 0 ... 0 0 ... 0 Vi
where, Vo3 = Do — Bly,  Vog = Blu,  Vos = Do — (01 + 02+ B) I,
Voo = Do — (01 +02) I, AP =B3, AP = [Iny1 ®Eoy],
Epiy = [Is® UL, 0], AP = [Iyy1®Eqs),
Vo, 00 0 0 ... 0 V]
0 Vy 0 0 0o ... 0 Vg
0 0 Vy 0 0o ... 0 Vg
Eypng=10 0 0 Vor 0 0 Vg,
0 0 0 0 Vy 0 0
0 0 0 0 0 Vg 0
(0 0 0 ... 0 0 ... 0 Vy
where, Vo; = (U & Dy +bDy) — (l/J + ,B)Inm/ Vog = Blum, Va9 = (u @ Do + bDl) — Plum

IN®E 0
A = [ A 0 " Eo19} , Eng = [0 Is® L @ pln], AP =0 Is® Iy ® Eoo],
T ® Im 0 0
Egpo = , AP =[IN®Ep 0], Ep = ,
020 |: 0 IS ® qTO ® Im:| 1 [ N & Eo21 ] 021 |:IS ® pTO,Y ® Im]
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(Vsg 0 0 ... 0 0 ... 0 V]
0 Vi 0 ... 0 0o ... 0 Vxn
0 0 Vyp ... 0 0 ... 0 Vg
AP =[IN®Eup2], Ep=|0 0 0 ... V3 0 ... 0 Vs,
0 0 0 ... 0 Vp ... 0 0
0 0 0 ... 0 0 ... Vyp O
0 0 0 ... 0 0 .. 0 Vg

where, V30 = (T @ Dy) — ,Bllm-r Va1 = By, Vap =T & Dy.

4. ANALYSIS OF STABILITY CONDITION

A generator matrix is indicated by the equation A = Ay + A; + Ay. In the steady state, let { be
the probability vector of A that satisfies (e = 1 and (A = 0. The vector { is divided by

¢ =(20,21,22,23) = (Z000, 001 - - - » 7008, 7100, L101, - - - » §108, EN00, ENO1 - - - » T N0/ 010/ L0125
-, Co1s, G110, G111, - - - G115, ON10, ON11/ - - - ON1S, G020, Q021 - - -+ G025, G120, G121, - - - G125, - - -
IN21,ON22s - - - ON2s, C030, C0315 - - - L0358 £130, C131, - - - C135, ON30, ON31, ONB2 - - - CN3s, )

where { has a dimension of (N+1)(S+1)m, ; has a dimension of(N+1)(S+1)m, {, has a dimension
of (N+1)Snm and (3 has a dimension of (N+1)(S+1)lm.
Subject to normalizing condition

2 ZCoeer Z Zglem+ Z ZgZenm‘i‘ Z 2@331111—1

c3=0cy= c3=0c4= c3=0cy4=1 c3=1c4=

Within the framework of QBD, our model’s stability should meet the necessary and sufficient
conditions of {Age < {Ajze, which is found to be of the below form,

N S N S
Yo ) CocseslINt1 @ Isy1 @ Diew] + Y Y Cicgey [INt1 ® Dien]

c3=0c4=0 c3=0c4=0

N s N S
+ Y Y Cose[INv1 ©Is @ I @ (L= b)Diewm] + Y Y, Gaese,[IN ® Isi1 @ I} @ Diegyy]

C3:0 C4:1 C3:l C4:l

N S
< Z Z 51C3C4[IN®IS®’)’®O'1IH1].

C3:0 C4:O

4.1. Invariant Probability Vector Analysis

Let v symbolize the infinitesimal generator Q’s invariant probability vector and this is divided
into v = (v, v1, V2, ...). Mention that vy, vy, v,... have a dimension of
2m[(N+1)(S+1)]+Snm(N+1)+NIm(S+1)) and the vector v satisfies vQ =0 and ve =1.
Additionally, after the stability needed of the model is met, the stationary probability vector v can
be obtained by applying the following equation:

Vi = 1/0Ri, i 2 1,

Second-degree matrix equation

R?Ar + RA; +Ag =0,

is met by the Neuts (1984) least non-negative solution R. The rate matrix is obtained

from the matrix quadratic equation. The requirement is satisfied by the rate matrix R,

whose order is provided by (2m[(N+1)(5+1)]+Snm(N+1)+NIm(S+1)).
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RAze = Aoe,

the sub vector vy can be found by solving the subsequent equation

vo(Bog + RAz) =0,

the normalizing condition is subject to

V€2 [(N+1)(S+1)] 4+ Snm(N+1)+ Nim(S+1) = 1-

Before solving the set of equations mentioned above, we first need to calculate the
rate matrix R. This can be done using the Logarithmic Reduction Approach [14],
which simplifies the process of finding R.

