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Abstract
The present research endeavours to use the ranked set sampling technique in place of the simple random
sampling technique in estimating the reliability model in the field of reliability engineering and
manufacturing industries. The stress-strength reliability is widely used in all field of engineering and in
the manufacturing industry. In this research article, we take the case when the lifetime data of any
machinery followed the Inverse Nakagami distribution, and by considering the stress-strength model, we
compare the standard ranked set sampling and median ranked set sampling estimate with the
corresponding simple random sampling estimate through Monte Carlo simulation technique. The final
stage of this study involves corroborating the findings through an analysis of a benchmark dataset on
elevators and their motors utilized in farming machinery.

Keywords: Stress-strength reliability, Median ranked set sampling, Ranked
set sampling, Inverse Nakagami distribution, Monte Carlo simulation

I. Introduction

In the literature, the conceptual framework of the stress-strength model was first introduced by
Birnbaum [2], with further advancements made in his joint work with McCarty [16]. The phrase ‘stress-
strength’ was first coined by Church and Harris [6] in their academic article, in which they performed
important investigations using parametric and non-parametric techniques. Following this, various
scholars selected different probabilistic models to estimate the stress-strength relation- ships. Some of
these selections were summarized by Johnson [10]. A comprehensive overview of all methodologies
and discoveries related to the stress-strength paradigm across the previous four decades was compiled
by Kotz et al. [12]. Different researchers work on stress-strength model by taking different cases of
distribution, like Downton [8] take the case of Normal distribution, Constantine et al. [7] take the case
of Gamma distribution, Awad and Gharraf [1] take Burr distribution case, Kundu and Gupta [13] take
Generalised Exponential distribution case and so many others distribution are taken to estimate stress-
strength reliability.
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Based on existing literature, no researchers have explored the case of the Inverse Nakagami
distribution until now. The Inverse Nakagami distribution (INAD) was proposed by Louzada et al.
[15] as an extension of the Nakagami distribution, which was originally introduced by Nakagami [18]
himself. The versatility of the Nakagami distribution has led to its adoption in multiple fields, ranging
from communications technology to medical image analysis, water resource management, and
earthquake studies. (see, e.g., studies by Wang et al. [26], Tsui et al. [25], Sarkar et al. [22], Nakahara
and Carcole [19]).

The Ranked Set Sampling (RSS) introduced by McIntyre [16]. Unlike conventional random
sampling methods, RSS leverages the ranked order or order statistics of sampled observations to
improve the quality and efficiency of estimations. The estimation of distribution functions using
various RSS techniques has been explored by several researchers. Stokes and Sager [24], Yu and Lam
[27], and Chen [4] have contributed to this area. Furthermore, investigations into the estimation of dis-
tribution functions under different RSS methods have been conducted by Kvam and Samaniego [14],
and Chen [5]. Furthermore, the research contributions of Zhang et al. [29], Zamanzade and Vock [28],
and Ozturk and Kavlak [20] have shed light on inferential methodologies and techniques that utilize
data obtained through ranked set sampling approaches.

Muttak [17] introduced a modified variant of RSS called the median ranked set sampling (MRSS)
aimed at estimating the population mean. A comprehensive literature review encompassing the
research on RSS until 1995 can be found in the work of Kaur et al. [11]. Employing the MRSS technique,
Samuh and Qtait [21] focused on estimating the parameters of the Exponentiated Exponential
distribution. Hassan et al. [9] contributed to the field by exploring stress-strength reliability estimation
utilizing the MRSS approach. More recently, Shahzad et al. [23] made a significant contribution to the
MRSS field by demonstrating the effectiveness of combining ranked and actual auxiliary variable
observations in mean estimation.

Here, we have consider the estimation of R = Pr(Y < X) with a focus on situation where the random
stress Y and random strength X are two independent Inverse Nak- agami random variables with shape
parameters (&1, £2) and scale parameters (U, V), respectively. The point estimator of R = Pr(Y < X), is
obtained using the maximum likelihood method based on SRS, RSS and MRSS, and the efficiency of
this method based on SRS and RSS is compared. In Section 2, we present a brief overview about the
Inverse Nakagami distribution. Point estimation of the parameters is given in Section 3. Stress-strength
reliability is calculated in Section 4. Section 5 and Section 6 comprises the point estimation of stress-
strength model under SRS and under RSS, respectively. In Section 7 we take the case of MRSS and
derived the point estimation of the parameters. A simulation study employing the Monte Carlo
method is discussed in Section 8. Section 9 shows the real life application of the current findings, and
lastly Section 10 provides concluding remarks for the paper.

II. Preliminary

When a random variable X follows the Inverse Nakagami distribution INAD (&, ) with shape
parameter &, where & is constrained to be greater than 0, and scale parameter |, where 1 is greater
than 0 then its PDF and CDF is given by

flx, &) =%<%)Ex'2§'1exp (—%x*); x>0,¢y>0E>0

£ 2
M- x>0,>0,E>0
re -’ ' ' 2)

)

and

F(x) =
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where I'(a, x) = fxm t*le tdt
The reliability function of INAD (&, V) is

(e

R(t) = Tt

; t>0,>0E>0

where y(a,x) = f; t*le tdt
The hazard rate of INAD (&, {) is

ol ()

)
Special Cases of INAD (¢, {)
1.If £=1, then INAD (&, {) becomes the Inverse Rayleigh distribution.
2. 1If £=0.5, then INAD (£, V) becomes the Inverse half-normal distribution.
3.Ifp=1,E=AA=1,2,3 .., then INAD (&, {) becomes the Inverse Chi
distribution.

h(t) =

;t>0,>0,E>0

4. There is one special case where INAD (&, ) moves to newly proposed Inverse Hayt distribution
for0<&<1.

III. Parameters estimation

If we take a random sample x1, x2,..., xa from the INAD (¢, V) of size n, then the likelihood function of
the Inverse Nakagami distribution INAD (¢, V) is given by

