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Abstract 

 

The current study utilizes the exponential distribution as the baseline cumulative function and 

applies the T-x transformation on the exponential family in order to develop a new class of lifetime 

distribution.   The main objective of this study is to develop and evaluate a flexible distribution that 

may capture various kinds of lifespan features present in real-world applications. A specific instance, 

the ET–Exponential (ET–Exp) distribution, is thoroughly examined. The structural properties of the 

paper, such as the moments, cumulative distribution function, and probability density function, are 

derived. Parameter estimation is performed via the maximum likelihood method. The suggested 

approach is used on real datasets, such as carbon fiber breaking stress data and hypertension survival 

times. The performance of the model is assessed by using statistical criteria such as Akaike 

Information criteria (AIC), Bayesian Information Criteria (BIC), Kolmogorov-Simron (KS), and 

Anderson-Darling (AD) tests, which were among the statistical tests used to estimate the goodness 

of fit of each distribution's essential parameters. The results demonstrate that the proposed ET-

Exponential distribution is a flexible and effective tool for modeling lifetime data and shows promise 

for applications in both biomedical and industrial fields. 

 

Keywords: Exponential Transformation, ET–Exponential Distribution, Lifetime 

Data Modeling, Reliability Analysis, Maximum likelihood estimation 

 

 

I. Introduction 
 

As real-world phenomena become increasingly complex, classical lifetime distributions often fail to 

capture the intricate patterns observed in empirical data. This has motivated the development of 

more flexible statistical models that enhance data representation and improve model fitting. Over 

recent decades, generalized families of lifetime distributions have broadened the scope of classical 

models, particularly in survival analysis, biomedical research, and reliability engineering. Among 

these, transformation-based families have demonstrated significant potential in increasing model 

adaptability. The Exponential Transformation (ET) family applies an exponential transformation to 

baseline cumulative distribution functions, resulting in more flexible lifetime models. A key member 
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of this family, the ET–Exponential distribution, introduces an additional shape parameter that 

allows it to model diverse hazard rate behaviors such as increasing, decreasing, and bathtub shapes. 

This enhanced flexibility makes the ET–Exponential distribution effective in accurately representing 

complex survival and reliability data, improving interpretability and predictive performance across 

various fields. 

Over the years, various extensions and generalizations of classical lifetime distributions have 

been proposed to improve flexibility and fitting accuracy. Mudholkar and Srivastava [1] improved 

modeling flexibility by introducing the exponentiated class by increasing baseline distributions to a 

power. This strategy was expanded by Marshall and Olkin [2] by include shape parameters in 

survival functions, while Gupta and Kundu [3] developed parameter estimation methods especially 

for exponential-type models, making it simple to use in survival analysis, including studies of 

hypertension. Shaw and Buckley [4] introduced the transmuted family, which Mansour et al. [5] 

expanded into the transmuted-transmuted-G (TT-G) family to account for more kinds of risk forms. 

In the field of medicine, Tahmasbi and Rezaei [6] utilized generalized exponential and exponential 

models for evaluating arterial blood pressure variability, along with Almalki and Yuan [7] used 

modified Weibull approaches, which provide more flexibility than traditional exponential models, 

to analyze chronic diseases such as hypertension. A more recent development is the T–X family, 

which was presented by Alzaatreh et al. [8] and offers a generic framework for creating new 

distributions by transforming preexisting ones. Maurya et al. [9] suggested logarithmic 

transformations, which Aslam et al. [10] expanded upon to improve model flexibility further. 

A notable recent development is the Exponential Transformation (ET) family proposed by Al-

Nasser and Hanandeh [11], which demonstrated superior performance in real-data applications 

compared to traditional lifetime models. Jin and Qian [12] introduced the Mixture Exponential 

Family Distribution Posterior Network (MEFDPN), leveraging mixtures of exponential families to 

improve uncertainty estimation and machine learning accuracy. Chaturvedi et al. [13] developed the 

Generalized Positive Exponential Family, which includes Weibull and gamma distributions, 

showing superior fitting on wind speed data. Finally, Mohsin and Kalt [14] proposed the Alpha 

Logarithm Family, a two-parameter extension of the exponential distribution, enhancing flexibility 

through logarithmic transformation and outperforming classical models in empirical analysis.Based 

on empirical data analysis alone, the model demonstrated better adaptability and accuracy than 

classical distributions. 

