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Abstract

Statistical estimation of parameters under different censoring schemes is important while using dis-
tributions like the Extreme value and Weibull distributions for modelling real lifetime data. Since
Extreme value distribution arise as log transformation of the Weibull distribution, there are several
advantages for discussing the estimation of extreme value parameters. Moreover, DUS transformation
provides more appropriate model without increasing parameters. This study examines point estimation
methods, including maximum likelihood and Bayesian approaches, for DUS Extreme Value (DUS-EV)
distribution under a joint adaptive progressive Type-II censoring scheme. The proposed scheme offers
notable advantages in reducing cost and experimental time. Bayesian estimation is implemented via
the Metropolis- Hastings algorithm within a Gibbs sampling framework. Interval estimation is carried
out using asymptotic confidence intervals, Highest Posterior Density (HPD) credible intervals, and
bootstrap confidence intervals. A comparative analysis of classical and Bayesian results is presented, and
the applicability of the proposed methods is demonstrated through real data analysis.

Keywords: DUS-extreme value distribution, Joint adaptive Type II progressive censoring, Maxi-
mum likelihood estimation, Bayesian estimation

1. Introduction

In time-to-event data, when the precise value of interest is not immediately observable but is
known only within specific bounds, statistical censoring is essential because it makes it possible
to analyze incomplete data. In order to avoid biased results and to get more precise estimates for
statistics like medians, it is imperative that such data be analyzed. In domains like engineering
and medicine, where precise data interpretation is necessary for well-informed decision-making,
this analysis is especially crucial. To do this, techniques that specifically handle censoring like
survival analysis must be used in order to guarantee accurate data interpretation and produce
significant findings. Censoring is an unavoidable aspect of reliability and survival studies, and
several censoring schemes have been proposed to address this issue. The most commonly used
are Type I and Type II censoring. In Type I censoring, the duration of the experiment is fixed
while the number of failures observed is random, whereas in Type II censoring, the number of
failures is fixed in advance while the experimental time becomes random. Specifically, under
Type I censoring, the study continues until a predetermined time, while under Type II censoring,
it terminates at the occurrence of the mth failure. A limitation of Type I censoring is that an
insufficient number of failures may occur within the fixed time, leading to reduced efficiency
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of the estimator. Conversely, Type II censoring may require a prolonged experimental duration,
which can be impractical.

To overcome the limitations associated with conventional censoring, hybrid models incor-
porating features from Type I and Type II schemes have been proposed. The earliest among
these is the Type I hybrid censoring scheme [13], in which the experiment continues until T∗

1 =
min (mth failure time, T ). Similar to the Type I approach, the scheme may produce very few
failure observations, leading to reduced estimator efficiency. Additionally, inferential procedures
under this scheme typically assume the occurrence of at least one failure. Subsequently, Type II
hybrid censoring scheme was introduced, where the termination time is defined as T2∗ = max
(mth failure time, T) [9]. This scheme guarantees at least m failures, leading to more efficient
parameter estimation. However, its main drawback lies in the potentially longer experimental
duration required.

The aforementioned censoring methods do not account for the loss or removal of experimental
units, which frequently occurs in practice either due to unexpected failures or to reduce experi-
mental time and cost. To address this, the concept of progressive censoring was introduced [10].
This approach has two main variants. The first, known as Type I progressive censoring, involves
the removal of R1, R2, ..., Rm−1 surviving units at predetermined censoring times T∗

1 , T∗
2 , ..., T∗

m−1.
In this scheme, both the number of removals (Ri) and the censoring times (T∗

i ) are fixed, and
the experiment concludes with the removal of the remaining Rm units at time T∗

m. The second,
referred to as Type II progressive censoring, removes R1, R2, ..., Rm−1 surviving units after the 1st

failure, 2nd failure,....(m − 1)th failures, respectively. Here, the numbers Ris are predetermined,
but the censoring times are random.

A comprehensive treatment of the theory and applications of Type II progressive censoring,
emphasizing its flexibility in removing surviving units at different failure times before experiment
termination is available in the literature [5]. This approach was further elaborated by researchers
[4]. While progressive censoring is cost-effective and operationally flexible, it typically requires
a longer experimental duration compared to traditional Type II censoring. To mitigate this
drawback, the Type II progressively hybrid censoring scheme was proposed, which combines the
features of Type II progressive censoring and hybrid censoring [15]. The scheme can be described
as follows:

Suppose N items are placed on a life-testing experiment, where the number of failures
m < N, the removals of units at successive failure times, and the experimental time T are all
predetermined. After the first failure, R1 units are taken out, after the second failure R2 units
are removed, and the process continues in the same pattern. When the mth failure takes place
before the specified time T, the test ends at that failure time, and all surviving units still in the
experiment are withdrawn. Conversely, if only J < m failures occur before time T, then the
experiment ends at T, where the remaining units Rm = N − R1 − R2 − ...RJ − J are removed.
This scheme closely resembles Type I censoring, since termination is ultimately determined by a
fixed time. However, a key drawback is that it may yield only a small number of failures, thereby
reducing the effectiveness of statistical estimation.