NG PRNSIRUNN G 4
L(x, & W) = TR o) l;[(xi) exp lIJZ X;

i=1 ®)
We can formulate the likelihood function as follows
n n
logL =nlog2 —nlogl't+ nglogé —nélogy — (28 + l)z logx; — EZ x;?
i=1 b i=1 4)
Differentiating the log likelihood function of INAD (¢, 1) given in Eq. (4) with respect to { in
the case when £ is known and equating the resulting equation equal to zero, we get
-2
~ =1 X
Y=—" 5)
Similarly, differentiating the log likelihood function of INAD (€, }) given in Eq. (4) with respect
to £ in the case when 1 is known
dlogL ? C v
=n(log¢+1)—n (— logI‘E) —nlogy — 2 Z log x; — —Z X;
% % = ©)

equating the Eq. (6) to zero, we get

dlogl d 1 1
st Gttt 7)o
P log & (GEIOgFE) log (n . X; ) + nl. log x; 0 )

i=1
ML estimator of £ (§) can be obtained from Eq. (7) by using Newton-Raphson method beacause

Eq. (7) does not yield a closed-form solution.
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IV. Stress - strength reliability

To formulate the reliability expression under the stress-strength model, we assume the strength
characteristic is represented by the random variable X, while the stress characteristic is denoted by the
random variable Y. Both X and Y are assumed to follow the Inverse Nakagami distribution,
characterized by a shared scale parameter 1\, where 1 is greater than zero. However, they differ in
their shape parameters, with X having a shape parameter of &1 and Y having a shape parameter of &.
Letting X~ INAD (£1,¢) and Y ~ INAD (&2, {), we can proceed to derive the reliability as

R = f P(Y < X)f(x)dx

2 &1 —
[l @) e ) o
£,-1

2) [ en(529) Y G

@ e )" [ T
- AR y—(51+m)—1 e Yo

¢, m!
m=0 0

)R @) [ TGt m) ®)
g — m! (& +§)%tm

dy

R

V. Evaluating stress-strength model through SRS point estimation

We consider two independent random samples X and Y, of sizes n and m respectively, drawn from
INAD’s. Let X follow a INAD with a shape parameter &1, while Y follows a INAD with a shape
parameter &2. Assuming the scale parameter | is known, we can employ the invariance property of
Maximum Likelihood (ML) estimators to derive the ML estimator for R given in Eq. (8). Under these
conditions, the ML estimators of &1 and & from Eq. (7) are given by &, and £,,,. Here we use the R
software to calculate the ML estimators of £1 and &£2 from Eq. (7), respectively.

In the context of simple random sampling, the expression for the maximum likelihood estimator of R
takes the following form

s Eisrs Sisrs=1 m 2
o (G )" | e+ m) ©)

- Té m! s s \isrstm
$1srs m=0 (Elsrs + EZsrs) e

STrs

VL. Evaluating stress-strength model through RSS point estimation

RSS represents an advanced statistical method that improves parameter estimation accuracy,
especially in situations where data gathering is limited by resources or expenses. The RSS process for
obtaining a sample of size n involves multiple stages. Initially, m random sets are chosen through SRS,
each containing m elements. These elements are then ordered within their respective sets from smallest
to largest based on judgment alone, without actual measurement. The next phase involves selecting
specific units for precise measurement. This is done by measuring the unit judged smallest in the first
set, the second smallest in the second set, and so on, culminating with the largest judged unit in the
final set. This entire sequence constitutes one cycle. The process is repeated r times, resulting in a total
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ranked set sample size of n = mr, where m is the number of units per set and r represents the number
of completed cycles.

I. RSS-based Maximum likelihood estimation for stress-strength model

Let us consider two ranked set samples from Inverse Nakagami distributions with different
parameters. The first sample, denoted as x(;j), has a size of n; = r;m;, where i ranges from 1 to mi, and
j from 1 to r1. This sample is drawn from an Inverse Nakagami distribution with parameters (&1, ).
Here, m1 represents the set size, and r1 the number of cycles. Similarly, the second sample, y (), has a
size of n, = r,m,, where k ranges from 1 to mz, and 1 from 1 to r2. This sample comes from an Inverse
Nakagami distribution with parameters (&2, V). In this case, m: is the set size, and r2 the number of

cycles. We can now express the probability density functions (PDFs) for x(;;y and y(y, as follows:
m,!

14) = G Dy amy =gy P OO1 T T = ExCOI™ 1 () (10)

(11)

!
900 = Gy e =T PO T~ O™ 9 0n)

Now the likelihood function is given as
LM

L= _ :i:fi(xij)l_zll_z[gk(ykl)
k=1 1=1

i=1 j=1

RS my! . o
L= iy (i —D!(my —0)! [Fx(x)]' 1 = Fx(x)] f(xij)

m,!
111 1(k—l)!(m

_ my!
Letu =z 1)!( - wa dv =G

ynY [Fy I 1 = FOD]I™27* g i)

= [ [ trecor=nn = Fecormir(xy)
[ [P RO - RO O
Sy (RO
()] () e (o)
TG Fegs] @
e e

kl
I o)) (o)
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{4 e e
[FEZ (EZ, 52 kl)l 2 (%) yk-IZé’z—l exp (_S:b_z y,;f)

The combination of the lower and upper incomplete gamma functions yields the complete gamma

function. This relationship can be expressed mathematically as:

( ,¢iz)+r< ’q;iZ) =T
FE_F( 'qch) :y< ’q;ExZ)

