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Abstract

Statistical Process Control is a quality control approach that uses statistical tools to assess, monitor, and
optimize processes. A control chart plays a crucial role in this method by tracking the performance of
a process and providing a visual signal to detect any irregular deviations caused by specific assignable
factors. It compares the values of a quality attribute against predetermined control limits. In typical
quality control procedures, control charts are often created without considering parameter uncertainty.
However, it is essential to identify any shifts in the parameters of the probability distribution linked
to one or more variables associated with the process to ensure effective monitoring. Evaluating these
parameters is vital, as it can influence the long-term functionality of the control chart in both controlled
and uncontrolled environments. This article introduces an innovative attribute control chart that utilizes
a Bayesian methodology based on the Rayleigh lifetime distribution, specifically applied under accelerated
life testing with a hybrid censoring technique. The parameters for the control chart will be established
through various combinations of values using a Bayesian approach, while the effectiveness of the control
chart will be evaluated through the Average Run Length (ARL). Numerical examples will illustrate the
proposed control chart, and simulated data will showcase its potential application. The effectiveness of the
proposed control chart will be quantified through ARLs for different shift constants, sample sizes, and
additional parameters such as p, Lower Control Limit, and Upper Control Limit.

Keywords: Rayleigh Distribution, Predictive Distribution, Attribute Control Chart, Average Run
Length

1. Introduction

The manufacturing industry is currently facing significant challenges due to variations in pro-
cesses, which lead to defects and increased costs. In the realm of continuous manufacturing, it
is crucial to determine whether a process is in control and to identify any existing variations.
These variations may stem from random factors or identifiable causes. Quality control involves
the processes of monitoring, measuring, and correcting a product’s performance in relation to
established criteria or specifications. One of the most common and effective methods for ensuring
quality is the control chart. This tool provides a graphical representation of data gathered from
the manufacturing sector. Each control chart includes a central line (CL) that indicates the average,
as well as an upper line that marks the upper control limit (UCL) and a lower line that represents
the lower control limit (LCL).
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To effectively track the production process in various scenarios, several new control charting
techniques have been developed. These control charts come in different types, each specifically
designed to address the unique characteristics of the quality attribute being examined. They can
be categorized into two main types based on the nature of the data: ’variable’ and ’attribute’.
Variable control charts focus on accurately measured data, while attribute control charts are used
to identify items as either compliant or non-compliant with established standards.

The lifetime of a product is considered a crucial quality attribute for certain goods. Life tests
are conducted to monitor the manufacturing process of these products. Depending on the results
of the life test, a product may be classified as either conforming or non-conforming. However,
this testing method can be quite time-consuming due to the lengthy nature of the tests. In this
context, it is important to acknowledge the use of censoring techniques. Common censoring
methods used in life testing include type-I censoring, type-II censoring, and hybrid censoring. In
hybrid censoring, the life test is concluded at either the designated test time (t) or upon detecting
the (UCL + 1)th failure, whichever comes first. If the failures observed during the life test remain
within the upper control limit (UCL) and lower control limit (LCL) at time t, the production
process is in-control; otherwise, it is considered out-of-control. If a product fails the life test before
reaching the specified termination time t, it is classified as a non-conforming product.

Accelerated life testing (ALT) is an evaluative technique designed to forecast the probability of
future product failures. This approach is well-regarded for its effectiveness in ’accelerating time,’
making it a preferred method for testing. ALT is particularly advantageous when it is impractical
to wait for failures to occur at their normal rates, thereby offering insights into anticipated future
failures. During ALT, products are subjected to heightened conditions such as increased stress,
strain, temperature, and pressure, resulting in a faster failure rate than traditional life testing. As
a result, employing ALT with hybrid censoring can lead to a significant reduction in both the
overall time to failure and the costs associated with inspections.