To overcome the limitations of the Type II progressively hybrid censoring scheme, the adaptive
progressive Type II censoring scheme was introduced, which aims to substantially reduce both
experimental time and cost by pre-specifying the number of failures m and the total time T [17].
A progressive censoring plan is initially set up for the experiment, but in contrast to standard
methods, the removals Ri following each ith failure may be adjusted dynamically throughout the
process. As in the Type II progressive hybrid censoring scheme, when the mth failure happens
before time T, the study ends at that failure point, and all remaining units are withdrawn.
Alternatively, when the mth failure is not observed prior to T, the study is extended until that
failure, which improves inferential efficiency and simultaneously maintains the termination time
near the pre-assigned T by means of adaptive adjustment of removals.

This flexible framework has been extended in subsequent studies, applied the adaptive
progressive Type II censoring scheme to the exponentiated Weibull distribution, developed it
for the generalized exponential distribution [16] and later considered it for the extreme value
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distribution [23].
For comparative life testing involving two populations, joint censoring schemes have been

developed to efficiently utilize information from both groups under common censoring plans
[20]. The joint progressive Type II censoring scheme for two exponential populations extended to
other distributions [19].

The joint progressive Type II censoring scheme can be described as follows: consider two
samples of sizes N1 and N2, with total sample size N = N1 + N2, drawn from two populations
in a life-testing experiment. As in earlier schemes, fix the number of observed failures m and
the removal numbers Ri. After the first failure (regardless of whether it arises from sample 1 or
sample 2), remove s1 units from sample 1 and q1 units from sample 2, such that R1 = s1 + q1.
Similarly, after the second failure, remove s2 units from sample 1 and q2 units from sample 2,
ensuring that R2 = s2 + q2. This process continues until the mth failure, after which all remaining
surviving units are removed.

Further developments in censoring methodologies are examined joint progressive Type-I
censoring schemes for exponential populations [3]. More recently, the joint adaptive progressive
Type-II censoring scheme for independent samples from exponential and Weibull populations
are discussed in literature [21, 22]. Building on this line of research, the generalized Lindley
distribution under the joint adaptive Type-II censoring framework has been discussed in literature
[1]. The Type-I - Type-II mixture censoring scheme is found to be a better alternative to existing
models [2]. Subsequently, a joint unified hybrid censoring scheme for two independent Weibull
populations with a common shape parameter was proposed as an alternative model [11].

Researchers have put forth a number of novel models that improve the accuracy and flexibility
of the underlying distributions in order to handle the complexity of real-world data. The DUS
transformation of a baseline distribution,is one such technique [14]. The approach’s unique
feature of not adding any more parameters than those in the baseline distribution is what makes
it significant. This method enhances modeling capability while preserving model parsimony.
Building on these advancements, the present study develops inference procedures for the DUS
extreme value (DUS-EV) distribution [18], under the joint adaptive progressive Type-II censoring
scheme, which offers notable reductions in experimental time and cost. Since distribution of
log transformation of Wiebull random variable is extreme value, its DUS transformation is
more better choice than extreme value distribution. Since extreme value distribution has wide
applicability in survival analysis, proportional hazard models, etc DUS extreme value distribution
is also important in such areas. The DUS-EV distribution is obtained by applying the DUS
transformation to the classical extreme value distribution. This model is characterized by an
increasing failure rate, making it particularly suitable for applications in reliability engineering,
hydrology, and meteorology.

The probability density function of DUS extreme value distribution DUS-EV(λ, α) can be
defined as

g(v) =
1

α(e − 1)
e(

v−λ
α −e

v−λ
α )e(1−e−e(

v−λ
α )

), −∞ < v < ∞, −∞ < λ < ∞, α > 0. (1)

Cumulative distribution function of DUS-EV(λ, α) are given by

G(v) =
1

e − 1
(e1−e−e(

v−λ
α )

− 1), −∞ < v < ∞, −∞ < λ < ∞, α > 0. (2)

We employ both classical and Bayesian approaches for parameter estimation, while asymptotic
confidence intervals, highest posterior density (HPD) intervals, and bootstrap-p intervals are
utilized for interval estimation. A comprehensive simulation study is carried out to validate the
proposed inferential procedures, and the practical utility of the methodology is illustrated using
real data analysis.

