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Abstract

In this research work, we derive a single server Markovian encouraged arrival queuing system with
dissatisfied customers, balking, and numerous vacations, where we examine that encouraged arrival
customers are due to the fewer customers, balking, and dissatisfied customers. Once a system-size
enhancement is idle, the system server obtains vacation. Suppose the system server detritus is idle, after
the sabbatical vacation. We inferred the probability-generating functions (PGF) and got the closed-form
interpretation when the system server is numerous. In addition, we obtain other important performance
measures and Little’s law is also satisfied for this model.

Keywords: Encouraged arrival, dissatisfied customers, feedback, Numerous vacation, Little’s Law.

1. INTRODUCTION

The breadth and interest in studying queuing systems involving server vacation have increased
in the queuing theory literature. To maximize downtime, server vacations are employed. The
manufacturing process, business services, communications networks, online technology, and other
scenarios have all seen success with the application of vacation queuing models. Many scholars
are eager to explore queuing models that incorporate various vacation regulations, including both
single and multiple vacation norms.

On the whole, it is difficult to achieve success in closed-form bulk service queue modelling with
servers inactive [1]. The study conducted in [2] examined an M/M/1 line via a working vacation
model. Examines the optimal management approach regarding a heterogeneous M/M/1-queue
that experiences server outages [3]. M/M/1 queues with several active vacations, including the
N-Policy is given in [4] . Working with the matrix approach and the vacation line study in [5]
was conducted. An investigation was conducted for the M/M/1 queue, including an individual
active vacation is considered in [6]. An M/M/1 queuing systems with server vacation and client
impatience were thoroughly analysed by [7], who found that consumers only felt irritated when
the servers were used on vacation. The M/M/o queue model with vacations and dissatisfied
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consumers and Numerous flexible vacations, while K is a pre-assigned stable positive number
instead of a random variable is taken into account in [8]. This kind of vacation is referred to as
a variation of Banik’s various vacations in [9]. Papers by [10] and [11] include literature about
this kind of vacation. There has been research on an M/M/1/N queue mechanism featuring
encouraged arrival [12]. Markovian encouraging arrival queues and then dissatisfied customers
were all investigated [13], [14] and [15].

2. MODEL INTERPRETATION

We contemplate a single server Markovian encouraged arrival queuing system with dissatisfied
customers, feedback, and a numerous vacation. As per the encouraged arrival procedure,
customers engage a server once at a moment (1 + 1), where ¢ denotes the encouraged arrival
rate. yu Follows a service rate identical distribution. # is a feedback rate. Customers follow FIFO
discipline. A server does nothing except wait for the next customer to arrive. The vacation rates,
denoted by ) are supposed to have an exponential distribution of vacation times. Customers are
irritated throughout the vacation. It means that a "Dissatisfied timer" ( t ) is set off every time
a customer accesses the system. It has an identical distribution with ¥ as the parameter. When
a customer’s timer goes off and their service is still unfinished, they leave the line and never
reappear.

The closed-form equations for the average system sizes in various server states equations
with additional significant performance metrics are also obtained. Assume that the Length of
the system T, and then I(T) = i describes at time T, the system executes the (i + 1)™ vacation for
i=0,1,...,H—1. Then, the continuous-time Markov process (CTMP) with state ¢ = {(m,1) :
m>0,i=0,1,..., H}.

3. THE SET OoF DIFFERENTIAL-DIFFERENCE EQUATIONS OF THE MODEL

We write the basic equations and derive the probability differential-difference equations Using
the model interpretation for the single server Markovian encouraged arrival queuing system with
dissatisfied customers, feedback, and a numerous vacation as follows:

(A (T+1)+x)*Poo=19*Pyo+puxPry 1)
(e (141) + 00+ ) Pug = A (140 ¢ Pyso - (m+ ) s s Prsom>1 ()
()\*(1+1)+X)*P0iI#)*Pli‘FX*POi,l,i:1,2,...,H*1 (3)
As(L41) +x +mxtp) s Pyi = As (14 1) % Py + (m + 1) s 9P Py @)
i=12,... H-1m>1
/\*(1+1)*POH:X*POH,1 (5)
H-1
(As (L+1)+p) % Py = A (L410) % Pyqpg + p* Pygag + X Y, Piym > 1 (6)
i=0

By using the normalizing condition:

f oo A (D Puan ok P + X5 P
Y=
0= " (Ax T+ +p)

m=

M=

|
—_
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Define the (PGFs) as,

(e}
Ri(Z)= Y PuZ",0<Z<1,i=0,1,...H

m=0

Then, multiply the all equations for m in equations. (1) to (4) via Z™, we obtain,

