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Abstract

Statistical Process Control (SPC) is a quality control method that employs statistical methods to investi-
gate, monitor, and improve a process. A control chart is a tool for monitoring process performance that
employs visual indicators to detect unusual deviations due to assignable causes. This chart compares the
values of a quality characteristic to its corresponding control limits. In the quality control process, the
control chart is frequently constructed while ignoring parameter uncertainty. The detection of changes
in the parameter(s) within the probability distribution of one or more process-related variables is an
important aspect of monitoring. Estimating the parameters is essential since it may affect the control
chart’s long-term performance in in-control or out-of-control conditions. This article introduces a new
attribute control chart utilising a Bayesian approach founded on the Exponential lifetime distribution
and the Hybrid censoring technique. A Bayesian framework will be utilised to compute the control
chart parameters and the average run length. The parameters for the control chart are determined across
various value combinations, and the performance of the newly developed control chart is assessed using
the Average Run Length (ARL). Numerical examples are provided to elucidate the proposed control chart,
and simulated data are employed to demonstrate its potential applications.

Keywords: Attribute Control Chart, Exponential Distribution, Inverse Gamma Distribution,
Predictive Distribution, Average Run Length

1. INTRODUCTION

Nowadays, the manufacturing industry faces significant challenges due to process variation,
which often results in defects and increased costs. During continuous production, it is essential
to determine whether the process is in control and to identify the presence of any variation. Such
variation can arise from common (chance) causes or assignable causes. Quality control involves
monitoring, measuring, and adjusting the product’s performance to meet predefined standards or
specifications. One of the most widely used and effective quality control tools is the control chart,
a graphical representation of collected manufacturing data. A control chart typically includes
a central line (CL) representing the average, an upper control limit (UCL), and a lower control
limit (LCL).

To monitor production processes under varying conditions, numerous control charting tech-
niques have been developed. These charts are designed to suit specific characteristics of the
quality attribute being analysed. Broadly, control charts fall into two categories based on the type
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of data: variable or attribute. Variable control charts analyse data measured on a continuous scale
with precise values, while attribute control charts classify items as conforming or non-conforming.

Lifetime is considered an important quality characteristic for certain products, and life tests
are conducted to monitor their manufacturing process. Based on the results of these tests, a
product can be classified as conforming or non-conforming. However, life testing often requires a
lengthy duration, making the use of censoring techniques essential. Common censoring methods
include Type-I censoring, Type-II censoring, and hybrid censoring. In hybrid censoring, the life
test ends at the earlier of two events: the specified test time ¢ or the occurrence of the (UCL + 1)
failure. If the number of failures observed by time ¢ falls between the lower control limit (LCL)
and upper control limit (UCL), the production process is considered in control; otherwise, it is
deemed out of control. Additionally, if a product fails before the test termination time ¢, it is
classified as non-conforming.

The attribute control chart, such as the np control chart, is founded on the fraction of non-
conforming items, which is determined by the assumption that the quality characteristic follows
a normal distribution. In reality, the distribution of quality characteristics may not conform
to normality. In such instances, the use of the current control chart could mislead industrial
engineers and increase non-conforming items. A variety of studies on the development of attribute
control charts using different lifetime distributions can be found in the literature, including work
on the Weibull [1-3], Pareto [4, 5], Birnbaum-Saunders [6], Burr X and XII, Inverse Gaussian, and
Exponential [7], Lognormal [8], Exponentiated Half Logistic [9], Dagum [10], Weibull-Pareto [11],
Log-Logistic [12], Generalized Log-Logistic [13], Generalized Exponential [14], Inverse Weibull
[15], Length-Biased Weighted Lomax [16], Rayleigh [17], Half Normal and Half Exponential
Power [18], Exponentiated Inverse Kumaraswamy [19], Lindley [20], Generalized Rayleigh [21],
Exponentiated Exponential [22], Inverse Kumaraswamy [23], Exponential-Poisson [24], and
Exponential-Rayleigh [25].