The remaining sections of the article is outlined in the following manner: Section 2 describes
the joint adaptive progressive Type-II censoring scheme. Section 3 presents the inferential proce-
dures for the DUS-EV distribution under this scheme, including maximum likelihood estimation,
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asymptotic confidence intervals, bootstrap-p intervals, and Bayesian estimation. Section 4 outlines
the simulation study, while Section 5 provides a real data analysis to illustrate the practical utility
of the proposed methods. Finally, Section 6 concludes the paper by summarizing the key findings.

2. Joint adaptive progressive Type-II censoring scheme

Suppose two independent populations are involved in a lifetime experiment. A random sample of
size N1 is taken from population 1, which follows the distribution with PDF g1(, λ1, α1) and CDF
G1(, λ1, α1). Similarly, a random sample of size N2 is taken from population 2, characterised by
PDF g2(, λ2, α2) and CDF G2(, λ2, α2). The Joint Adaptive Progressive Type-II censoring scheme
is outlined below.

Let m be a predetermined integer specifying the total number of failures to be observed, and
let T denote the fixed termination time of the experiment. Define the vector R = (R1, R2, ..., Rm),
where each Rl denotes the number of units removed at the time of the lth failure. These removals
satisfy Σm

l=1Rl = N − m, with N = N1 + N2 denoting the total number of units in the experiment.
Further, define two vectors, P = (P1, P2, ..., Pm) and Q = (Q1, Q2, ..., Qm), where Pl and Ql denote
the number of units withdrawn from sample 1 and sample 2, respectively, at the lth failure
time. Suppose the first failure occurs at time U1. Following this failure, R1 = P1 + Q1 units are
withdrawn from the remaining N − 1 surviving units. Likewise, if the next failure occurs at time
U2, then R2 = P2 + Q2 units are removed from the remaining N − R1 − 2 units, and the procedure
continues sequentially. This process continues until either the mth failure occurs or the time point
T is reached. If the m th failure occurs at a time Um (Um < T), the experiment terminates at
Um, and all remaining units are withdrawn. However, if only K(K < m) failures occur before
time T, i.e.,UK < T < UK+1, the experiment continues without additional removals until the mth

failure takes place. At time Um, the experiment ends by removing all the remaining units, where
the number of units removed is Rm = N − m − Σm−1

l=1 Rl units. Define K∗ = max{K : UK < T},
consequently RK+1 = RK+2 = ... = Rm−1 = 0, then, our progressive censoring scheme becomes
{R1, R2, ...RK∗ , 0, 0, ..., N − m − Σm−1

l=1 Rl}.
Let ρl be an indicator variable such that ρl = 1 if the lth failure occurs from sample 1, and

ρl = 0 if it is from sample 2. Thus, the joint adaptive progressive Type II censored sample
observed from the experiment is:
{U1, ρ1), (U2, ρ2), ..., (UK, ρK), (UK+1, ρK+1), ..., (Um, ρm)}. Then, the likelihood function of the
joint adaptive progressive Type II censored sample is given by

L(U, ρ) = AK

[ m

∏
l=1

[g1(ul)]
ρl [g2(ul)]

1−ρl

][ K

∏
l=1

[Ḡ1(ul)]
Pl [Ḡ2(ul)]

Ql

]
[ ¯G1(um)]

P∗[ ¯G2(um)]
Q∗, (3)

where

AK =
m

∏
l=1

[
N − l − 1 −

min[l−1,K]

∑
K=1

RK

]
,

P∗ =


m

∑
l=K+1

Pl f or K < m

0 otherwise

, and Q∗ =


K

∑
l=K+1

Ql f or K < m

0 otherwise.

3. Statistical inference for DUS-EV distributions

3.1. Maximum likelihood estimation

Suppose two independent and identically distributed samples (Y1, Y2, ...YN1) and (Z1, Z2, ...ZN2)
of sizes N1 and N2 are taken from DUS-EV (λ1, α1) and DUS-EV (λ2, α2) populations, respectively.
Let g1 and g2 denote the corresponding probability density functions (PDFs) and G1 and G2
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denote the cumulative distribution functions (CDFs) of these populations. The PDFs and CDFs
are given by:

g1(y) =
1

α1(e − 1)
e(

y−λ1
α1

−e
y−λ1

α1 )e(1−e−e
(

y−λ1
α1

)
); −∞ < y < ∞, −∞ < λ1 < ∞, α1 > 0, (4)

g2(z) =
1

α2(e − 1)
e(

z−λ2
α2

−e
z−λ2

α2 )e(1−e−e
(

z−λ2
α2

)
); −∞ < z < ∞, −∞ < λ2 < ∞, α2 > 0, (5)