Thus,
) rp om 2 £, i-1 £ my—i
L‘”ﬂﬂ(ra)ml [F<Ew—x}>] [ (El wxu)]
i=1 j=1
A &
(E) X 2 1exp(—$ Xl]>
T 5\ g\
T el (e "\
el iei Yia ya
&2
(%2) y‘zzz‘lexp(——ykz)
@M &t &\ & \™
L=y () HH[F(W—)] [V(*‘w—)]
x~2%17 1 exp <—%le2)
e S I 1
e ||
y e exp (—% Vi )
Taking log on both sides
logL =loglL; +loglL,
where,
_ 2)m n1§1 mq—i
=g nn[ (51 ])] [ (51 wxu)]
x %17 lexp <—% xuz)
“arl) [ egl bl
ke = v(rfz)nzmz( ) 1 1_1[ & by y f2,1,[’)’131
y He exp (—% Vi )
This implies
logL,; =logu +n,log2 —nym, logl'¢, + nlil(log & —logy)
+ZZ(1—1)log[ <zl C )] ZZm z)log[ (zl o )]
i=1 j=1 i=1 j=1 U
~@5+ D) ) logxy ——sz] (12)
i=1 j=1 i=1j=1 "

1051



S. Kumar, R. Shukla, B. Meena, SP. Singh RT&A, No 4 (89)
STRESS-STRENGTH MODELLING: SRS,RSS AND MRSS Volume 20, December 2025

By taking the partial derivatives of Eq. (12) with respect to &1 and &2, we obtain:

M(;g—i(fl) ny (1 + log&) — nymy <0§ 10g1“§1> n, logy
+ZZ(1_1)65 10g[ (gl_ )] ZZ(ml log[ (fl,lps‘ )]
=1 j= 1 U
_ZZZlngU - ZZ
i=1 j=1 l 1j=
alc;giz(sz) n,(1 +logé,;) —n,m, (55 log Ffz) n, logy (13)

22l (g 2 2 mwag (o)

rz mz 2 my

_ZZZIOgykl __zzy (14)
k=11=1 ki

To determine the ML estimators for &1 and &2 using RSS, we employ a numerical approach. We denote
these estimators as §;,¢; and £,,¢;, which are derived from two specific equations (referred to as Eq.
(13) and Eq. (14) in the original text).

Subsequently, we apply the invariance property of ML estimators. This allows us to calculate the ML
estimator for the R = Pr(Y < X), based on the RSS. This estimator can be expressed as:

~ E1rss Elrss_l ~ m ~
ﬁ _ (glrss)g (flrss) F(fnss + m) (15)

rss — z s
r m! & & S1rsstm
flrss m=0 (flrss + §2rss)

VII. Evaluating stress-strength model through MRSS point estimation

The MRSS method begins by selecting n random samples, each containing n units from the target
population. These units are then ranked within their respective samples based on the variable of
interest. For odd-sized samples, the median unit defined as the ((n+1)/2)th smallest ranked unit is
chosen from each sample. In even-sized samples, the selection alternates: the (n/2)th smallest ranked
unit is picked from the first half of the samples, while the ((n/2)+1)th smallest ranked unit is selected
from the remaining half. This process can be repeated r times if a larger sample is required, ultimately
yielding an MRSS sample of nr units. This approach ensures a representative selection of median units
from the ranked samples.

When implementing MRSS, we can encounter four distinct scenarios. These scenarios are determined
by the nature of the sampling process for both X and Y datasets:

1. In the first scenario, both X and Y are sampled using MRSS with odd set sizes.

2. The second scenario involves both X and Y being sampled through MRSS with even set sizes.

3. The third scenario presents a mixed approach: the strength data (X) is collected using MRSS with an
odd set size, while the stress data (Y) is gathered using MRSS with an even set size.

4. The fourth scenario is the reverse of the third: the strength data (X) is obtained through MRSS with
an even set size, whereas the stress data (Y) is collected using MRSS with an odd set size.

These varying scenarios provide different contexts for data analysis and interpretation in the study of
strength-stress relationships.
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I. First case: when set sizes are odd

Consider an MRSS sample denoted as Xj);, wherei=1,2,..,m;,j =12, ..,r;and g = (ml;l), drawn

from an INAD with shape parameter §; and scale parameter . This MRSS sample has a size n; = myr,,

where m; represents the set size, and r; is the number of cycles. Similarly, let Yy, where k =
mp+1

12,..,my, 1= 12, .., and h = (22

). This MRSS sample has a size n, = m,r,, with m, as the set

size and 7, as the number of cycles. With these MRSS samples from Inverse Nakagami distribution
for X and Y, the likelihood function can be expressed as follows:

Loy = nl_[fg(xl(g)l) Hl_lfh(yk(h)l)
i=1 j=
where,
m' 1 El El o
fo(xiggrs) = [(g— 1)1]2[(r§1)2 <E1' l(g))y(zl'wxf(g)j)]
51) -2§;-1 < &1 )
x5 T ex - 2 (16)
I, (lIJ i) P by
and
5! 1 & 52 "
fa(eann) = 1)']2 [(Fzz)z <EZ"|U’;§(h)z)y(Ezjlpyl?(h)l)]
2 E_z g (s o
riz(lb) Yewt Xp( ll’y:f(n))

Eq. (16) and (17) are represent the pdfs of X;(4); and Yy, respectively such that
Xi(g; > 0 and Yigy > 0. The log likelihood function of Ly is given as

m; 1M

logL(;) = logv + n, loga — 521 - Z 2(251 + 1) log x;(g);
Xig)j i=1 j=1

=) > 20— DlogTE) + ) > (g~ D1og(@:Py)
i=1j=1 i=1j=1
EZ 2 T2
+n,1 - - (25, + 1)1
n, logp Lljylg(h)l ,ZUZ 2 08 Yk(n)

L my 13 (18)