The main objective of this paper is to propose a new ET–Exponential distribution based on the 

T–X transformation framework. The study aims to derive and analyze its mathematical properties 

and parameter estimation methods. It also compares the ET–Exponential model’s performance with 

existing lifetime distributions. The model is applied to real-life datasets, including hypertension 

survival times and carbon fibre breaking stress. Overall, the paper demonstrates the flexibility and 

practical applicability of the ET–Exponential distribution in modeling complex lifetime data. 

The remainder of the paper is organized as follows: Section 2 introduces the ET–Exp model and 

its theoretical formulation. Section 3 discusses its mathematical properties. Section 4 presents 

parameter estimation via maximum likelihood. Section 5 applies the model to real datasets. Finally, 

Section 6 concludes the study with key findings and future research directions. 

 

II. ET-Exponential Distribution 

 
A nonnegative continuous random variable Y with a baseline cumulative distribution function 

(CDF) F(y,λ) and a probability distribution function (PDF) f(y,λ) where λ ∈ (0,∞) is a real valued 

distribution parameter can be used to construct a more flexible family of lifetime distributions. The 

proposed CDF's stochastic presentation to generate a new class of distributions can be defined as, 
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𝐺(𝑦, 𝜆, 𝜌) = 𝐹(𝑦, 𝜆)𝑒−𝜌𝐹 ̅(𝑦,𝜆) 𝑦 ≥ 0; 𝜌 ≥ 0                                           (1) 

 

Where 𝐹 ̅(𝑦, 𝜆 )=1-𝐹(𝑦, 𝜆 ). Noting that when  𝜌 = 0, then the proposed distribution is exactly the 

same as the baseline distribution. 

This family will be called as exponential transformation (ET), i.e., ET(y, 𝜆, 𝜌). Now, the PDF of 

ET family can be obtaining by finding the first derivative of equation (1): 

 

𝑔(𝑦, 𝜆, 𝜌) = 𝑓(𝑦, 𝜆)𝑒−𝜌𝐹 ̅(𝑦,𝜆)(1 + 𝜌𝐹(𝑦, 𝜆));  𝑦 ≥ 0; 𝜌 ≥ 0                         (2)  

 

According to Alzaatreh et al. (2013), this family can be a part of the T-X family in the following 

ways:  For a continuous probability distribution represented by F(y,λ) with a general baseline CDF, 

a new CDF with the form, 

 

𝐺(𝑦, 𝜆, 𝜌) = ∫ 𝑟(𝑡)𝑑𝑡
𝐹(𝑦,𝜌)

𝜆

 

 

where the related CDF is R(t) and r(t) is a PDF defined over (0, 1).  Thus, the PDF 𝑔(𝑦, 𝜆, 𝜌) can 

be computed as 

 

𝑔(𝑦, 𝜆, 𝜌) = f(y, ρ)r(F(y, λ)) 

 

If we used r(t) in the following functional form: 

 

𝑟(𝑡) = (1 + 𝜌𝑡)𝑒−𝜌(1−𝑡) 
 

Then, the proposed family could be considered as member of the T-X family. As an illustration 

of the proposed family, the exponential distribution will be considered as baseline distribution. 

 

 I. Asymptotic Properties of the CDF and PDF 

 
Assuming that Y is a continuous random variable belongs to the ET family as described in (1), it is 

known that this distribution family corresponds to the distribution functions and the Kolmogorov 

axioms.  For example, the limit property of 𝐺(𝑦, 𝜆, 𝜌) clearly satisfies the CDF property. 

 

lim
𝑦→∞

 𝐺(𝑦, 𝜆, 𝜌) = lim
𝑦→∞

 𝐹(𝑦, 𝜆)𝑒−𝜌𝑇(𝑦,𝜆) = 1 and 

 

lim
𝑦→0

 𝐺(y, 𝜆, 𝜌) = lim
𝑦→0

 𝐹(𝑦, 𝜆)𝑒−𝜌𝐹(𝑦, 𝜆) = 0. 