G1(y) =
1

e − 1
(e(1−e−e

(
y−λ1

α1
)
) − 1); −∞ < y < ∞, −∞ < λ1 < ∞, α1 > 0, (6)

and

G2(z) =
1

e − 1
(e(1−e−e

(
z−λ2

α2
)
) − 1); −∞ < z < ∞, −∞ < λ2 < ∞, α2 > 0. (7)

The joint likelihood function of the parameters is expressed as

L(Ψ|U, ρ) = AK

m

∏
l=1

(
1

α1(e − 1)
e(

ul−λ1
α1

−e
ul−λ1

α1 )e(1−e−e
(

ul−λ1
α1

)
)

)ρl

×
(

1
α2(e − 1)

e(
ul−λ2

α2
−e

ul−λ2
α2 )e(1−e−e

(
ul−λ2

α2
)
)

)1−ρl

×
K

∏
l=1

(
e

e − 1
(1 − e−e−e

ul−λ1
α1

)

)Pl
(

e
e − 1

(1 − e−e−e
ul−λ2

α2
)

)Ql

×
(

e
e − 1

(1 − e−e−e
um−λ1

α1
)

)P∗(
e

e − 1
(1 − e−e−e

um−λ2
α2

)

)Q∗

,

(8)

where Ψ = (λ1, α1, λ2, α2) represents the vector of model parameters.
The log likelihood function is given by

logL(Ψ|U, ρ) = log(AK) +
m

∑
l=1

ρl(1 − log(α1(e − 1))) +
m

∑
l=1

ρl

(
(

ul − λ1

α1
)− e

ul−λ1
α1 − e−e

ul−λ1
α1

)

+
m

∑
l=1

(1 − ρl)(1 − log(α2(e − 1))) +
m

∑
l=1

(1 − ρl)

(
(

ul − λ2

α2
)− e

ul−λ2
α2 − e−e

ul−λ2
α2

)

+
K

∑
l=1

Pl log
(

e
e − 1

)
+

K

∑
l=1

Pl log(1 − e−e−e
ul−λ1

α1
)

+
K

∑
l=1

Ql log
(

e
e − 1

)
+

K

∑
l=1

Ql log(1 − e−e−e
ul−λ2

α2
)

+ P∗log
(

e
e − 1

)
+ P∗log(1 − e−e−e

um−λ1
α1

)

+ Q∗log
(

e
e − 1

)
+ Q∗log(1 − e−e−e

um−λ2
α2

).

(9)

To determine the maximum likelihood estimates, we solve the system of equations given as
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follows:

∂logL
∂λ1

=
−C1

α1
+

m

∑
l=1

ρl
α1

e
ul−λ1

α1 (1 − e−e
ul−λ1

α1 ) +
K

∑
l=1

Pl
α1

e(
ul−λ1

α1
−e

ul−λ1
α1 )

(ee−e
ul−λ1

α1 − 1)

+
P∗

α1

e(
um−λ1

α1
−e

um−λ1
α1 )

(ee−e
um−λ1

α1 − 1)

,

(10)

∂logL
∂λ2

=
−C2

α2
+

m

∑
l=1

1 − ρl
α2

e
ul−λ2

α2 (1 − e−e
ul−λ2

α2 ) +
K

∑
l=1

Ql
α2

e(
ul−λ2

α2
−e

ul−λ2
α2 )

(ee−e
ul−λ2

α2 − 1)

+
Q∗

α2

e(
um−λ2

α2
−e

um−λ2
α2 )

(ee−e
um−λ2

α2 − 1)

,

(11)

∂logL
∂α1

=
−C1

α1
+

m

∑
l=1

ρi

(
ul − λ1

α2
1

)(
e

ul−λ1
α1 − e(

ul−λ1
α1

−e
ul−λ1

α1 ) − 1
)

+
K

∑
l=1

Pl

(
ul − λ1

α2
1

)
e(

ul−λ1
α1

−e
ul−λ1

α1 )

(ee−e
ul−λ1

α1 − 1)

+ P∗
(

um − λ1

α2
1

)
e(

um−λ1
α1

−e
um−λ1

α1 )

(ee−e
um−λ1

α1 − 1)

,

(12)

and

∂logL
∂α2

=
−C2

α2
+

m

∑
l=1

(1 − ρl)

(
ul − λ2

α2
2

)(
e

ul−λ2
α2 − e(

ul−λ2
α2

−e
ul−λ2

α2 ) − 1
)

+
K

∑
l=1

Ql

(
ul − λ2

α2
2

)
e(

ul−λ2
α2

−e
ul−λ2

α2 )

(ee−e
ul−λ2

α2 − 1)

+ Q∗
(

um − λ2

α2
2

)
e(

um−λ2
α2

−e
um−λ2

α2 )

(ee−e
um−λ2

α2 − 1)

,

(13)

where C1 = ∑m
l=1 ρl and C2 = ∑m

l=1(1 − ρl). The equations (10) to (13) do not admit closed-form
analytical solutions; however, they can be effectively solved using numerical methods available in
any statistical software.