5. ANALYSIS OF ACTIVE PERIOD

The time frame that begins when users enter the empty system and concludes when the
system size first falls to zero is known as the busy period. Therefore, the first phase of the
shift from level 1 to level 0 is the analogue of the busy period. When a state at any other
level is visited at least once, the busy cycle is the time it takes to return to level zero.

Let’s use the concept of the basic time to examine the busy time. The QBD process is
nothing more than the initial transition period between the levels k; to k; — 1, where k; > 1.

The boundary states, or the circumstances when k; = 0, require a distinct discussion. For
any level k1 where ki > 1, it is evident that there are 2m[(N+1)(5+1)]+Snm(N+1)+Nml(S+1)
states. For this reason, the /" state of level k; may be denoted as (k;, ) when each state are
placed in lexicographic order.

Let Hyyy (kq, x) represent the probability with condition that, subject to the restriction that
it begin in the state (k1, /) at time t = 0, the QBD process visits level ki-1 to modify k;
transitions to the left and also enters the state (k1,4’). Let us present the idea of the joint
transform.

Hyy(z,8) = Loy 2 [y e ¥ dHyy (ky, x); |z| < 1,Re(s) > 0, and the matrix is denoted as
H(z,s) = Hhl' (z,s).

The following equations can be easily satisfied by the matrix H(z,s) :

H(z,s) = z[s] — A1) 1Ay + [s] — A1) 1 AgH?(z,5).

e Without taking into account the boundary states, the initial travel time should be computed
with the matrix H = Hyy = H(1,0) after evaluating the rate matrix R, we can quickly get
the matrix H by applying the result
H = —[A; + RA;]1A2.

¢ In the absence of such, it is possible to calculate the H matrix values by applying the idea of
a logarithmic reduction process. H0(1,0) provides the following equation, which is related
to boundary level zero.
H%0(z,5) = [sI — Hoo] ' AgH(z, ).

e The next moments are simple to evaluate because the three matrices namely, H, H(1?) and
Ii(o'o)(l,O) are stochastic. Ats =0,z =1,
Ji = —2H(z,s) = —[A1 + Ag(H+1)] e,

J2 = S H(z,s) = —[A1 + Ag(H + 1)]—1A§,

J1 O = =2 HO(z,5) = —Hyg'le + Ao 1],

1200 = £AOV(z,5) = —Hy' ATz ).

{3

6. PERFORMANCE MEASURES

We examine our model’s qualitative behavior under steady conditions. Let x(cy,c2, ¢3, ¢4, ¢5, ¢, C7)
stand for the probability of the stable state, where the quantity of clients in the orbit I is ¢y,
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quantity of interrupted consumers in the orbit I is c3, server status is c; and ¢y, cs, cg, ¢y represent
the number of items, service phases, repair phases and arrival phases, respectively.

. . . _ oo N S m
e chance of the server being idle: Py, = L0 —0 =0 ey =0 g1 Xerlescyer
¢ Chance of the server is on vacation: Py, = Z?‘l’:o Zgzo 254:0 22:1 X 0c3c407
* Chance of the server offering service: Ppysy = Z?T:O Zﬁi:o 254:1 22’5:1 22;21 Xey2¢3¢4¢507

S fe _ oo N S 1 m
e chance of the server is in repair: Pyopsir = Yo =0 263:1 264:0 ZC6:1 Yocr=1 Xei3escacecs

* The chance that an interrupted clients is stopped from entering into orbit II:
b, = Z?T:O Xc¢13Ne

* Expected quantity of clients in orbit I E[N1] = Y- _ c1Xc;e

¢ Expected quantity of clients in orbit II:
E[NZ] = Zg:o C3 ZZ):O 222:0 Xcicocse

* Expected number of clients in the system: Esystem = E[N1] + E[N2] + Py,

¢ Expected retrial rate:
— 0 N S m o N S m
ERR =01 251:1 253:() 254:1 ZC7:1 xC11C3C4C7 + %) ch =0 ZC3:1 204:] ZC7:] xC] legeqcy