 

Hence, the total probability is equal to one. Also, it is monotone right increasing function of y 

and 0 ≤ 𝐺(𝑦, 𝜆, 𝜌) ≤ 1; ∀𝑦. Therefore, 𝐺(𝑦, 𝜆, 𝜌) is an absolute continuous distribution function. 

 

Additionally, the fact that 𝑔(𝑦, 𝜆, 𝜌) is a non-negative real valued PDF for all y can additionally 

be immediately confirmed.  In the case of an explosion of growth, for example: 

 

lim
𝑦→∞

 𝑔(𝑦, 𝜆, 𝜌) = 0 and 

 

lim
𝑦→0

 𝑔(𝑦, 𝜆, 𝜌) = 𝜆𝑒−𝜌. 

Since both parameters are positive this indicates that 𝑔(𝑦, 𝜆, 𝜌) is a unimodal distribution Now, 
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the functional form given in (2) satisfied the PDF property: 

 

∫  
∞

0

𝑔(𝑦, 𝜆, 𝜌)𝑑𝑥 = ∫  
∞

0

𝑓(𝑦, 𝜃)𝑒−𝜌𝐹(𝑦,𝜆)(1 + 𝜌𝐹(𝑦, 𝜆))𝑑𝑥 

 

Assuming that the exponential distribution with mean 1/θ is the baseline distribution, we 

obtain the ET-Exp distribution to demonstrate the use of the novel stochastic representation 

provided in (1) and the related PDF provided in (2).  

 

 III. Mathematical Properties 

 

I. Moments 

 
Some Moments can be used to study some of a statistical distribution's most crucial properties, 

including skewness, kurtosis, dispersion, and tendency.  Assuming that computing the expected 

value of 𝑘(𝑦) yields the moments of  𝐸𝑇(𝑦, 𝜆, 𝜌); where 

 

𝑘(𝑦) = {

𝑦𝑟 ,  for moment of order 𝑟,

𝑒𝑡𝑦,  for moment of generating function, 

𝑒𝑖𝑡𝑦 ,  for characteristic function. 

 

 

Hence, 

𝐸(𝑘(𝑦)) = ∫  
∞

0

 𝑘(𝑦)𝑓(𝑦, 𝜆)𝑒−𝜌𝐹 (𝑦,𝜆)̅̅ ̅̅ ̅̅ ̅̅ ̅̅
(1 + 𝜌𝐹(𝑦, 𝜆))𝑑𝑥

 = ∫  
∞

0

 𝑘(𝑦)𝑓(𝑦, 𝜆)(1 + 𝜌𝐹(𝑦, 𝜆)) (∑  

∞

𝑗=0

 ∑  

∞

𝑘=0

  (−1)𝑗+𝑘
𝜌𝑗

𝑗!
(

𝑗

𝑘
) 𝐹(𝑦, 𝜆)𝑘) 𝑑𝑥,

 

 

which is equivalent to the expected value based on the baseline distribution 

 

𝐸𝐹(𝑘(𝑦)𝑒−𝜌𝐹(𝑦, 𝜆)(1 + 𝜌𝐹(𝑦, 𝐹(𝑦, 𝜆))) 

 

Then the expected value can be obtained using expansion technique or by using integral 

estimation. 

 

 IV. Parameter Estimation 
 

 In this section, estimation of the unknown parameters of the  𝐸𝑇(𝑦, 𝜆, 𝜌) family of distributions based 

on complete samples are determined using method of moment (MOM) and maximum likelihood 

estimation (MLE) method. Let 𝑦1 , 𝑦2 … … . 𝑦𝑛 be the observed values from ET(y, 𝜆, 𝜌) family. 