3.2. Asymptotic confidence interval

This section develops asymptotic confidence intervals for the parameters λ1, α1, λ2, and α2 using
the asymptotic behavior of the maximum likelihood estimators. To this end, we employ the
observed information matrix I(Ψ) defined as,

I(Ψ) = −



(
∂2 log L

∂λ2
1

) (
∂2 log L
∂λ1∂α1

) (
∂2 log L
∂λ1∂λ2

) (
∂2 log L
∂λ1∂α2

)
(

∂2 log L
∂α1∂λ1

) (
∂2 log L

∂α2
1

) (
∂2 log L
∂α1∂λ2

) (
∂2 log L
∂α1∂α2

)
(

∂2 log L
∂λ2∂λ1

) (
∂2 log L
∂λ2∂α1

) (
∂2 log L

∂λ2
2

) (
∂2 log L
∂λ2∂α2

)
(

∂2 log L
∂α2∂λ1

) (
∂2 log L
∂α2∂α1

) (
∂2 log L
∂α2∂λ2

) (
∂2 log L

∂α2
2

)


,
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Asymptotic results imply that Ψ̂ = (λ̂1, α̂1, λ̂2, α̂2) has an asymptotic multivariate normal distri-
bution with mean Ψ̂ and covariance matrix I−(Ψ̂), where variances of the MLEs appear on the
diagonal and covariances on the off-diagonal. Then, 100(1 − δ)% confidence intervals for λ1, α1,
λ2, and α2 are obtained as (

λ̂1 − zδ/2

√
V(λ̂1), λ̂1 + zδ/2

√
V(λ̂1)

)
,(

α̂1 − zδ/2

√
V(α̂1), α̂1 + zδ/2

√
V(α̂1)

)
,(

λ̂2 − zδ/2

√
V(λ̂2), λ̂2 + zδ/2

√
V(λ̂2)

)
,

and (
α̂2 − zδ/2

√
V(α̂2), α̂2 + zδ/2

√
V(α̂2)

)
.

3.3. Bootstrap-Confidence Interval

In this section, confidence intervals are constructed using the bootstrap method, wherein the
data are repeatedly resampled to generate a large number of pseudo-samples. These resampled
datasets are then used to estimate the parameters. Among the various methods available for
confidence interval construction, we employ the percentile bootstrap (boot-p) method. The
algorithm for constructing boot-p confidence interval, is outlined as follows [12].
Step 1: Generate two samples of sizes N1 and N2 from DUS-EV(λ1, α1) and DUS-EV(λ2, α2)
respectively.
Step 2: Generate joint adaptive Type II censored sample {(U1, ρ1), (U2, ρ2), ..., (UK, ρK), (UK+1, ρK+1),
..., (Um, ρm)}.
Step 3: Compute the parameter estimates λ̂1, α̂1, λ̂2, α̂2 using the method of maximum likelihood.
Step 4: Generate bootstrap samples of sizes N1 and N2 from DUS-EV(λ̂1, α̂1) and DUS-EV(λ̂2, α̂2)
respectively.
Step 5: Generate bootstrap joint adaptive type II censored sample {(U∗

1 , ρ∗1), (U
∗
2 , ρ∗2), ..., (U∗

K, ρ∗K),
(U∗

K+1, ρ∗K+1), ..., (U∗
m, ρ∗m)}.

Step 6: Based on the bootstrap censored samples generated in step 5, calculate estimates of
parameters, which are denoted by λ̂∗

1 ,α̂∗1 , λ̂∗
2 ,α̂∗2 .

Step 7: Repeating steps 3“6 for B iterations yields λ̂∗
1k,α̂∗1k, λ̂∗

2k,α̂∗2k, k = 1, 2, 3...B.
Step 8: Arrange the bootstrap sample estimates in ascending order.
Step 9: Let G(a) = P(Ψ̂∗

k ≤ a) be the CDF of Ψ̂∗
k . The Approximate 100(1− δ) percentile bootstrap

confidence interval for Ψk is given by (Ψ̂∗
k (

δ
2 ), Ψ̂∗

k (1 −
δ
2 )), where k = 1, 2, ...., B.