Ypx(1—Z)*Ry(Z)— [Ax(1+1)* (1—2Z)+ x] *Ro(Z) = —px P 8)
And

Ppx(1—=Z)*«RI(Z) — [Ax(14+1)* (1= Z) + x] * Ri(Z) = —x * Pyi_1 )
Likewise, by using the equations. (5) and (6) we get
H-1

(1=2Z) % (A% (1+1) % Z— ) %Ry (Z) = x+Z Y Ry(Z) + (Z—1) %+ Popy (10)
i=0

Next, we derive the equations (8) and (9) by closed form.
Equation. (8) will be given as :

Ryz)— 203D X ], py(z) =~ P an
¥ P (1-2) P (1-2)
To solve the differential Equation. (11), by
Ax(141)
e 7 La(1-2)¥
Then, we obtain
A1) % X 7A*(1+z)* X_
4N 20— wro2)] = —Eape 2 (1= 7y
az P
[ ing 0 to Z, we claim that,
Ax(14D) X_ _ (D
L )
Ro(2) = (12)

(1-2)%

Since Ro(1) = Y5_g Pno < o0 and Z = 1, we have that z = 1 must be ought to should be the
numerator’s value on the right side of Equation (12).

So, we get
Ro(0) :%*D*PH{ 13)
Where,
1 Ax(141) % X _
D= [le v M a(i-y)i ay (14)
0
Not Ro(0) = Py, Equation. (13) implicit
_ Y
Py = D" Poo (15)
By substitute the Equation. (15) to (12), we get,
Ax(1+]) 7 (a40)
[ Z 1 r X_q M0+
RQ(Z):e*K*|:1—/ (1—Y)$ 16 ¥ ydy *Poo (16)
(1-2)% D Jo

133



Ismailkhan.E, Thangaraja.P, Rajeswari.V, Karuppaiya.R, Ramkumar.S, Narmadha.V RT&A, No 4 (89)
EFFICACY OF SINGLE SERVER MARKOVIAN Volume 20, December 2025
ENCOURAGED ARRIVAL QUEUE

Eq. (9) will be given as

Ax(1+1) X X * Poi_1
RI(Z) — Ri(Z) = -2 ——2—_ 17
@[S e - T )
In likewise Equation. (11), implicit

Ax(1+1) * X_ A4 %

FF RO - e [P e

Ri(Z) =

(1-2)¥

Since R;(1) = Y.;—o Pui < c0 and Z = 1z = 1 must be ought to should be the numerator’s
value on the right side of Equation (18).
So, we get

POi:Rl-(O):g*D*POi_l,izl,Z,...,H—l (19)

Where D is determine by Equation. (14). By Use Equation. (19) Again, we get

Py = B % Py,i=1,2,...,H—1 (20)
Where B = % * D. By Substitute Equation. (20) into (18), we get
Aty o X Ax(144)
R-Z:M*Bl*{l—l* Z1—y)o Txe 9 *yd}*P
i(Z) 12} 5*Jo 1=y y 00 (21)

i=1,2,...,H-1
By Using Equations. (5) and (20), we get

X H-1
Pog = —F~——B"" " %P, 22
V= D) 00 (22)
Next, we procure the Py, and the average service system- size is in numerous states.
Fori=0,1,...,H, let us assume that L; is the system size in the state i. Hereafter, E (L;) is
the average system size in the state i, which is determined is given by

E(L;)=Rj(1)= ) mxP,;,i=01,...,.H
m=1
ie,fori=0,1,...,H—1,E (L;) means the average system size, the system-server proceeds
the (i+ 1)™ vacation, and E (Ly) means engaged system is idle or free. Determine E (L;) for
i=01...,H-1
Applying the L'Hopital rule to Equation. (11), we obtain

Ax(+1)+(1=2Z)+ x|+ Ho(Z) — p Py

R)(1) = lim

71 Ypx*(1—-2)
_ A (1+1) % Ho(1) + x * Hj(1)
-y
Thus, we obtain
(x +9) * Hy(1) = A (141) = Ho(1) (23)

Likewise, from the Equation. (17), we obtain

(x+¢)*xH(1) =A% (141)xH;(1),i=1,2,...,H—1 (24)
Equations. (23) & (24) inferred
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Ax (141
E(ry =204
X+
Fori=0,1,..., H, let us assume that P; = H;(1) = Y_;,_, Pi;,. Hereafter, fori =0,1,...,H —
1, Pj means the server proceeds the (i + 1) vacation, and P means the server is engaged or

free.
Applying the L'Hopital rule, from Equations. (16) & (21), we obtain

«H/(1),1=0,1,...,H—1 (25)