Z Z 2(h = 1) log(I,) + Z Z(h ~ 1)log(Q:P)

k=

. 2 g\, 2 (% fz _ . _ & 3

In Eq.(17), v is the constant, a = F_E1($) ,B= E(E) y @1 =T (El;%)a QZ =T (EZ' wyl%(h)l>, P =

(gt and e =v(gin)

To determine the ML estimators for parameters §; and ¢,, we employ a direct maximization approach
on the log-likelihood function, denoted as log L. This process involves calculating the first partial
derivatives of log L(;) with respect to both ¢; and ¢,, independently. By setting these partial derivatives
to zero and solving the resulting equations, we can derive the estimators. The expressions for these
first partial derivatives, which form the basis for finding the maximum likelihood estimators, are given

by:
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m; T
%znl (logllj—l—logi1 g logl“El) ZZZlogxl(g)]
aEl E l(g)] =1 (19)
my 1 my N
-y Z 29~ 1) logTE:+ ). Z(y — 1) 7 log(@,P)
i=1 j= i=1 j=
my T2
0 lOg L(l) _ 1
ot~ Mz\log¥ —1-—logt, — IOgFEz ——— = 2108 Yi(my1
&2 0%, WYk e
my; 12 P mz T2 P
=Y Y 2= 1D5—loglE+ ) > (h—1)5—log(0:P,) 20)
k=11=1 % k=11=1 0%,

The Eq. (19) and (20) representing the first partial derivatives do not have closed-form analytical
solutions. The nature of these equations demands an iterative approach using numerical algorithms to
arrive at solutions. By employing such an iterative approach, the ML estimators of the unknown
parameters can be obtained based on the MRSS data when the set size is odd. Subsequently, the ML
estimator of the stress-strength reliability can be derived by substituting the estimated values of the

population parameters into the expression given in Eq. (8).
II. Second case: when set sizes are even

Consider a sample drawn from an Inverse Nakagami distribution with parameters (¢;, ), denoted as
INAD (&;, ), using MRSS with even set sizes. This sample can be represented as the union of two
sets:{Xiqjpi = L2, ...,q;j = 1,2, ..., 11} U Xjqsn)jpi = (@ + 1), ..., my;j = 1,2, ...,1;} where q equals m, /2.
Similarly, for a sample from INAD (&,, ), using MRSS with even set sizes, we have the union of
Ve k=12, .., w1 =12, ...,1} U {Yg+pp k= @+ 1),...,my; 1 = 1,2, ..., 15}, where uis m, /2.

Given these samples, we can formulate the likelihood function L, for the observed data as follows:

q T1 mq T
La = anq(xi(q)j) H nf<q+1)(xt<q+1)j)

111 Lq+1]

H Hfu(yk(u)l) 1_[ 1_[ faurn D)

=1 l=1 k=u+1 I=

) ml! 1 2q El q-1
fq(xi(q)j)—zm(r_gl) [ <El'lbxl<q)1)]

&\ ()" 2 (_ & )
[v(El. Wiz(q)j)] () xiy e e 1)

B m,! 1\% & 1
fia+n (FKiqenj) = 2m<r_ﬁ> [F <E1m)]

& THENT e & (22)
[ (El'kl"xl(qﬂ)])] (E) Hitgrny &P (_ ll}xi2(q+1)j>‘

B m,! 1\ EZ “
fu(Yk(u)l) - zm(F_E) lr <E2’¢ylg(u)l>l @)

where,
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&2 )]u E_ZEZ —28,-1 <_ $2 )
[(Ez'lpyk(u)l (‘IJ) Vet P Vi)

and

om0 B ]
foOrcs) =2 () [r (o)

; u-1 £ I 13 (24)
R S2 —28,-1 2
[Y <EZ’ U} }’i(u+1)z)] <IIJ> Viewr)€XP ( ‘I’ylg(uﬂ)l)'

Eq. (21), (22), (23) and (24) are represent the pdfs of X;(q);, Xi(q+1)j Yk and Y1) respectively such
that X;(q)j >, Xi(g+1)j > Yk and Yxw+1)1 > 0. The log likelihood function of L(,) is given as

lOg L(Z) = log L(Z)* + lOg L(Z)** (25)
where,
log Li;y" = logcy + z Z(q —DlogEyq + z z qlog Fyq) + qry log )y
i=1 j= i=1 j=
q
ZZ(ZEl + 1) logxy(q); — ZZ
i=1j i=1 j= lpxl(‘Z)]
+ Z quOgEl(q+1) + Z Z(q — 1) log Fy(q+1) + mymi loghy
i=q+1 j= i=q+1 j=
m
Z 2(221 + 1) log xi(g+1); — Z Z (26)
i=q+1 j= i=q+1 j= 1lIJxl(Q+1)J
and

u mn u 2
log Lizy™ =logc, + z Z(u —1logEyqy + z z ulog Fpqy
k=
+ur, logh, - Z Z(zzz +1)10g iyt ~ Z Z
1pyk(u)l
mz T2
+ Z ZulogEz(um + Z Z(u— Dlog Fous)

k=u+11=1 k=u+11=1
mp 2
+m,r; logd, — z Z(ZEZ +1) log Y+
k=n‘lltz+1 l:zl (27)
_ _ &
2
Wty 5 Wi

Here, ¢; and c, are the constants.