 

I. Method of Moment 

 
The MOM estimator can be obtained by solving the following equations: 

𝐸𝑝(𝑦𝑒−𝜌Γ(𝑦,𝜐)(1 + 𝜌𝐹(𝑦, 𝜆))) −
∑  ∞

𝑛  𝑦𝑖

𝑛
,

𝐸𝑝(𝑦2𝑒−𝜌Γ(𝑦,𝜐)(1 + 𝜌𝐹(𝑦, 𝜆))) −
∑  𝑛  𝑦2

𝑛
.
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The first moment of ET-Exp distribution can be expressed as: 

 

𝐸(𝑌)=
1

𝜔𝜗
(1 − 𝑒

−𝜌+𝜌(∫  
∞

0  
sinh (𝑡)

𝑡
𝑑𝑡−∫  

∞
0  

cosh (𝑡)−1
𝑦

𝑑𝑡))

=
1

𝜔𝜗
(1 − 𝑒−𝜌+𝜌(log (𝜌)−Chi(𝜌)+Shs(𝜌)+𝛾))

 

 

while the second moment can be replaced by the following formula: 

 

𝐸(𝑌2) =
2(𝜌2, 𝐹, (1,1,1; 2,2,2; −𝜌) + log (𝜌) + Γ(Ω, 𝜌) + 𝛾)

𝜗𝜔2
 

 

where γ is Euler’s constant, with numerical value ≈ 0.577216, the incomplete gamma function 

satisfies 

Γ(0, ∞) = ∫  
∞

∞

𝑒−𝑡

𝑡
𝑑𝑡 

 

and  3𝐹3(1,1,1; 2,2,2; −∞) ls the generwhoed hypergeometric function. 

 

II. Maximum Likelihood Estimation of the Parameters 

 

Using the MLE, the point estimator of the unknown parameter can be obtained by solving the 

following likelihood functions 

 

𝐿 = ∏  

𝑛

𝑛=1

𝑓(𝑦𝑖 − 𝜆)𝑒−𝜌𝑇(𝑦,𝜆)(1 + 𝜌𝐹(𝑦𝑖 , 𝜆)) 

 

 

Taking the Log of the likelihood function will simplify the estimation problem: 

 

log 𝐿 = {∑  

𝑛

𝑖=1

 log (𝑓(𝑦, 𝜆)) − ∑  

𝑛

𝑖=1

 𝜌𝐹(𝑦𝑖 , 𝜆) + ∑  

𝑛

𝑖=1

 log (1 + 𝜌𝐹(𝑦𝑖 , 𝜆))} 

 

Now, we have to find the first order condition: 

 

𝑑log 𝐿

𝑑𝜆
= ∑  

∞

𝑖=1

 
𝑑𝑓(𝑦𝑖 , 𝜆)/𝑑𝜆

𝑓(𝑦𝑖 , 𝜆)
+ ∑  

𝑛

𝑖=1

 𝜌𝑓(𝑦𝑖 , 𝜆) + ∑  

∞

𝑖=1

 
𝜌𝑓(𝑦𝑖 , 𝜆)

1 + 𝜌𝑓(𝑦𝑖 , 𝜆)

𝑑log 𝐿

𝑑𝑦
= − ∑  

𝑛

𝑖=1

 𝐹(𝑦𝑖 , 𝜆) + ∑  

𝑛

𝑖=1

 
𝐹(𝑦𝑖 , 𝜆)

1 + 𝜌𝐹(y, 𝜆)

 

 

Since the equations are non-linear, they are solved numerically using R software (R Core Team, 

2021). 
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V. Results and Discussion 

I. Applications 

 
This section shows off the ET-Exp distribution's capabilities by fitting the model to two datasets: the 

Lindley, Generalized Exponential (GE), and Exponential distributions. The parameters associated 

with each distribution have been calculated using the maximum likelihood technique for these two 

datasets. Using the information obtained the values of Bayesian Information Criterion (BIC), Akaike 

Information Criterion (AIC) and -LogL are obtained from the datasets. The Anderson-Darling (AD) 

and Kolmogorov-Smirnov (K-S) statistics, together with their related P-value (p-Val), are also found. 