3.4. Bayesian Estimation

In this section, we obtain the Bayesian estimates of the unknown parameters λ1, α1, λ2, α2, along
with their credible intervals, based on joint adaptive progressive Type II censored data. We
assume independent normal and gamma priors for the model parameters [18]. Specifically, the
parameters λ1 and λ2 are assumed to follow independent normal priors, λ1 ∼ N(µ1, σ2

1 ) and
λ2 ∼ N(µ2, σ2

2 ), while the parameters α1 and α2 are assumed to follow independent gamma
priors, α1 ∼ G(m1, p1) and α2 ∼ G(m2, p2). The hyperparameters µ1, σ1, µ2, and σ2 are assumed
to be non negative. Thus, the joint prior distribution is given in (14).

The posterior density function can be derived using the likelihood function of the censored
samples with the prior distributions and is given in (15).

π∗(λ1, α1, λ2, α2) ∝ e−
1
2

[
(

λ1−µ1
σ1

)2+(
λ2−µ2

σ2
)2
]
e−(m1α1+m2α2)α

p1−1
1 α

p2−1
2 λ1, λ2 ∈ R, α1, α2 > 0. (14)
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If I1 = − 1
2

(
λ1−µ1

σ1

)2
− 1

2

(
λ2−µ2

σ2

)2
− m1α1 − m2α2

I2 = ∑m
l=1 ρl(1 − log(α1(e − 1))) + ∑m

l=1 ρl

(
( ul−λ1

α1
)− e

ul−λ1
α1 − e−e

(
ul−λ1

α1
)
)

I3 = ∑m
l=1(1 − ρl)(1 − log(α2(e − 1))) + ∑m

l=1(1 − ρl)

(
( ul−λ2

α2
)− e

ul−λ2
α2 − e−e

ul−λ2
α2

)
I4 = ∑K

l=1 Pl log
( e

e−1
)
+ ∑K

l=1 Pl log (1 − e−e−e
ul−λ1

α1
)

I5 = ∑K
l=1 Ql log

( e
e−1

)
+ ∑K

l=1 Ql log (1 − e−e−e
ul−λ2

α2
)

I6 = P∗ log
( e

e−1
)
+ P∗ log (1 − e−e−e

um−λ1
α1

)

I7 = Q∗ log
( e

e−1
)
+ Q∗ log (1 − e−e−e

um−λ2
α2

)

P∗(λ1, α1, λ2, α2) ∝α
p1−1
1 α

p2−1
2 exp

[
I1 + I2 + I3 + I4 + I5 + I6 + I7

]
. (15)

The conditional posterior distributions derived from (15) are given as follows:

P∗
1 (λ1|λ2, α1, α2) ∝exp

[
− 1

2

(
λ1 − µ1

σ1

)2
+

m

∑
l=1

ρl

(
(

ul − λ1

α1
)− e

ul−λ1
α1 − e−e

(
ul−λ1

α1
)
)

+
K

∑
l=1

Pl log(1 − e−e−e
ul−λ1

α1
) + P∗ log (1 − e−e−e

um−λ1
α1

)

]
.

(16)

P∗
2 (α1|λ1, λ2, α2) ∝α

p1−1−C1
1 exp

[
− m1α1 +

m

∑
l=1

ρl

(
(

ul − λ1

α1
)− e

ul−λ1
α1 − e−e

(
ul−λ1

α1
)
)

+
K

∑
l=1

Pl log(1 − e−e−e
ul−λ1

α1
) + P∗ log (1 − e−e−e

um−λ1
α1

)

]
,

(17)

P∗
3 (λ2|λ1, α1, α2) ∝exp

[
− 1

2

(
λ2 − µ2

σ2

)2
+

m

∑
l=1

ρl

(
(

ul − λ2

α2
)− e

ul−λ2
α2 − e−e

(
ul−λ2

α2
)
)

+
K

∑
l=1

Pl log (1 − e−e−e
ul−λ2

α2
) + P∗ log (1 − e−e−e

um−λ2
α2

)

]
,

(18)

and

P∗
4 (α2|λ1, λ2, α1) ∝α

p2−1−C2
2 exp

[
− m2α2 +

m

∑
l=1

ρi

(
(

ul − λ2

α2
)− e

ul−λ2
α2 − e−e

(
ul−λ2

α2
)
)

+
K

∑
l=1

Pl log(1 − e−e−e
ul−λ2

α2
) + P∗ log (1 − e−e−e

um−λ2
α2

)

]
.

(19)

As demonstrated in equations (16) to (19), the full conditional posterior distributions of the
model parameters are not in closed-form expressions. Consequently, direct sampling from these
distributions is not feasible. In this case, we employ Metropolis“Hastings sampling within the
Gibbs algorithm using a normal proposal distribution. Posterior samples of the model parameters
are subsequently generated by iteratively performing the following steps.
Step 1: Initialize the iteration step to k = 1 and initialise the parameters Ψ(0) = (λ

(0)
1 , α

(0)
1 , λ

(0)
2 , α

(0)
2 ).