P; =R;j(1) =B 1% Py,i=0,1,..., H—1 (26)
We may write Equation. (25) as follows by using Equation. (26).
Ax(1+1
E() =202
Xty

Besides, the average system is on vacation, indicated E (L{;), as follows:

« BI71 x Py (27)

H-1 _pH
E(Ly)= ) E(L)= A*X(igl) * Bl(l _BB) * Po (28)
i=0

Here after, we inferred P & Py. Beginning with Equations. (15), (20) & (26), we get p * Piy =
x* Py &Pyi_1=P;,i=1,2,...,H—1. Thus, we obtain

H-2 H-1
pxPig+x* Y Pi=x* ), P (29)
i=0 i=0
We may write Equation. (29) as follows by using Equation. (10)
H-1
; Ri(Z) — P;
RH(Z) _ xX*Z N 21:0 [ z( ) ‘1] . u* Popg (30)
Ax(1+1)*xZ—p 1-Z Ax(l+0)*xZ—p
When we use the L'Hopital rule, we obtain
x* LG RI(1) + px Poy
Ry(1) = =0 1 @31

u—A*(141)
Remarking Ry (1) = Py and R)(1) = E(L;),i = 0,1,...,H — 1, beginning with Equation.
(31), we get

:X*Zfif)lE(Li)+V*P0H

P p—Ax(141) (32)
Equation (32), when we substitute Equations. (22) and (28) yields
_pH
Py X [rrty 1-B - i « BH1] % Py (33)

T U= Ax(1+1D) x+¢  B(I—B) Ax(1+1)

It is simple to observe that the normalizing condition (7) can instead be expressed via a
description of P;.

H
Y Pi=1 (34)
i=0
When we replace Equations (26) and (33) in (34), we obtain
POO:{M*XHV—A*(HI))*IIJ* 1-8" X g1l
(p=Ax(@+D)x(x+¢) Bx(1—=B) Ax(Q+1)x*(pu—Ax(1+1))

(35)
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Equation (35) is substituted into equation (28), yielding

(/\*(l—i—l)z(y—/\*(l—i-l))

E(Ly) = 36
(Lu) pxxxAx(14+D)+(x+P)KH)]+Ax (I +D)xpx(p—Ax(1+1)) (36)
Where
_BH(1-B)
KH) =g
We now determine E (Ly). Applying the L'Hopital rule to Eq. (30), we obtain
H-1 H-1
X 1" H*X /
E(Ly) = Ry (1 R;(1 38
(La) 2*(V_A*(1+l))*i;0 ’()+(y—/\*(1+1))2 l;) i(1) (38)

Where R/ (1) is secure by second derivative R;(Z) where Z should be 1. Second derivative
Equations. (8) to (9), we get

25« RIZ) + ¢+ (1-Z) % DiR(Z) = [A* (1 +1) * (1 - Z) + x] * RV (2)

dz3 39
2% Ax (1+1)*R)(Z),i=0,1,...,K—1 (39)
Putting Z = 1 in Equation. (39), we obtain
RIy = 2O gy im0, H -1 (40)
X+2xy
When we replace Equation (40) with Equation (38), we get
X U Ax(141)

E(Ly) = E(L 41
(Ln) y—A*ﬂ+D*<y—A*ﬂ+U_Fx+2*X *E(Lu) (1)

In this case, Py is determined via Equations. (22) and (35) while E (Ly;) is determined by use
of Equation. (36).

Py — X8 (= A (L41)) # e+ ) # K(H) W)
pxxx[Ax 1+ +(x+¢)«KH)] +Ax A1+ *px(p—Ax(1+1)
in which Eq. (37) yields K(H).
Let us assume that L be the expected no. of consumers of the queuing system.
The average size of the system E(L) = E (Ly;) + E (Ly) beginning with Equations. (36) and (41)

4. SPECIAL PRIVILIGE

Two specific instances of the alternative vacation policy covered in this work are the single v and
the numerous vacations.