The mathematical formulae of these measures are given by: 

 

The AD test statistics computed as 

 

𝐴𝐷 = −𝑚 −
1

𝑚
∑(2𝑗 − 1) × [𝑙𝑜𝑔𝐺(𝑦𝑡; ∆) + log (1 − 𝐺(𝑦𝑡−𝑚+1; ∆)]

𝑚

𝑗=1

 

 

The KS test statistic derived as 

 

𝐾𝑆 = Supermium 𝑥[𝐺𝑚 (𝑦; ∆) − 𝐺 (𝑦; ∆)] 

 

The AIC test statistics obtained as 

 

𝐴𝐼𝐶=2𝑝−2𝐿 

 

The BIC test statistics derived as 

𝐵𝐼𝐶=𝑝log(𝑛)−2𝐿 

 

where L is the maximized likelihood function evaluated at MLEs, m is the sample size, and p is 

the number of parameters in the model. For every dataset, the five-number summary, mean, 

variance, skewness, and kurtosis are computed as basic descriptive statistics The best distribution 

has been proposed to be the one with the lowest AIC and BIC, which finds an optimal balance 

between model complexity and goodness-of-fit. The −Log L value help to evaluate the model's 

overall fit. 

 

II. Dataset I: Hypertension Data 
 

This dataset shows the survival periods in years before the development of hypertension for 119 

patients randomly selected from the Bolgatanga Regional Hospital in Ghana’s Upper East region. 

 The following components are contained in the dataset:  71, 5, 39, 62, 52,71, 38, 56, 35, 69,34,71,66,70, 

52, 37, 35, 71, 73, 19, 74, 74, 75, 51, 76,49, 19, 76, 78, 76, 76, 49, 47, 48, 48, 46, 46, 46, 41, 40, 43, 45, 47, 

47, 44, 45, 46, 42, 43, 42, 20, 28, 26, 60, 27, 24, 29, 60, 25, 60, 69, 36, 69, 69, 68, 68, 67, 67, 67, 52, 35, 66, 

55, 66, 61, 61, 64, 64, 65, 65, 63, 63, 62, 39, 62, 62, 62, 59, 59, 59, 58, 58, 58, 18, 57, 57, 56, 56, 37, 53, 53, 

53, 53, 54, 54, 66, 17, 50, 75, 51, 38, 52, 66, 4, 52, 55, 19, 58, and 73. 

The descriptive statistics for this data set are shown in Table 1, and the MLE and goodness of 

fit test results for this data set using each distribution are displayed in Table 2. 
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Table 1: The summary statistics for the Hypertension Data 
 

 

Parameter Min Q1 Median Q3 Mean Max Skewness Kurtosis Variance 

Dataset1 4 43 55 65.5 52.428 78 -0.731 0.043 270.28 

 

Table 2: MLEs and goodness of fit statistics for the Hypertension Data 
 

 

Distribution α θ -LogL K-S p-val A-D p-val AIC BIC 

Exponential - 0.019 -590.2 0.361 0.000 25.452 0.0005 1182.35 1185.12 

GE 7.0179 0.047 -530.9 0.1606 0.004 6.045 0.0009 1065.96 1071.52 

ET-EXP 9.4877 0.05 -522.6 0.1507 0.008 4.62 0.007 1049.95 1054.95 

Lindley - 0.037 -555.0 0.2638 0.000 15.409 0.000 1112.13 1114.91 

 

 

 
     (a)                                                                                             (b) 

 
 

(c)                                                                            (d) 

 

Figure 1: The empirical and theoretical PDFs, empirical and theoretical CDFs, Q-Q plots and p-p plot for 

(a) Exponential, (b) Generalized-Exponential, (c)Lindley and (d) ET-Exponential for the Hypertension data. 
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Table 2 and Figure 1 shows that the goodness-of-fit statistics for the evaluated distributions 

show that the Exponentiated Exponential (ET-EXP) and Generalized Exponential (GE) distributions 

best suit the data. ET-EXP and GE have the lowest negative log-likelihood values, as well as lower 

Kolmogorov-Smirnov (K-S) and Anderson-Darling (A-D) statistics than the Exponential and Lindley 

distribution, respectively. The p-values for the K-S and A-D tests for ET-EXP and GE, although tiny, 

are significantly greater compared to those for the Exponential and Lindley models, showing a 

superior fit. Furthermore, ET-EXP and GE have the lowest Akaike Information Criterion (AIC) and 