Attribute control charts, including the np control chart, are based on the assumption that
the quality characteristic follows a normal distribution. However, the actual distribution of
these quality characteristics may differ from this assumption. Such discrepancies can mis-
lead industrial engineers when using the existing control chart, potentially leading to an in-
crease in non-conforming items. A significant body of literature examines the development
of attribute control charts utilizing various lifetime distributions, including but not limited to:
Weibull[1–3], Pareto[4], Birnbaum Saunder[5], Inverse Rayleigh[6], Burr X & XII, Inverse Gaus-
sian & Exponential[7], Lognormal[8], Exponentiated Half Logistic[9], Dagum[10], Pareto[11],
Weibull Pareto[12], Gamma[13], Log–Logistic[14], Generalized Log Logistic[15], Generalized
Exponential[16], Inverse Weibull[17], Length-Biased Weighted Lomax[18], Rayleigh[19], Half
Normal & Half Exponential Power[20], Exponentiated Inverse Kumaraswamy[21], Lindley[22],
Generalized Rayleigh[23] and Exponentiated Exponential[24].

The attribute control charts referenced in earlier literature are predicated on the assumption
that the mean number of defective items remains unchanged over time when the process is in
control. Control charts that depend entirely on sample variance, like the np-chart, can produce
numerous false alarms if the actual number of defectives is inconsistent during an in-control
state. These false alarms arise because the observed count of nonconforming items is influenced
by both process variability and sampling variation, while the control limits are calculated based
solely on sampling variance. Larger sample sizes tend to reveal any underlying process variations
more clearly, resulting in the actual number of nonconforming items varying from one sample
to another based on an underlying distribution. The Bayesian approach is widely recognized
for its effectiveness in addressing uncertainty related to the parameter of interest. A pioneering
Bayesian process control chart for attributes was introduced by [25]. Subsequently, numerous
researchers, as noted in references [26–35] have expanded the literature by developing a variable
control chart for various lifetime distributions using the Bayesian approach.

The Rayleigh distribution is frequently applied as a lifetime distribution in the context of
research related to electro-vacuum devices and communication engineering. Its hazard function,
characterized by a linear increase, suggests that it is well-suited for items that deteriorate
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rapidly. This distribution is a particular case of the Weibull distribution, which is a statistical
model frequently utilized in reliability engineering and life testing. Initially proposed as the
Rayleigh power (and amplitude) distribution in reference [36], it was later renamed to Rayleigh
distribution in subsequent studies [37, 38], which examined its properties, estimation methods,
and applications. The significance of this skewed distribution has led to extensive research by
various authors in engineering-related domains. Additionally, the Rayleigh distribution can be
used to model the lifespan of products resulting from manufacturing processes. A review of the
literature indicates that there has been no research conducted on control charts that incorporate
life tests for non-normal distributions, such as the Rayleigh distribution, particularly in the context
of accelerated life testing with hybrid censoring using a Bayesian approach.

In this paper, the design of an attribute control chart based on a predictive distribution of the
lifetime is considered under the assumption that the lifetime follows a Rayleigh distribution and
the process parameter is modelled by an Inverse-Rayleigh distribution under accelerated life test
with hybrid censoring. The control chart coefficient was determined, and the performance of
the proposed control chart was discussed with the ARL. When the process parameter changes,
the proposed control chart is designed. With the use of simulated data, the proposed control
chart’s applicability is described. Simulated data is used to illustrate the proposed control chart.
Section 2 presents designing the Bayesian control chart and provides a procedure for obtaining
the control chart for given strength. The real-life application of the proposed control chart through
simulation study is described in Section 3. The behaviour of the ARL is discussed in Section 4.
Section 5 presents the conclusion of the study.

2. Designing a Bayesian Attribute control chart

Let "T" be the lifetime of the products produced in a production process. Assume that "T" follows
a Rayleigh distribution with parameter θ given for t > 0 by its density function gT|{θ}:

gT|{θ}(t) =
te−

t2

2θ2

θ2 ; t > 0, θ > 0 (1)

The distribution function of GT|{θ} is given by:

GT|{θ}(t) = 1 − e−
t2

2θ2 ; t > 0, θ > 0 (2)

According to [39], Consider the process parameter θ with θ > 0 as random variable Θ with
prior distribution given by the inverse Rayleigh distribution with density function for θ > 0:

hΘ|{λ}(θ) =
1

θ3λ2 e−
1

2λ2θ2 ; θ > 0, λ > 0 (3)