Privilege 1. Numerous vacation models. If H = oo, hereafter K(o0) = 0. Beginning with Equations.
(36) and (41), we get

:/\*(1+[)*(y—}\*(1+1))

P = X e A+ 0)
and
E(Ly) = X *< U /\*(1—1—1))* As(1410)*pu
p—Ax(I+) \p—Ax(1+0)  x+2%¢ ) pxx+y*(p—Ax(1+1)

Privilege 2. Unique vacation method. If H should be one, hereafter K(1) = B. Beginning with
Equations. (36) and (41), we get
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(Ax(L41)2% (p—Ax(141))

E(Lu) = prxxAx(1+0)+(x+¢)*B + A (T4+0)*p* (p—Ax(1+1))
and
B X i Ax(1+1)
E(LH)_V—/\*(l—H) (y—A*(HZ) x+2*¢> (L)
Ax(141)+p xx(p=—AxA+0)x+¢)* B

+

(= A (T )2 e xs A (T8 + (+ 9) B+ Ax (T8 s (= Ax (1+1))

5. PERFORMANCE EVALUVATION

We extract some other significant performance metrics in this section.

1. The probability of a server being away on vacation is provided by

H-1
Py=)Y P; (43)
i=0
When we change the Equation. (26) to Equation. (43), we get
1-BH
Pu=ga—p *fo
Applying Equation (28), we obtain
XY (Ly) (44)

Pu= a5y

where E (Ly;) is provided by Equation. (36).
2. The probability that the server is engaged is provided by

Pp=)Y Puu=1—-Ppy—Py (45)

m=1
By replacing Equations. (42) and (44) through Eq. (45) and applying Eq. (36), we get
. A (L4 1) 50 [ (L4 D) + (x + )  K(H))
oA (D (o F ) K+ Ax (LD g (= Ax (1+1))

When we replace a continuous variabley, for the numeric H in the R.H.S of Eq. (46), we obtain
the f(y), which is represented by S(y). Applying a derivative of S(y) we obtain

(46)

(A (L+0)2x g (u—Ax(1+0))(x +¢) =K' (y)

Tk R )+ () s KW+ A% (L) s (u— Ax (1+1) 12 <0

S'(y)

The imbalance arises beginning with H'(y) < 0. Therefore, S(y) for declined. As that a result,
when H increases, P, lowers.
3. The expected no. of customers served per time is y * P,, inferred that the segment of customers
served is provided by

Where P; is provided by Equation. (46).
4. The mean rate of desertion due to dissatisfaction can be described as, the average impatience
customers obtain by
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H-1

Ghzz Zm*lp*Pmi:gb*E(Lu) (48)

i=0 m=1
Where E (Ly;) is provided by Equation. (36).
6. NUMERICAL ILLUSTRATION

In this part, we examine the impact of H and ¢ on several performance indicators numerically
where ¥ = 0.5,1.0,1.5.

A B » x H P
4 025 01 5 2 1,2,34,...,00 051015

Table 1: Performance metrics with A*(1+ 1), B, H, and ¢ fluctuations for  values of 0.5,1.0, and 1.5, values
should be minimum values

H ¢ E(Ly) E(Ly) E(L) Py P, Gy
1 05 0.0419 0.1096 0.1515 0.2095 0.0958 0.0215
1.0 0.0343 0.1054 0.1397 0.2058 0.0931 0.0343
1.5 0.0289 0.1027 0.1316 0.2023 0.0913 0.0434
2 05 0.0391 0.1080 0.1417 0.1955 0.1843 0.0196
1.0 0.0323 0.1043 0.1366 0.1938 0.1647 0.0323
1.5 0.0275 0.1020 0.1295 0.1925 0.1576 0.0413
3 05 00365 01065 0.1430 0.1825 0.1560 0.0183
1.0 0.0304 0.1033 0.1337 0.1824 0.1500 0.0304
1.5 0.0261 0.1012 0.1273 0.1827 0.1486 0.0391
4 05 0.0341 01051 0.1392 0.1705 0.1470 0.0171
1.0 0.0287 0.1023 0.1310 0.1722 0.1420 0.0287
1.5 0.0248 0.1005 0.1253 0.1736 0.1323 0.0372
5 05 0.0319 01039 0.1358 0.1595 0.1298 0.0159
1.0 0.0271 0.1015 0.1286 0.1626 0.1220 0.0271
1.5 0.0235 0.0997 0.1231 0.1645 0.1150 0.0353

Table 2: Little’s Law verification

Ax(141) L \%% L=Ax(1+0)W
1.25 0.1515 0.1212 0.1515
1.25 0.1397 0.11176 0.1397
1.25 0.1316  0.10528 0.1316
1.25 0.1417 0.11336 0.1417
1.25 0.1366  0.10928 0.1366
1.25 0.1295 0.1036 0.1295
1.25 0.1430 0.1144 0.1430
1.25 0.1337 0.10696 0.1337
1.25 0.1273  0.10184 0.1273
1.25 0.1392  0.11136 0.1392
1.25 0.1310  0.1048 0.1310
1.25 0.1253 0.10024 0.1253
1.25 0.1358 0.10864 0.1358
1.25 0.1286 0.10288 0.1286
1.25 0.1231 0.09848 0.1231
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Table 1. shows that E(Ly ) and the average system size E(L)decrease with ¢ for every value
are finite. P,, the probability that the server is operating, is very much dropping, while P,, the
chance that the server is on vacation, is growing by 1. Comparison of the Poisson model this
method is very much effective.