¢ Expected inventory level:
__ v N S m 3 N S m
EIL - Eclzo ZCS:O 254:] 257:] C4xC10C3C4C7 + ZCI:O 253:0 254:] 257:] C4xC11C3C4C7

N S n m N S 1 m
+ ZZJ:O EC3:O EC4:1 ZC5:] ZC7:1 C4xC12C3C4C5C7 + ZET:O ZC3:1 ZC4:l Zcézl ZC7:1 C4xC13C3C4C6C7

* Expected Reorder rate:
E — Zoo ZN Zn Zm x 0
ROR 01=0 £uc3=0 Luc5=1 Lucy=1 *¢12(54+1)c3c507 (U 1)

7. ANALYsis OoF COsTS

The approximate overall expense of our model is given below, with the cost elements (per unit
time) related to various system measures.

* ETC: The expected sum of cost per unit time.

* Cp: The cost of carrying inventory per unit of time.

* Cy: cost per unit of time for the customer to wait in orbit.
* Cs: Setup cost per first item order.

ETC = CHEjL + CsERor + CwEsystem

8. NUMERICAL IMPLEMENTATION

In this section, we examine the output of our system using graphical and numerical represen-
tations. With a mean value of 1, these arrival processes ERL — A, EXP — A and HEX — A have
zero correlation and it correspond to the renewal process.

Erlang Arrival(ERL-A): Dy = {_02 _22} o D= B 8]

Exponential Arrival(EXP-A): Dy = [-1], D; = [1]

Hyper exponential Arrival(HEX-A): Dy = {_10'90 _ 10 90} , D; = [(I)Z;(l) 8(1)?8]

Consider the following PH distributions for the service and repair Progression:
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Erlang Service(ERL-S): v =1[1,0]; u= {_2 2 }
Erlang Repair(ERL-R): a=[1,0]; T = {
Exponential Service(EXP-S):  y=1;, U= [-1]

Exponential Repair(EXP-R): a =1, T =[-]]

Hyper Exponential Service HEX-S): v =[0.8,0.2]; u= {_20'80 B (? 28]
. . —2.80 0
Hyper Exponential Repair(HEX-R):  « = [0.8,0.2]; T = [ 0 0 28}

8.1. Ilustration 1

We investigate retrial rate (07) affects the (Ep,p;;) in the tables 1 to 3. Fix A =1, p = 8, 0 = 50,
T=29=1B=2 N=5p=05>b=0.8,5=10and s = 5. The following analysis is based
on the observations from table 1 to table 3:

The Ep,p;; falls as we enhance the retrial rate, taking into account both arrival and service periods.
From the viewpoint of arrival periods, Ep,;; falls significantly for HEX-A and gradually for
ERL-A when the retrial rate rises. In comparison to EXP-A, Ep,;; falls significantly in ERL-S and
slowly in HEX-S when considering retrial times.

Table 1: Retrial rate (01) vs Egppitp - ERL-S Table 2: Retrial rate (oy) vs Egpis - EXP-S

o1 ERL-A EXP-A HEX-A 01 ERL-A EXP-A HEX-A

61 | 1.60633595 | 2.20408030 | 2.80572168 61 | 1.65963406 | 2.32077465 | 3.11207557
62 | 1.60374522 | 2.19685734 | 2.78896850 62 | 1.65645172 | 2.31137417 | 3.08666802
63 | 1.60122499 | 2.18988720 | 2.77295257 63 | 1.65336072 | 2.30232643 | 3.06251226
64 | 1.59877238 | 2.18315631 | 2.75762501 64 | 1.65035709 | 2.29361123 | 3.03951620
65 | 1.59638463 | 2.17665207 | 2.74294121 65 | 1.64743708 | 2.28520995 | 3.01759664
66 | 1.59405917 | 2.17036279 | 2.72886039 66 | 1.64459718 | 2.27710535 | 2.99667822
67 | 1.59179356 | 2.16427756 | 2.71534517 67 | 1.64183404 | 2.26928144 | 2.97669252
68 | 1.58958546 | 2.15838625 | 2.70236127 68 | 1.63914454 | 2.26172341 | 2.95757725
69 | 1.58743268 | 2.15267939 | 2.68987711 69 | 1.63652569 | 2.25441747 | 2.93927561
70 | 1.58533314 | 2.14714812 | 2.67786365 70 | 1.63397471 | 2.24735081 | 2.92173568
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Table 3: Retrial rate(cq) vs Epppir - HEX-S