The updated lifetime of the product is described by the predictive distribution of “T” whose
density function can be obtained from the prior distribution (3) and the sampling distribution (1)
as:

fT|{λ}(t) =
2λ2t

[1 + λ2t2]
2 ; t > 0 (4)

Hereafter, the above predictive distribution referred as “Rayleigh-Inverse-Rayleigh” distribution
and the distribution function of T|{λ} is obtained as:

FT|{λ}(t) = 1 − 1
[1 + λ2t2]

; t > 0 (5)

The product’s mean lifetime under Rayleigh-Inverse-Rayleigh distribution is given by

µ =
π

2λ
(6)
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The product’s expected lifetime under standard (usual) conditions is indicated by the symbol tU
and is modelled by an Rayleigh-Inverse-Rayleigh distribution with a particular parameter (λU).
Thus, the subsequent equation can be applied to evaluate the product’s lifetime in these standard
conditions

FU(tU |λU) = 1 − 1[
1 + λ2

Ut2
U
] (7)

Similarly, the product’s lifetime when subjected to accelerated conditions is denoted as tA, with
the assumption that it follows an Rayleigh-Inverse-Rayleigh distribution defined by a particular
parameter (λA). Thus, the product’s lifetime under such accelerated conditions is presented as
follows

FA(tA|λA) = 1 − 1[
1 + λ2

At2
A
] (8)

The mean lifetime of the product under accelerated conditions is provided by

µA =
π

2λA

By employing the definition of the Acceleration Factor (AF), we can formulate it in the following
way

λA =
λU
AF

Therefore, Equation (8) becomes

FA(tA|λA) = 1 − 1[
1 +

(
λU
AF

)2
t2

A

]

FA(tA|λA) = 1 − AF2[
AF2 + λ2

Ut2
A
]

The probability of product failure represented as p0 when the process is maintained under
control, is defined by the likelihood that the product will fail before the censoring time tA.

p0 = 1 − AF2[
AF2 + λ2

Ut2
A
] (9)

The mean life of the product under accelerated conditions is represented by µA when the
process is in control. The experimental duration tA can be expressed with the mean of the
in-control process, specifically as tA = a ∗ µA, where "a" signifies the experiment termination
ratio. Consequently, Equation (9) can be revised by incorporating the values for tA and µA.

p0 = 1 − AF2[
AF2 +

( aπ

2

)2
(

λU
λA

)2
]

It is presumed that the parameter remains constant when the process is under control, specifically
λA = λU . Let p0 as the failure probability of an item when the process is maintained under
controlled accelerated conditions, which can be derived from the following:

p0 = 1 − AF2[
AF2 +

( aπ

2

)2
] (10)

Reference [40] pointed out that "realistically, however, when a special cause influences a
process, it may cause a shift in more than one parameter (location, scale, skewness, etc.) of the
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process distribution". It means that, due to the occurrence of an assignable cause, the process
may be affected and subsequently the process mean or shape parameter of the distribution will
be shifted from the specified target level. In addition, this parameter shift doesn’t greatly affect
the distribution so it reduces from one to another. But in such a situation, the process will be
declared as out-of-control and stopped until the cause of process variations is removed. Also, it is
assumed that the process parameter is shifted to λA = f λU , where f is a shift constant. Then the
failure probability of an item when the process is out of control, denoted by p1, is given as

p1 = 1 − AF2[
AF2 +

(
aπ

2 f

)2
] (11)

Usually, for the given values of a & f , the failure probabilities are calculated by using (10) and
(11).

We develop a new np control chart for the lifetime of the product distributed according to the
Rayleigh-Inverse-Rayleigh distribution based on the number of products in each subgroup. The
following is the designed np control chart’s operational procedure:

Step 1: Select a sample of n items randomly from the subgroup of the production process and
put the sample items for the life test of specified termination time t0.

Step 2: Observe the number of failed items and denotes it as “d”.
Step 3: Terminate the life test either after reached at time t0 or d > UCL before reaching time t0,

whichever is earlier.
Step 4: If d < LCL or d > UCL, then declare the production process as out-of-control. Otherwise,

declare the production process as in control.