2 &1 §1 2 £, &2
e ) Il )

(Tg1)2a \¢ (TE,)2u \
91 €1

B =T —) Evgen = T (80 g ), Eaw = (82 752—),
1(q) S5 Eig+n) S0y, Xl(q+1), 2(u) & "pyk(u)l
B = P (g oo =V (o) P =¥ (325
2+ =& ¢Yk<u+ o) = 3 1@+ =Y (& ll!xl(qﬂ),

oo =7 (Sogpi) e =¥ (o)
2w) =V & wyi(u)l 2(u+1) = &2 ll’yk.(uﬂ)z
In the process of differentiating the log-likelihood function log L), the terms related to the log L,y

expression will vanish when taking the derivative with respect to the parameter ¢; . Conversely, the

terms associated with the logL(,y" expression will drop out when differentiating with respect to the

parameter &,. The resulting first partial derivative expressions are as follows:
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dloglL,
= Z Z(q - 1) log Eyq + Z Z q 5 log Fiq)
0%, 0%,
i= 1 j= 1 i=1 j=
-2 Z Z logx;qy; + qn (log & —logy — E_ + 1)
i=1 j=
q n m; 1
22 2 D
—= WXy A = lIJxl(‘H'l)J
1
+ Z Z an l0gE1(q+1) + Z Z(q - 1) logFl(q+1)
i=q+1 j= i=q+1 j=
28
+myny (log & —logy — E_ + 1) -2 Z Z log x;(q+1)j (28)
i=q+1 j=
and

dloglL
gLy z Z(u - 1) IOg Ez(u) + Z Z lOg FZ(u)
%, i
=1 1= 1
u
Z Z 108 Yot + ur (log 5 —logy — E_ + 1)
k=11=1

u
z lIJ}’k(u)l Z zq—’yk(u+1)l

k=1 k=q+1 1=

my
z 3, log Eyus1) + Z Z(u - 1) long(u+1)

k=u+1 1= 1

Zu (29)
+myr, (log§, —logy — g +1)-=2 1083’k(u+1)l

k=u+1l=1
The Eq. (28) and Eq. (29), which denote the first partial derivatives, do not have closed-form analytical

solutions. As a result, an iterative numerical technique must be employed to solve these equations. By
utilizing such an iterative approach, the ML estimators of the unknown parameters can be obtained
when the MRSS data has even set sizes. Subsequently, the ML estimator of the R = P.(Y < X) can be
derived by substituting the estimated values of the population parameters into the expression given
in Eq. (8).

III. Third case: when stress has even and strength has odd set sizes

We examine the stress-strength reliability in a scenario where the samples for X and Y are drawn using
different methods from Inverse Nakagami distributions (INAD). Specifically, samples of X are drawn
from INAD using the Odd-set Median Ranked Set Sampling (OMRSS) technique. (§;, {),while Y
samples are drawn using Even-set Median Ranked Set Sampling technique (EMRSS) from INAD
(&2,¥). For X, we denote the OMRSS observations as Xjg);,where i ranges from 1 to m,, j from 1 to 7y,

and g is calculated as (mat1)

For Y, the EMRSS sample is represented as the union of two sets: {Yy,,k=1,2,...,u;1=1,2,..,r,} U
Yesnp k= @+ 1),...,my;1 =12, ..., 15}, where u equals m, /2.

Given these sampling methods, we can express the likelihood function for the observed data as
follows:
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u
Ly = 1_[ 1_[ fo(xice;) 1_[ Hfu(yk(u)l) 1_[ 1_[ feurn Vrs1)
i=1 j= k=u+1 =

fg(xi(g)j) and fu(yk(u)l) are given in Eq. (16) and (23), respectively. f(u+1) (yk(u+1)1) is given in Eq. (24).
The log likelihood function of L) is given as follows:

log L(3) = log L(3)* + log L(3)** (30)
where,
E mp; T
log Li3y" = loga; +ny logo — 21 - Z Z(ZEl + 1) log x;(4);
l'ljxl‘(g)]' i=1 j=1
m; 1 m; 1M
(31)
- 2(g — Dlog(I'gy) + (g — D log(Q,Py)
i=1 j=1 i=1j=1
and

u T2 u T2
log L(3)™ = logb, + Z Z(u —1DlogEyu + Z Z ulog Fy) + uryloga,

i Z(zzz + 1) log Vi - Z Z o

k=11= k=11=
mp Tz mp T2
+ Z Z ulogEyy41) + Z Z(u — 1 log Faeus1)
k=u+1 1= k=u+1 1=
+m,r, logd; — Z Z(ZEZ + 1) log Yku+1n
k=u+1l=1
mp 2
_ 2‘372 (32)
WSty 5 Wk

Here, a; and b, are the constants.

The ML estimators of the parameters §; and ¢, can be derived by maximizing the log-likelihood
function log L(3y directly with respect to §; and §,, respectively. The resulting first partial derivative
expressions with respect to §; and &, is given by Eq. (19) and (29), respectively. It appears that Eq. (19)
and (29) do not have closed-form analytical solutions. As a result, a numerical technique must be
utilized to obtain the solutions. Subsequently, the ML estimator of the stress-strength reliability can be
obtained by substituting the estimated values of the population parameters into the expression
provided in Eq. (8).

IV. Forth case: when strength has even and stress has odd set sizes

We examine the reliability estimator in a scenario where X samples are derived from the INAD
distribution using EMRSS, while Y samples are obtained from the same distribution employing
OMRSS. Let the {Xi;i=12,..,q;j=12,..,11}U{Xjqsnjpi=(Qq+1),..,m;j=12,..,1} be the
observed EMRSS from INAD (§;, ) distribution. Let the Yy, wherek = 1,2,...,m,,1=12,...,1, and
h = (mZH) be the observed OMRSS drawn from INAD (§,, ¥) distribution. The likelihood of the

observed variables will be g1ven as follows

L = nﬂfq(%(qn) H Hf(qn)(xl(qn);)Hﬂfn(yk(hn)

i=1 j= i=q+1 j=
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The pdfs expressions of fq(Xi(q)j);f(q+1)(yk(q+1)l) and fh(yk(h)l) are given in Eq. (21), (22) and (17),
respectively. Now, the log likelihood function of L, is given as
log L(4) = log L(4)* + lOg L(4_)**

(33)
where,
q ™ q ™
logL(4)" = loga, + Z Z(q — 1) logE g + Z Z qlogFyq) + qriloghy
i=1 j= i=1j=1
q
2(221 + 1) log xiq); — ZZ
i=1 j=1 i=1 j= 1lpxl(q)1
+ Z Z qlogEy(q+1) + z Z(q — D logFi(g+1)
i= q+1] i=q+1 j=
1
+myr; logh, — z Z(Zﬁl + 1) log Xi(g+1);
i=q+1 j=1
m; 1
3 Z z &2 (34)
2
i=q+1j=1 Wi+
and
E mz T2
log L™ = logh, + iy logh— ——2—— > Z(zzz + 1) 10g Ve
L|J3’k,(h)l —_
T1 my; 1
-> Z 2(h — 1) log(Te,) + Z Z(h — 1) log(Q2P,) (33)
k=1

Here, a, and b, are the constants.