%

ERL—-A

EXP—-A

HEX - A

61

2.23983642

3.49702951

8.76338751

62

2.22645590

3.45412770

8.55390871

63

2.21362288

3.41364195

8.35774148

64

2.20130368

3.37537115

8.17365341

65

2.18946736

3.33913601

8.00055975

66

2.17808547

3.30477620

7.83750189

67

2.16713176

3.27214787

7.68362958

68

2.15658199

3.24112158

7.53818599

69

2.14641376

3.21158057

7.40049528

70

2.13660629

3.18341922

7.26995199

8.2. Illustration 2

The effects of the vacation rate (1) in relation to Ep,p;;; have been examined in figures 2 to 4. Fix
A=1uy=80=50,1t=2¢9v=1,B=2,N=5p=05"0b=08,5S=10,07 =60 and s = 5.
We note that from 2 to 4, as follows:

Eorpitr increases with the rise of vacation rate for different possible arrival and service time
groupings. As the values for different arrival times are correlated, Esystem decreases more fast
for HEX — A and more slowly for ERL — A. Likewise, Esystemy decreases quickly for ERL — S and
gradually for HEX — S.

(a) ERL-A (b) EXP-A
-2
-10 -1
2.6 PR D SIS S PR D G D
0 0o
= o4l —4— E/E/1 = 24 —— M/E/1 | |
g ’ —m— E/M/1 g —=— M/M/1
SN} 20 Ex/Hi/1 SN} 29| M/H/1 | |
1 ] 1 ] 1 ] 1 ]
5 10 15 20 5 10 15 20
U U

Figure 2: Vacation rate vs Eqppisy Figure 3: Vacation rate vs Egppi

(c) HEX-A

241 —+— Hi/E/1

—a— H,/M/1
Hy/Hi/1

Eorpitr

22

10 15 20
U

Figure 4: Vacation rate vs Eqppir
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8.3. Illustration 3

To examine the effect on the Esyster in the corresponding figures 5 to 13 of the vacation rate and
retrial rate (Orbit II) (o). To assure satisfaction of stability criteria, make adjustments to A =1,
u=8n=21=2,9P=1,B=2,N=5p=050=085=10,09 =60and s = 5.

M/M/1 E /MA

Figure 5: Vacation and Retrial Rate(Orbit II) vs Esystey ~ Figure 6: Vacation and Retrial Rate(Orbit II) vs Esystem
HRJMH M/ Ek.-‘1

246 .

Figure 7: Vacation and Retrial Rate(Orbit II) vs Esystery ~ Figure 8: Vacation and Retrial Rate(Orbit II) vs Esystem

H/E N
EJ/EN KB

23

228

EZZE

wn 224
»

W 222

22

248 .
26 e

Figure 10: Vacation and Retrial Rate(Orbit II) vs

Figure 9: Vacation and Retrial Rate(Orbit I1)vs Esystem E
system
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M/H, /1 E HN

365

Figure 11: Vacation and Retrial Rate(Orbit II)vs  Figure 12: Vacation and Retrial Rate(Orbit I1)vs
Esystem Esystem

H/H M

Figure 13: Vacation and Retrial Rate(Orbit II) vs
Esystem

From the figure 5 to 13, we can see:
We investigate the link between Esystem, the retrial rate (02), and the vacation rate of the server
over a range of potential arrival and service time combinations. When there is a fixed arrival
rate, the Esystern decreases as the server’s retrial rate and vacation rate rise. Taking into account
the service times, Esystenm decreases significantly for ERL-S and somewhat for EXP-S. As a result,
Esystem declines quickly for HEX-A and slowly for ERL-A.

9. CONCLUSION

We examined a double orbit retrial queueing inventory model for a single server that included
orbital search, repair, breakdown, discouragement, single vacation and constant retrial rate. We
explored server status, inventory levels and the number of customers in the system using matrix
analytic techniques in steady state conditions. By using this method, we were able to evaluate the
effectiveness and performance of the system, determine optimal approaches for inventory and
service management and learn about the system parameters. This model can be expanded for
further work to include multi-servers and two different kinds of customers.
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