Traditional attribute control charts assume that the average number of defectives remains
constant over time when the process is in control. However, charts that rely solely on sample
variance, such as the np-chart, can produce numerous false alarms if the actual number of
defectives fluctuates, even when the process is stable. These false alarms occur because the
control limits are typically calculated based only on sampling variation, while the observed
number of nonconforming items reflects both sampling and inherent process variability. As
sample sizes increase, the impact of process variation becomes more pronounced. Consequently,
the actual number of nonconforming items is expected to vary from sample to sample according
to an underlying probability distribution. The Bayesian methodology is widely used to handle
uncertainty related to the parameter of interest. Regarding attributes, the pioneer work in a
Bayesian process control chart was introduced by [26]. Numerous researchers, including [27-36],
have enriched the literature and have engaged in developing a variable control chart for various
lifetime distributions under a Bayesian approach.

The exponential distribution is a type of continuous distribution that is frequently employed
in reliability engineering and estimation to characterise the lifetime failure of a specific product
or component of a machine (or system) during a specified time interval, and it is extensively
used in electrical products. In the realm of reliability engineering, the exponential distribution is
used to model components that maintain a constant failure rate, such as electronic components,
because of its mathematical simplicity and memoryless property. Among the various statistical
distributions, the exponential distribution is a good fit for most skewed data. One of the reasons
for selecting the exponential distribution for the distribution of a time characteristic is when
the defect rate in a process is notably low. Literature reviews reveal that there has been no
investigation into control charts that include a life test for a non-normal distribution, such as an
Exponential distribution with Hybrid censoring under the Bayesian approach.

This paper presents a Bayesian attribute control chart designed using the predictive lifetime
distribution. Specifically, it assumes lifetimes follow an Exponential distribution, while the
process parameter is assigned an Inverse Gamma prior. A hybrid censoring scheme is utilised to
handle incomplete observations. To construct the control chart, an appropriate control coefficient
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is determined based on the predictive distribution. The chart’s performance is assessed using
Average Run Length (ARL) under both in-control and out-of-control conditions. The design
aims to detect shifts in the process mean, ensuring effective monitoring. Simulation studies are
conducted to demonstrate the chart’s effectiveness and practical application. Section 2 details
the Bayesian design methodology, including the derivation of the control coefficient and the
algorithmic procedure for chart development tailored to a specific performance threshold. Section
3 illustrates the proposed chart through a real-world simulation study, demonstrating its operation
in practical conditions and validating its sensitivity to process shifts. The last section presents a
summary of the overall findings.

2. CONSTRUCTION OF A BAYESTIAN ATTRIBUTE CONTROL CHART

Let "T” represent the lifetime of the products generated in a manufacturing process. It is assumed
that 'T” adheres to an Exponential distribution characterised by the parameter 6, defined for ¢ > 0
by its density function gr|(4):

1
gT\{G}(t):ée 0,6 >0,0>0 1
The distribution function Grg, of T|{6} is given by:

Griy () =1—¢ 9;t>0,6>0 )

An appropriate prior distribution for ‘¢’ can be identified based on the insights obtained from
the mean lifetime of products in prior lots. It is assumed that the prior distribution of "¢’ is
characterised by an inverted gamma distribution, which is recognised as a natural conjugate
prior for sampling from an exponential distribution, thus providing mathematical simplicity. The
probability density function of the prior distribution of ‘0’ is presented as follows:

1 1\ @t
o @ = (3) ¢

The revised lifetime of the product is characterised by the predictive distribution of "T," with its
density function derivable from the prior distribution (3) and the sampling distribution (1) as
follows:

s

|

7:0 > 0,0, > 0 ®)

ap

Henceforth, the previously mentioned predictive distribution shall be known as the "Exponential-
Inverted Gamma" distribution, with the distribution function of T|{«, B} being expressed as:

fri{apy(t) =

(1+pH)"

The average (mean) lifetime of the product, as defined by the Exponential-Inverted Gamma

distribution, is expressed as follows:
1

SNCEN
When the process is in control, the target mean life of the product is indicated by , and the time
for the experiment f; can be formulated in terms of the mean of the in-control process, such that
to = aup (with "a" denoting the experiment termination ratio). Let p denote the probability of an
item failing before the experiment time ¢y, which can be described as follows:

(6)

p=1- ! T
1+ () )]
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The process is considered to be in control when there is no variation between the process mean
and the target mean, that is, u = y. Let py represent the failure probability of an item when the
process is in control, which is determined by

1

B (R

If the process mean is considered to be shifted to u; = fug, where f is identified as a shift
constant, the failure probability of an item when the process is out of control, denoted as py, is
formulated as

®)

1

pr=1- p T
| [”(fox—nﬂ

Generally, for the provided values of a, a and f, the failure probabilities are computed by
employing equations (8) and (9).