In this part, we examine the impact of H and ¢ on several performance indicators numerically
where ¥ = 25,3.0,3.5.

A v B p X H 4
4 025 01 5 2 1,2,34,...,00 253035

Table 3: Performance metrics with A x (1+ 1), B, H, and ¥ fluctuations for 1 values of 0.5,1.0, and 1.5, values
should be maximum values

H ¢ E(Luy) E(Ly) E(L. Py P, Gp
1 25 0.0221 0.0996 0.1217 0.1989 0.0889 0.0553
3.0 0.0197 0.0985 0.1182 0.1970 0.0882 0.0591
35 0.0178 0.0975 0.1153 0.1958 0.0875 0.0623
2 25 02116 0.0991 0.1202 0.1904 0.0798 0.0529
3.0 0.1890 0.0972 0.1144 0.1890 0.0750 0.0567
35 00172 0974 0.1146 0.1892 0.0711 0.0602
3 25 0.0203 0.0986 0.1189 0.1827 0.0687 0.0508
3.0 0.0183 0.0978 0.1161 0.1830 0.0650 0.0549
35 0.0166 0.0971 0.1137 0.1826 0.0632 0.0581
5 25 0.0187 0.0978 0.1165 0.1683 0.0584 0.0468
3.0 0.0169 0.0970 0.1139 0.1690 0.0540 0.0507
3.5 0.0155 0.0965 0.1120 0.1705 0.0512 0.0543
7 25 0.0173 0.0970 0.1143 0.1557 0.0487 0.0483
3.0 0.0157 0.0964 0.1121 0.1570 0.0444 0.0471
3.5 0.0145 0.0960 0.1105 0.1595 0.0408 0.0508

Table 4: Little’s law verification

Ax(141) L \4% L=Ax(1+0)W
1.25 0.1217  0.09736 0.1217
1.25 0.1182  0.09456 0.1182
1.25 0.1153  0.09224 0.1153
1.25 0.1202  0.09616 0.1202
1.25 0.1144 0.09152 0.1144
1.25 0.1146 0.09168 0.1146
1.25 0.1189 0.09512 0.1189
1.25 0.1161 0.09288 0.1161
1.25 0.1137  0.09096 0.1137
1.25 0.1165 0.0932 0.1165
1.25 0.1139 0.09112 0.1139
1.25 0.1120  0.0896 0.1120
1.25 0.1358 0.10864 0.1358
1.25 0.1286  0.10288 0.1286
1.25 0.1231 0.09848 0.1231

Table 3. shows that E (Ly) and the average system size E(L) all the values dropping with ¢
for every value are finite H.P, and P, values are growing neither dropping with ¢ when H = 2
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and H = 3. That represents that P, and P, are not unmodulated functions of ¢ when H # oo.
Comparison of the Poisson model this method is very much effective.

7. REMARKS

1. The single-vacation model describes the present model’s reduction if H = 1. The numerous
vacation concept is the reduced version of the existing model if H = oo.

2. It is simple to verify that ¢y — xD > 0, Thus, we obtained 0 < B < 1.

3. Beginning with Equation. (27) and 0 < B < 1, it is simple to check that the average system
size E (L;) is a dropping of i for i = 0,1,...,H — 1.

Likewise, beginning with Equation. (32), the not equality Py > 0 is exactly equal to A x (14
1) < . So, A (1+1) < uis a standard condition for our system. Therefore, let us assume
hereafter that Ax (1+1) < p.

8. CoONCLUSION

In this research work, we have developed a single-server Markovian encouraged arrival queuing
system with balking, dissatisfied customers, and numerous vacations, where the customer
dissatisfaction via the server is on vacation. We have applied a 25% discount on our model,
the system size increased, and the waiting time has been reduced. This result is very efficient
compared with the Poisson arrival model, and we have obtained the other important performance
measures, and Little’s law is also satisfied for this model. The effects of the parameters A*(1+-1),8,
1, and H on some performance measures have been investigated numerically.
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