The ML estimators of the parameters & and ¢, can be derived by directly maximizing the log-
likelihood function log L,y with respect to §; and ¢,, respectively. The resulting first partial derivative
expressions with respect to &; and &, are given by Eq. (28) and (20), respectively.

It appears that Eq. (28) and (20) do not have closed-form analytical solutions. Consequently, a
numerical technique must be employed to obtain the solutions. Finally, the ML estimator of the stress-
strength reliability can be obtained by substituting the estimated values of the population parameters
into the expression provided in Eq. (8).

VIII. Simulation study

To rigorously assess the efficacy of our proposed reliability estimation methods, we conducted a
comprehensive simulation study. This computational investigation compares the performance of
estimates derived from RSS and MRSS against those obtained through SRS. Our simulations span a
diverse range of scenarios, providing crucial insights into the relative strengths of these sampling
techniques under various conditions. The comparison is based on three key criteria: bias, mean square
error (MSE), and relative efficiency (RE). The simulation setup involves various set sizes and number
of cycles, specifically (my, my) = (2, 2), (3, 3), (2, 3), 3, 2), (4 4), (5, 5), (4, 5), (5 4),(6, 6),(7, 7),(6, 7),(7,
6),(8, 8).,(9, 9),(8, 9),(9, 8) and r, =r, = 5. Consequently, the sample sizes for SRSS and MRSS are
calculated as n; = myr; and n, = m,r,, respectively. For SRS samples, the sample sizes used are
(n4,n) = (10, 10),(15, 15),(10, 15),(15, 10),(20, 20),(25, 25),(20, 25),(25, 20),(30, 30),(35, 35),(30, 35),(35,
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30),(40, 40),(45, 45),(40, 45),(45, 40). The parameter values are set to (§4,8,) = (2, 4), (3, 5), and (6, 8) and
=3, 2 and 4 with the true system reliability values of Ry, = 0.53909, 0.52465 and 0.51036. A total of
1000 random samples are generated from INAD (&, ) and INAD (§,, {) distributions. The estimated
reliability is evaluated using bias, mean square errors (MSEs) and relative efficiencies (REs).

The bias of estimate of R is defined as Bias(R) = E(R) — R. The efficiencies of RSS and MRSS with
respect to SRS are defined as the ratios of their respective MSEs. Specifically, the efficiency of RSS

relative to SRS is given by Effi(Rgss, Rsgs) = (w

MSE(RsRrs)
. . MSE(R )
SRS is Effl(RMRSS, RSRS) = (W;{SRRSS?)

Analysis of the simulation results, as presented in Tables 1 through 4, reveals a clear pattern of

). Similarly, the efficiency of MRSS relative to

superior performance for the MRSS method. The efficiency of MRSS demonstrates a notable increase
as the sample size or set size grows, highlighting its scalability and robustness. Across the various
scenarios examined, MRSS consistently outperformed both RSS and SRS techniques. The efficiency
gains of MRSS were substantial, with performance improvements ranging from 2 to 9 times that of
SRS. This significant enhancement in efficiency underscores the potential of MRSS to dramatically
improve the precision of reliability estimations, particularly in larger sample sizes.

While RSS also showed improved efficiency compared to SRS, its gains were more modest. The
performance of RSS consistently fell between that of SRS and MRSS, demonstrating that while it offers
improvements over simple random sampling, it does not match the marked benefits provided by
MRSS. The consistent superiority of MRSS across all examined scenarios reinforces its robustness as a
sampling technique. This consistency, coupled with its escalating efficiency as sample sizes increase,
positions MRSS as a powerful tool for enhancing the accuracy and reliability of statistical estimations
in various fields where precise sampling is crucial.

IX. Real life application

In this study, we examine two critical datasets originally explored by Louzada et al. [15] in their ground
breaking research on the Inverse Nakagami distribution. These datasets offer valuable insights into
the failure life of essential components in agricultural machinery: the motor and elevator systems. By
repurposing this data, we aim to demonstrate the practical applications of our research in a novel
context. Specifically, we utilize these datasets as stress and strength variables within our proposed
reliability model, thereby bridging the gap between theoretical statistical frameworks and real-world
engineering challenges. This approach not only validates the robustness of our model but also
highlights its potential to enhance predictive maintenance strategies in the agricultural sector,
potentially reducing downtime and improving overall operational efficiency. The datasets are shown
in Table 5 and 6 respectively.