The proposed control chart is considered to be an np control chart since the number of failed
items in a subgroup of fixed sample size is plotted against the subgroup. The number of failed
items in the life test follows a binomial (n, p0) distribution when the production process is in
control. The probability of an item failing before test termination time tA, is denoted as p0. As a
result, the following equations are used to determine the control limits for the proposed control
chart:

UCL = np0 + k
√

np0(1 − p0) (12)

LCL = max[0, np0 − k
√

np0(1 − p0)] (13)

Where “k” is the control limits coefficient and the failure probability p0 of the product before
the time tA is calculated using (10).

The probability that the process is declared to be in control is denoted by P0
in and given as

P0
in = P(LCL ≤ d ≤ UCL|p0)

P0
in =

[UCL]

∑
d=[LCL]+1

(
n
d

)
pd

0(1 − p0)
n−d (14)

Generally, the average run length is used to evaluate the performance of the control chart. The
in-control ARL of the proposed control chart denoted by ARL0, is determined by

ARL0 =
1

1 − [∑
[UCL]
d=[LCL]+1 (

n
d)pd

0(1 − p0)n−d]
(15)

The probability that, the process is declared to be in control after shifting is denoted by P1
in

and given as
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P1
in = P(LCL ≤ d ≤ UCL|p1)

P1
in =

[UCL]

∑
d=[LCL]+1

(
n
d

)
pd

1(1 − p1)
n−d (16)

The ARL for the shifted process (out-of-control) is denoted by ARL1 and is obtained by:

ARL1 =
1

1 − [∑
[UCL]
d=[LCL]+1 (

n
d)pd

1(1 − p1)n−d]
(17)

To evaluate the effectiveness of the proposed control chart in identifying process shifts, we
establish the optimal parameters LCL, UCL, a, and k based on predetermined in-control ARL
values. Specifically, we examined four scenarios of in-control ARL, namely r0 = 200, 300, 400,
and 500, while maintaining a fixed sample size of n = 25 and 30, AF = 1 and 2 for a one-sided
control chart. Additionally, we analysed four sample sizes, 20, 25, 30, and 35, while keeping the
in-control ARL (r0) constant at 250 and 370, AF = 1 and 2 for the same type of control chart.
Furthermore, we investigated four instances of in-control ARL across two values of r0 and two
sample sizes, specifically r0 = 350 and 450, with n = 20 and 30, AF = 1, 2 for a two-sided control
chart. The selection of optimal parameters aims to ensure that the in-control ARL is as close as
possible to the specified ARL values, while the out-of-control ARLs are reported for varying shift
constant values. The optimal parameters, along with their corresponding out-of-control ARLs,
are presented in Tables 1 through 5.

Table 1: ARL when the process parameter one-sided shift

n = 25

AF = 1 AF = 2

Parameter r0 = 200 r0 = 300 r0 = 400 r0 = 500 r0 = 200 r0 = 300 r0 = 400 r0 = 500

LCL 6 6 5 5 0 0 0 0
UCL 20 21 20 20 12 12 13 13

a 0.6633 0.6758 0.6365 0.6583 0.6220 0.6578 0.6672 0.6860
k 2.7950 2.9070 2.8010 2.9691 3.3892 3.1791 3.4608 3.2932

Shi f t( f ) ARL ARL ARL ARL ARL ARL ARL ARL
1.00 200.099 300.145 400.257 500.060 200.155 300.473 400.137 500.338
0.90 190.252 224.537 353.284 236.532 184.222 255.520 279.701 377.636
0.80 50.550 142.095 81.976 55.257 130.979 66.746 161.980 112.626
0.70 13.676 32.275 19.721 14.590 27.656 15.636 31.304 23.157
0.60 4.610 8.929 5.921 4.816 6.647 4.437 7.160 5.776
0.50 2.061 3.226 2.379 2.113 2.206 1.768 2.296 2.037
0.40 1.268 1.609 1.345 1.280 1.186 1.110 1.205 1.160
0.30 1.040 1.123 1.053 1.042 1.008 1.004 1.010 1.007
0.20 1.002 1.010 1.002 1.002 1.000 1.000 1.000 1.000
0.10 1.000 1.000 1.000 1.000 1.0000 1.000 1.000 1.000
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Table 2: ARL when the process parameter one-sided shift

n = 30

AF = 1 AF = 2

Parameter r0 = 200 r0 = 300 r0 = 400 r0 = 500 r0 = 200 r0 = 300 r0 = 400 r0 = 500