Bayesian Information Criterion (BIC) values, implying that they stabilize goodness-of-fit with model 

complexity more efficiently. On the other hand, the Exponential and Lindley distributions have 

inferior fit performance, having higher statistical significance and lower p-values, indicating a less 

suitable representation of data. Based on these criteria, the ET-EXP distribution exceeds the GE 

distribution somewhat, making it the best fit for the data, followed by the GE. Both models 

outperform the Lindley and Exponential distributions significantly. 

 

III. Dataset II: Carbon Fiber Breaking Stress Data 
 

The second dataset is comprised of 100 observations. The dataset refers to breaking stress of carbon 

fibers, which are measured in Gba [25]. The descriptive statistics for this data set are shown in Table 

3, and the MLE and goodness of fit test results for this data set using each distribution are displayed 

in Table 4. 

 

Table 3:  Summary Statistics of Carbon Fiber Breaking Stress Data  
 

Parameter Min Q1 Median Q3 Mean Max Skewness Kurtosis Variance 

Dataset2 0.39 1.84 2.7 3.22 2.621 5.56 0.3629 0.043 1.028 

 

Table 4: MLEs and goodness of fit statistics for the Carbon Fiber Breaking Stress Data 
 
 

Distribution α θ -LogL K-S p-val A-D p-val AIC BIC 

Exponential - 0.381 -196.36 0.26 0.000 12.315 0.000 365.50 368.106 

GE 7.788 1.013 -146.17 0.97 0.000 4.218 0.007 292.70 297.918 

ET-EXP 9.182 1.092 -144.35 0.10 0.196 1.222 0.259 296.35 301.568 

Lindley - 0.617 -181.75 0.32 0.000 17.301 0.000 394.73 397.339 

 

 

Table 4 and Figure 2 shows that the ET-EXP distribution offers the best overall fit to the data, 

based on a comparison of four potential distributions: Lindley, GE, ET-EXP, and Exponential. Its 

suitability is demonstrated by low test statistics and high p-values in both the Anderson-Darling and 

Kolmogorov-Smirnov tests, indicating a statistically significant and consistent fit. The GE 

distribution's goodness-of-fit p-values are below 0.05, indicating a poor fit, although having a 

marginally lower AIC than ET-EXP. The exponential distribution does not meet the goodness-of-fit 

criteria, even if it is simple and has a low -LogL. The Lindley distribution performs the worst overall, 

with the highest AIC and BIC values and the lowest fit statistics.   The ET-EXP distribution is 

therefore determined to be the most appropriate model for the data based on both goodness-of-fit 

and model selection criteria. 
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(a)                                                                                               (b) 

 
(c)                                                                            (d) 

 

Figure 2: The empirical and theoretical PDFs, empirical and theoretical CDFs, Q-Q plots and p-p plot for  

(a) Exponential, (b) Generalized-Exponential, (c)Lindley and (d) ET-Exponential for the Carbon Fiber Breaking Stress 

Data.  

 

 

VI. Conclusion 

 
This study introduces the ET–Exp distribution as a novel and versatile model for lifetime data 

analysis. Across both cases, the ET-Exp model demonstrates clear superiority, achieving lower 

values of Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC), along with 

improved goodness-of-fit statistics, including the Kolmogorov–Smirnov (K–S) and Anderson–

Darling (A–D) tests. Compared to the traditional Exponential and Lindley distributions, the ET–Exp 

model consistently provides a significantly better fit. Furthermore, it performs comparably to or 

better than the Generalized Exponential (GE) distribution, particularly in balancing fit quality with 

model complexity. In addition to its empirical strengths, the ET–Exp distribution offers desirable 

theoretical properties, including closed-form expressions for moments and entropy, which further 

underscore its practical utility. Overall, the ET-Exp distribution emerges as a robust, flexible, and 

effective tool for modeling lifetime data, with strong potential applications in both biomedical 

research and industrial reliability analysis. 
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