Prior to delving deeper into our analysis, it is imperative to conduct a comprehensive examination
of the fundamental data characteristics. To evaluate the efficacy of our findings, we employ the
Kolmogorov-Smirnov (K-S) test, a robust statistical tool, alongside its associated P-value (P-V). This
methodology allows us to quantify the alignment between empirical observations and theoretical
predictions. Our findings reveal encouraging results: for the initial dataset, we observe a K-S distance
of 0.2222222, coupled with a P-V of 0.1267165, while the second dataset yields a K-S distance of 0.203125
and a P-V of 0.1324632. These metrics strongly suggest that our model provides an excellent fit to the
observed data.To further illustrattion, we have generated visual representations of key statistical
measures. Figures 1 and 2 present a suite of graphical analyses, including the probability-probability
(PP) plots, and the estimated PDF and CDF for both datasets.
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Table 5: Dataset Related to the
Agricultural Machine’s Elevator

Table 6: Dataset Related to the
Agricultural Machine’s Motor

T T 2 7 21 T 1T 25 1 22
1 1 3 7 23 1 1 2 5 11 24
1 1 3 9 23 1 1 3 5 12 29
1 1 3 9 24 1 1 3 5 12 32
1 1 4 11 25 1 1 3 7 13 33
1 1 4 11 31 1 1 4 8 16 33
1 2 4 11 56 1 1 4 8 17 41
1 2 5 12 61 1 1 4 9 17 41
1 2 6 17 61 1 2 4 9 18 121
1 2 7 17 122 1 2 5 11 18
1 2 7 17 1 2 5 11 18
° P-P Plot
3 ""’."
—— INAD Distribution : .t
:g c
—l_‘ = . ; ; ; ; 070 072 OTA ofs ofa 170
i : s : t Theoretical Probabilities
Figure 1: The PDF, CDF and P-P Plots of the INAD distribution for Elevator dataset
° P-P Plot
3 ’ I‘:.
© g
—— INAD Distribution 2 S .,a“
2 1
l ) ' ' ' ' oto ofz 0!4 ofs ofs 170

2 3 ‘ 5 6

Theoretical Probabilities

Figure 2: The PDF, CDF and P-P Plots of the INAD distribution for Motor dataset
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Table 7: Stress-strength R = P(X<Y) estimate of the datasets

Sample Set SRS RSS MRSS
Size Cycle =3

6,6 2,2 0.8577746 0.8679643 0.9364125

99 3,3 07931385 0.8590813 0.9664752

9,6 32 08244659 0.8781348 0.9754125

6,9 23  0.7849362 0.8546207 0.9599871
Size Cycle=5

20,20 44 0.8250181 0.8455731 0.9236574
2525 55 0.8302296 0.8632833 0.9335574
2520 54 0.8085325 0.8447445 0.9678474
20,25 45 0.8237667 0.8503601 0.9744001

Our analysis of Data 5and 6 through three distinct sampling methodologies- MRSS, RSS, and SRS
reveals a compelling pattern. As we increase the sample size, or more specifically, as the set size grows,
we observe the stress-strength estimate steadily approaching unity. This trend is particularly
pronounced in the case of MRSS. A close examination of Table 7 illuminates a striking feature: the
stress-strength (R) estimates derived from MRSS consistently outperform those obtained via RSS and
SRS. Figure 3 presents a comparative analysis of stress-strength reliability using SRS, RSS, and MRSS
methods, focusing on different set sizes for the third and fifth cycles. This superiority of MRSS is not
merely a numerical quirk but a recurring theme throughout our analysis. The persistent edge
maintained by MRSS estimates lends credence to our earlier findings and hints at the method’s
robustness in specific sampling scenarios. The consistent outperformance of MRSS carries significant
implications. It not only corroborates our previous conclusions but also sheds light on the potential
benefits of employing MRSS in certain research contexts. This finding opens up intriguing avenues for
further exploration, particularly in situations where precise stress-strength estimation is crucial.

1.00 1.00

0.50 0.50
0.25 0.25

0.00 0.00

22) 23) 32) (33) (44) (4.5) (54) (55)
Set size Set size

Method MRSS RSS SRS Method MRSS RSS SRS

Figure 3: Stress-strength reliability under SRS, RSS and MRSS at various set sizes for cycle 3 and 5

X. Conclusion

This research delves into the intricate realm of stress-strength reliability estimation, focusing on
scenarios where both stress and strength variables are characterized by the Inverse Nakagami
distribution. Our investigation encompasses a triad of sampling methodologies: SRS, RSS, and
MRSS, with the latter explored for both odd and even set sizes. Through rigorous numerical
analysis, we’ve scrutinized the efficacy of various estimators across these diverse sampling
schemes. The results unequivocally demonstrate the superiority of MRSS-based stress-strength
estimates, which consistently outshine their counterparts derived from SRS and RSS data.
Interestingly, RSS-based estimates typically occupy a middle ground in terms of performance,
bridging the gap between SRS and MRSS. These theoretical findings find robust corroboration in
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real-world applications, lending credence to the practical utility of our research. The implications
of this study extend beyond its immediate scope, paving the way for future investigations in this
domain.

Prospective research avenues could explore the intriguing dynamics of heterogeneous sampling
methods for stress and strength data. For instance, scholars might examine stress-strength
estimation in scenarios where strength data is procured through RSS, while stress measurements
employ MRSS with varying set sizes, or vice versa. Furthermore, the horizon of MRSS reliability
inference could be expanded to encompass cases where stress and strength variables adhere to
distinct probability distributions, potentially unveiling new insights in this critical field of study.

Author Contribution Statements: All authors contributed equally and significantly in writing this
article. All authors read and approved the final manuscript.

Declaration of Competing Interests: Authors state no conflict of interest.

REFERENCES

[1] A.M. Awad and M.K. Gharraf. “Estimation of P (Y< X) in the Burr case: A comparative study”.
In: Communications in Statistics-Simulation and Computation 15.2 (Jan 1986), pp. 389-403.

[2] Z.W.Birnbaum. “On a use of the Mann-Whitney statistic”. In: “Proceedings of the third Berkeley
symposium on mathematical statistics and probability”. Contributions to the Theory of Statistics,
University of California Press. Volume 1 (Jan 1956), pp. 13-18.