We formulate a new np control chart aimed at assessing the lifetime of products that are
distributed according to the Exponential-Inverted Gamma distribution, based on the count of
products in each subgroup. The subsequent section outlines the operational procedure for the
designed np control chart:

)

Step 1: Randomly select a sample of # items from the subgroup of the production process and
subject these sample items to a life test for a specified duration of time ¢.

Step 2: Monitor the number of items that fail, which will be referred to as “d”.

Step 3: Terminate the life test either when the time f( is reached or if d exceeds the upper control
limit (UCL) before time to, whichever happens first.

Step 4: If d is less than the lower control limit (LCL) or greater than the UCL, then the production
process is to be regarded as out-of-control. Otherwise, it should be regarded as in control.

The proposed control chart is regarded as an np control chart since it displays the number of
failed items in a subgroup of a predetermined sample size against the subgroup. The count of
failed items in the life test follows a binomial (1, po) distribution when the production process is
in a in-control state. The probability of an item failing before the test ends at time ¢ is denoted as
po- Thus, the following equations are applied to determine the control limits for the proposed

control chart:
UCL = npo + ky/npo(1 — po) (10)
LCL = max[0,npy — kv/npo(1 — po)] (11)

Here, the term "k" denotes the coefficient for control limits, and the failure probability pj of the
product before the time t( is computed through equation (8).
The probability that the process is recognised as being in control is indicated by P;; and is
provided as
P) = P(LCL < d < UCL|po)

[uct]

Pu= ) (Z) pi(L = po)"* (12)

d=[LCL}+1

In general, the average run length is used to measure the performance of the control chart. The
in-control ARL of the recommended control chart, indicated as ARLy, is defined by

1
ARLy = [UCL] (13)

1- [Zd:[LCL]Jrl (g1 - Po)”’d}
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The probability that the process is considered to be in control upon shifting to u; is now
determined by
Pl = P(LCL < d < UCL|py)

[uct]

P, = (n p(1—py)r (14)
Z +1 d) ! '

d=[LCL]

The Average Run Length (ARL) for the shifted process, which is considered out-of-control, is
referred to as ARL; and is determined by:

1

ARL; =
1= [ty (pd = po) ]

(15)

To analyse the effectiveness of the proposed control chart in detecting shifts in the process, we
determine the optimal parameters LCL, UCL, a, and k for the specified in-control ARL values.
For this purpose, we examined four cases of in-control ARL: 200, 300, 400, and 500, with a
fixed sample size of n = 20, 25, 30, and 35, considering the parameters « = 2 and 3. The optimal
parameters are chosen to ensure that the in-control ARL is as close as possible to the specified
ARL values, while the out-of-control ARLs are reported for various values of the shift constant
(0.10 (0.10) 2.0). The optimal parameters along with their corresponding out-of-control ARLs are
illustrated in Tables 1 and 2.

The following algorithm is applicable for determining the optimal parameters necessary for
the design of the proposed control chart, considering various combinations of the specified
in-control Average Run Length (ARL) and sample size.

Step 1: Indicate the values of ARL, referred to as rg, and the sample size n.

Step 2: Set a = 0.0001 and k = 0.0001.

Step 3: Determine the failure probability of the product (i.e., pp) when the process is in control by
employing equation (8) and also calculate the control chart parameters (LCL and UCL)
by substituting the values of 7, a and k in equation (10) and (11).

Step 4: Calculate the in-control ARL by using equation (13) and compare it with ry. Continue
this process for various combinations of (2 and k) until getting an in-control ARL is very
close to the specified ARL, rg.

Step 5: When such an ARL is found, the corresponding parameters (LCL, UCL, a, k) will be the
optimal parameters required. Then calculate the out-of-control ARL (i.e., ARL) using
these optimal parameters in equation (15).