Step 2: Generate λ
(k)
1 , α

(k)
1 , λ

(k)
2 , α

(k)
2 from P∗

1 (λ1|λ2, α1, α2), P∗
2 (α1|λ1, λ2, α2), P∗

3 (λ2|λ1, α1, α2),
and P∗

4 (α2|λ1, λ2, α1) respectively by using the Metropolis“Hastings algorithm described in [18]
with a normal proposal.
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Step 3: Set k = k + 1.
Step 4: Repeat the steps 2-3 J times.
Thus, the approximate Bayesian estimators of the parameters λ1, α1, λ2, and, α2 under squared
error loss function is given by

λ̂1Bayes =
1

J − B

J

∑
k=B+1

λ
(k)
1 , λ̂2Bayes =

1
J − B

J

∑
k=B+1

λ
(k)
2 ,

α̂1Bayes =
1

J − B

J

∑
k=B+1

α
(k)
1 , and, α̂2Bayes =

1
J − B

J

∑
k=B+1

α
(k)
2

(20)

where B denotes the burn-in period. We can also construct HPD credible intervals [8]. Then,
100(1 − δ) HPD interval is given by

(Ψ̂Bayes[ δ
2 (J−B)], Ψ̂Bayes[(1− δ

2 )(J−B)]) (21)

where Ψ̂Bayes = (λ̂1Bayes , α̂1Bayes , λ̂2Bayes , α̂2Bayes), Ψ̂Bayes[ δ
2 (J−B)] and Ψ̂Bayes[(1− δ

2 )(J−B)] are the [( δ
2 (J −

B)] th smallest and [(1 − δ
2 )(J − B)] th smallest of MCMC samples ψ(k) generated from posterior

densities.

4. Simulation study

This section presents a simulation study aimed at assessing the performance of parameter
estimation methods, particularly maximum likelihood estimation (MLE) and Bayesian techniques.
The simulation is performed under various sample size configurations: (50, 40, 70), (60, 50, 88),
and (70, 60, 106), where the first two values denote the sample sizes of the two groups and the
third corresponds to the total number of observed failures. We take the initial parameter values
as (λ1, α1, λ2, α2) = (0.8, 1.2, 0.9, 1.5) and fixed experimental times T = 1.2 and T = 1.5. Point
estimates are compared using bias and MSEs, as presented in Table: 2. Asymptotic confidence
intervals, bootstrap confidence intervals, and highest posterior density (HPD) intervals are
computed. These interval estimates are evaluated based on average confidence lengths (ACL)
and coverage probabilities (CP), which are outlined in Table: 3.

For Bayesian estimation, both informative and non-informative priors are considered. In the
non-informative setup, the hyperparameters for normal priors are chosen to be µ1 = µ2 = 0 and
σ1 = σ2 = 1, while for the gamma priors, m1 = m2 = p1 = p2 = 0.001, a small positive value to give
a minimal influence on the parameters. In the informative case, the hyperparameters are µ1 = 0.8,
µ2 = 0.9, σ1 = σ2 = 0.1, m1 = 4.375, m2 = 3.5, p1 = 5.25, and p2 = 5.25. The simulation procedure is
replicated 1000 times. The complete censoring schemes employed in the study are listed below in
Table:1.

The notation (03, 22) represents a censoring scheme in which the value 0 is repeated three times
and the value 2 is repeated twice. The steps involved in generating a joint adaptive progressive
Type II censored sample are described as follows.
1. Generate two samples of sizes N1 and N2 from DUS-EV(λ1, α1) and DUS-EV(λ2, α2).
2. Randomly select a type II progressively censored sample of size m [6]
3. Select the sample {(U1, ρ1), (U2, ρ2), ..., (UK, ρK)} based on the time T.
4. If K < m, generate truncated samples of size m-K from the DUS-EV distribution.
5. Update the joint adaptive progressive Type II censored sample
{(U1, ρ1), (U2, ρ2), ..., (UK, ρK), (UK+1, ρK+1), ..., (Um, ρm)}
The following are the main conclusions drawn from the simulation study:

• An increase in sample size leads to a reduction in the absolute bias and mean squared error
(MSE) of the MLEs as well as the Bayesian estimators obtained under both informative and
non-informative priors.
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Table 1: Censoring Schemes

2*Sl.No Sample Size Censoring Scheme
(n1, n2, m) R

1 (50, 40, 70) (060, 210)
2 „ (069, 20)
3 „ (15, 050, 115)
4 (60, 50, 88) (077, 211)
5 „ (087, 22)
6 „ (15, 066, 117, 05)
7 (70, 60, 106) (094, 212)
8 „ (0105, 24)
9 „ (15, 082, 119)

• In the majority of scenarios, Bayesian estimation with informative priors results in reduced
MSE relative to non-informative priors and maximum likelihood estimates.