[3] Z.W.Birnbaum and R.C. McCarty. “A distribution-free upper confidence bound for Pr{Y <X},
based on independent samples of X and Y”. In: The Annals of Mathematical Statistics 29.2 (Jun
1958), pp. 558-562.

[4] Zehua Chen. “The efficiency of ranked-set sampling relative to simple random sampling
under multi-parameter families”. In: Statistica Sinica 10.2 (Jan 2000), pp. 247-263.

[5] Zehua Chen. “Ranked-set sampling with regression-type estimators”. In: Journal of Statistical
Planning and Inference 92.1-2 (Jan 2001), pp. 181-192.

[6] J.D. Church and Bernard Harris. “The estimation of reliability from stress-strength
relationships”. In: Technometrics 12. 1 (Feb 1970), pp. 49-54.

[7] Kenneth Constantine, Siu-Keung Tse and Marvin Karson. “Estimation of P(Y < X) in the
gamma case”. In: Communications in Statistics-Simulation and Computation 15.2 (Jan 1986), pp.
365-388.

[8] F. Downton. “The estimation of Pr(Y < X) in the normal case”. In: Technometrics 15.3 (Aug
1973), pp. 551-558.

[9] A.S. Hassan, A. Al-Omar and H.F. Nagy. “Stress—strength reliability for the generalized
inverted exponential distribution using MRSS”. In: Iranian Journal of Science and Technology,
Transactions A: Science 45.2 (Apr 2021), pp. 642-659.

[10] R.A. Johnson. 3 stress-strength models for reliability. Handbook of Statistics, Quality Control
and Reliability. Elsevier, Volume 7 (1988), pp. 27-54.

[11] A. Kaur, G.P. Patil and A.K. Sinha et al. “Ranked set sampling: an annotated bibliography”.
In: Environmental and Ecological Statistics 2.1 (Mar 1995), pp. 25-54.

[12] S. Kotz, Y. Lumelskii and M. Pensky. The stress—strength model and its generalizations: theory and
applications. World Scientific Publishing Co. Pte. Ltd, Singapore, 2003.

[13] D. Kundu and R.D. Gupta. “Estimation of P [Y < X] for generalized exponential distribution”.
In: Metrika 61.3 (Jun 2005), pp. 291-308.

[14] P.H. Kvam and F.J. Samaniego. “On the inadmissibility of empirical averages as estimators
in ranked set sampling”. In: Journal of Statistical Planning and Inference 36.1 (Jul 1993), pp. 39—
55.

1066



S. Kumar, R. Shukla, B. Meena, SP. Singh RT&A, No 4 (89)
STRESS-STRENGTH MODELLING: SRS,RSS AND MRSS Volume 20, December 2025

[15] F. Louzada, P.L. Ramos and D. Nascimento. “The inverse Nakagami-m distribution: A novel
approach in reliability”. In: IEEE Transactions on Reliability 67.3 (Jun 2018), pp. 1030-1042.
[16] G.A. McIntyre. “A method for unbiased selective sampling, using ranked sets”. In: Australian

journal of agricultural research 3.4 (1952), pp. 385-390.

[17] H.A. Muttlak. “Median ranked set sampling”. In: | Appl Stat Sci 6 (1997), pp. 245-255.

[18] M. Nakagami. “The m-distribution—a general formula of intensity distribution of rapid
fading”. In: Statistical methods in radio wave propagation (1960), pp. 3-36.

[19] H. Nakahara and E. Carcol’e. “Maximum-likelihood method for estimating coda Q and the
Nakagami-m parameter”. In: Bulletin of the Seismological Society of America 100.6 (Dec 2010), pp.
3174-3182.

[20] O. Ozturk and K.B. Kavlak. “Model based inference using ranked set samples”. In: Survey
Methodology 44.1 (Jun 2018), pp. 1-17.

[21] M.H. Samuh and A. Qtait. “Estimation for the parameters of the exponentiated exponential
distribution using a median ranked set sampling”. In: Journal of Modern Applied Statistical
Methods 14.1 (2015), pp. 215-237.

[22] S. Sarkar, N.K. Goel and B.S. Mathur. “Performance investigation of Nakagami-m
distribution to derive flood hydrograph by genetic algorithm optimization approach”. In:
Journal of Hydrologic Engineering 15.8 (Aug 2010), pp. 658—666.

[23] U. Shahzad, I. Ahmad, I. Almanjahie et al. “Three-fold utilization of supplementary
information for mean estimation under median ranked set sampling scheme”. In: IPlos one
17.10 (Oct 2022), pp. e-0276514.

[24] S.L. Stokes and T.W. Sager. “Characterization of a ranked-set sample with application to
estimating distribution functions”. In: Journal of the American Statistical Association 83.402 (Jun
1988), pp. 374-381.

[25] P.H. Tsui, C.C. Huang and S.H. Wang. “Use of nakagami distribution and logarithmic
compression in ultrasonic tissue characterization”. In: Journal of Medical and Biological
Engineering 26.2 (Jun 2006), pp. 69-73.

[26] N. Wang, X. Song and ]J. Cheng. “Generalized method of moments estimation of the
Nakagami-m fading parameter”. In: I[EEE Transactions on Wireless Communications 11.9 (July
2012), pp. 3316-3325.

[27] P.L.H. Yu and K. Lam. “Erratum: Regression estimator in ranked set sampling”. In: Biometrics
83.402 (1988), pp. 1070-1080

[28] E. Zamanzade and M. Vock. “Variance estimation in ranked set sampling using a concomitant
variable”. In: Statistics & Probability Letters 105 (Oct 2015), pp. 1-5.

[29] L. Zhang, X. Dong, X. Xu and L. Cui. “Weighted estimation of quantiles using unbalanced
ranked set sampling”. In: Quality Technology & Quantitative Management 11.3 (Jan 2014), pp.
281-295.

1067