3. APPLICATION OF PROPOSED CONTROL CHART

3.1. Real-Life Application

This section includes a design example intended to illustrate a real-life application of the pro-
posed control chart within the Bayesian approach. Imagine a manufacturer who seeks to enhance
the quality of its product. It is known that the failure time of the product is modelled by the
Exponential distribution, with the parameter following the Inverted Gamma distribution. The
target mean life of the product is established at 1000 hours, with the parameter & = 2. A sample
of size n = 25 will be taken from each subgroup and will be subjected to a censored life test. The
target in-control Average Run Length (ARL), r¢, is 200. As indicated in Table 1, the constants are
a=0.5081, k =2.7022, LCL =7, and UCL = 21. Thus, the control chart that the manufacturer will
create is designed as follows:

Step 1: Select a sample consisting of 25 products from each subgroup and carry out a life test for

a duration of 508 hours. Record the total number of failed products during the life test,
denoting this figure as "d".
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Step 2: Terminate the life test either when 508 hours have been completed or if the number of
failed products surpasses twenty before reaching 508 hours, depending on which happens
first.

Step 3: If d > 21 or d < 7, declare the process to be out of control. If 7 < d < 21, declare the
process to be in control.

3.2. Simulation Study: Case 1

In this section, the application of the proposed control chart is demonstrated using simulated
data. The data is generated from an Exponential distribution while the process is in control,
with parameters that follow an Inverted Gamma distribution, specifically with « = 2 and a target
average lifetime of 1000 hours. We consider a random sample of size n = 20 for each batch. The
first fifteen samples are produced from the in-control process, and the next fifteen samples are
from a shifted process with f = 0.20, resulting in 30 sample batches, as illustrated in Table 3. Then,
according to Table 1, when n = 20 and ARLg = 200, we have constants k = 2.8929, a = 0.5093, UCL
=18, and LCL = 5. The number of products with a lifetime below 509 hours is noted (“D”) and
is also shown in Table 3. The values of the nonconforming items are depicted with two control
limits (LCL = 5 and UCL = 18) in Figure 1.
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Figure 1: Control Chart for Simulation Data of Case 1

From Figure 1, it can be seen that the proposed control chart identifies a shift at the 17"
sample (the 2™ observation following the shift), with a recorded ARL of 1.92. Consequently, the
developed control chart effectively recognises the shift in the manufacturing process. Therefore, it
can be concluded that the proposed control chart will promptly detect any shifts in the process.

3.3. Simulation Study: Case 2

The data is generated from an Exponential distribution while the process is maintained in an
in-control state, with parameters that conform to an Inverted Gamma distribution with the
parameter « set to 3 and a target average lifetime of 2000 hours. A random sample of size n =
35 is utilized for each batch, where the first ten samples are taken from the in-control process,
and the next ten samples are from a shifted process with f = 0.50, leading to a total of 20 sample
batches. From Table 2, with n = 35 and ARL( = 400, the constants are defined as k = 3.0408, a =
0.5360, UCL = 27, and LCL = 9. The number of products with a lifetime less than 1072 hours is
classified as nonconforming items and is denoted as ‘D’, with the following values: 18, 24, 23, 22,
17,12,17, 15, 21, 18, 25, 24, 26, 25, 29, 25, 24, 23, 23, 27. The values of nonconforming items are
plotted against two control limits (LCL = 9 and UCL = 27), as illustrated in Figure 2.

As shown in Figure 2, the proposed control chart detects a shift at the 15" sample, specifically
on the fifth observation after the shift, with an Average Run Length (ARL) of 4.76. This demon-
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Figure 2: Control Chart for Simulation Data of Case 2

strates the chart’s effectiveness in identifying shifts in the manufacturing process under standard
conditions. Therefore, it can be concluded that the proposed chart is capable of detecting process
shifts more quickly.

4. CONCLUSION

In this paper, we present a methodology for a new Bayesian attribute control chart designed
to monitor the lifetime of products. Life tests are conducted under a hybrid censoring scheme,
assuming an Exponential distribution for the product lifetime and an Inverse-Gamma distribution
as the prior. The proposed control chart aims to ensure that the mean lifetime meets the desired
quality standards. This highly adaptable control chart is suitable for monitoring product lifetimes
in industrial settings. Supporting tables for practical application are provided and illustrated using
simulated data generated in R from the Exponential-Inverse-Gamma model. The performance of
the control chart is evaluated in terms of Average Run Lengths (ARLs) for various shift constants
(f). Notably, employing a hybrid censoring scheme in life testing reduces both the time and cost
involved in sampling inspections. The developed attribute control chart also offers potential for
extension to other statistical distributions in future research.
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