• Average confidence length is shorter for HPD intervals with an informative prior as com-
pared to all other confidence intervals.

• Most of the time, coverage probabilities converge to the nominal level as the sample size
increases.

5. Data analysis

This section presents a real data analysis to demonstrate the effectiveness and practical relevance
of the proposed approach. For this purpose, we consider two data sets originally reported [7],
which consist of observed times between consecutive telephone calls received at a company’s
switchboard. Specifically, the first data set contains 41 time intervals measured in seconds, while
the second comprises 48 time intervals recorded in minutes. The first data set has previously
been analyzed in the context of modeling extreme values and was utilized to fit the DUS-EV
distribution [18]. Now we utilize the same data to examine the effectiveness of the proposed
estimation techniques within the framework of joint adaptive progressive Type II censoring.
To evaluate the goodness of fit, we apply three statistical tests: the Kolmogorov-Smirnov (KS)
test, the Anderson-Darling (AD) test, and the Cramer-Von Mises (CVM) test. The results are
summarized in Table:4. We generate a joint adaptive Type II censored sample from the joint
distribution of time intervals of two sets of data for m = 63, T = 0.8 and R = (053, 210) and
performed estimation through maximum likelihood and Bayesian techniques. The results are
provided in the Table:5.

6. Conclusions

This article investigates statistical inference for the recently proposed DUS-EV(λ, α) distribution
under the joint adaptive progressive Type II censoring scheme. The DUS-EV distribution is
characterized by an increasing failure rate, making it particularly suitable for analyzing aging
systems and extreme value phenomena. To enhance the practical utility of this model, the
JAPT-II censoring framework is adopted, which reduces experimental time while ensuring a
predetermined number of failures, thereby improving the efficiency and reliability of inference
procedures.

Parameter estimation is explored through classical, Bayesian, and bootstrap approaches. In the
classical framework, maximum likelihood estimators and their asymptotic confidence intervals
are derived. Bayesian inference is carried out using the Metropolis - Hastings algorithm within
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Gibbs sampling to obtain posterior samples, along with highest posterior density (HPD) intervals.
Complementarily, bootstrap methods are employed to construct alternative confidence intervals
and to assess the robustness of inference.

The performance of these procedures is evaluated through simulation studies conducted under
different sample size settings. The results indicate that Bayesian estimates with informative priors
generally exhibit lower mean squared errors, while bootstrap intervals demonstrate competitive
performance. A real-data analysis further validates the applicability of the proposed methods in
practical reliability studies.

In conclusion, the study highlights the flexibility and robustness of the DUS-EV(λ, α) distribu-
tion under JAPT-II censoring and demonstrates the effectiveness of integrating classical, Bayesian,
and resampling-based inference procedures in reliability analysis.

Table 2: Biases and MSEs for λ1 = 0.8, β1 = 1.2, λ2 = 1, β2 = 1.5
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Table 2: Continued
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Table 3: for λ1 = 0.8, β1 = 1.2, λ2 = 1, β2 = 1.5
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Table 3: continued
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Table 4: Goodness-of-fit test results for the DUS-EV distribution

2* 2*Estimates KS test AD test CVM test

Statistic p-value Statistic p-value Statistic p-value

2*Data 1 λ̂1=0.9723 2*0.0827 2*0.9539 2*0.2237 2* 0.9825 2* 0.0351 2* 0.9585
α̂1=0.4563

2*Data 2 λ̂2=1.6522 2* 0.1236 2*0.4554 2*0.54799 2* 0.6976 2* 0.1035 2* 0.5697
α̂2= 0.4293

Table 5: Estimates, standard errors (SE), confidence intervals (CI), and confidence lengths (CL) under joint adaptive
progressive type II censoring scheme across different estimation methods

3*Parameters MLE Bayesian Bootstrap-p

Estimates ACI Estimates HPD CI
SE CL SE CL CL

λ̂1 0.9716 (0.8103, 1.1327) 0.8599 (0.7533, 0.9697) (0.8924, 1.1466)
0.0822 0.3224 0.0653 0.2164 0.2541

α̂1 0.4694 (0.3405, 0.5984) 0.5458 (0.4328,0.6869) (0.4447, 0.6217)
0.0658 0.2579 0.0752 0.2541 0.1770

λ̂2 1.5953 (1.4703, 1.7203) 1.1083 (0.9281, 1.2726) (1.5764, 1.7689)
0.0638 0.2499 0.0882 0.3445 0.1925

α̂2 0.3873 ( 0.2700, 0.5046) 1.1596 (0.8161, 1.5237) (0.3329, 0.5735)
0.0598 0.2346 0.1850 0.7076 0.2406
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