LCL 8 7 7 9 0 0 0 0
UCL 24 23 24 26 12 13 13 14

a 0.6597 0.6366 0.6413 0.7469 0.6476 0.6838 0.6088 0.7142
k 2.9354 3.1035 3.1439 3.2825 2.8618 2.9305 3.2453 2.8584

Shi f t( f ) ARL ARL ARL ARL ARL ARL ARL ARL
1.00 200.253 300.496 400.392 499.811 199.990 300.080 400.339 499.720
1.10 53.495 87.743 98.041 114.768 155.086 265.998 177.470 465.747
1.20 18.797 28.973 31.604 35.044 137.855 232.026 83.065 366.882
1.30 8.538 12.374 13.291 14.072 71.471 112.628 44.985 167.343
1.40 4.729 6.482 6.872 7.013 41.213 61.450 27.382 87.021
1.50 3.050 3.975 4.167 4.139 26.178 37.278 18.233 50.737
1.60 2.208 2.751 2.857 2.786 17.958 24.601 13.017 32.383
1.70 1.746 2.090 2.153 2.077 13.092 17.356 9.817 22.205
1.80 1.474 1.704 1.745 1.674 10.020 12.915 7.734 16.126
1.90 1.306 1.467 1.494 1.432 7.975 10.034 6.311 12.269
2.00 1.200 1.314 1.333 1.281 6.5539 8.0750 5.2989 9.6950

Table 3: ARL when the process parameter one-sided shift

r0 = 250

AF = 1 AF = 2

Parameter n = 20 n = 25 n = 30 n = 35 n = 20 n = 25 n = 30 n = 35

LCL 4 6 8 9 0 0 1 0
UCL 17 21 24 26 12 12 15 13

a 0.6612 0.6664 0.6711 0.6355 0.7205 0.7327 0.8003 0.6186
k 3.0784 3.0315 3.0314 3.0321 3.4687 2.8626 2.8349 2.9044

Shi f t( f ) ARL ARL ARL ARL ARL ARL ARL ARL
1.00 250.283 250.028 250.191 250.218 250.234 249.949 250.236 250.184
1.10 84.552 71.127 67.231 68.351 109.185 219.511 241.302 225.011
1.20 33.746 26.070 22.737 21.614 55.458 171.212 152.969 196.977
1.30 16.277 11.996 9.973 9.115 32.146 87.324 67.999 96.822
1.40 9.142 6.594 5.360 4.813 20.626 49.513 35.027 53.498
1.50 5.788 4.163 3.369 3.032 14.314 30.957 20.444 32.841
1.60 4.029 2.926 2.387 2.150 10.561 20.931 13.164 21.911
1.70 3.022 2.236 1.854 1.688 8.180 15.061 9.157 15.611
1.80 2.405 1.823 1.543 1.424 6.586 11.392 6.774 11.720
1.90 2.007 1.563 1.352 1.266 5.473 8.972 5.264 9.178
2.00 1.738 1.391 1.231 1.168 4.666 7.305 4.258 7.439
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Table 4: ARL when the process parameter one-sided shift

r0 = 370

AF = 1 AF = 2

Parameter n = 20 n = 25 n = 30 n = 35 n = 20 n = 25 n = 30 n = 35

LCL 4 5 8 14 0 0 1 1
UCL 17 20 24 31 12 13 15 16

a 0.6909 0.6316 0.7012 0.8638 0.7549 0.7813 0.7418 0.7346
k 2.8343 2.8397 2.9146 2.8954 3.2127 2.8439 2.9169 2.9080

Shi f t( f ) ARL ARL ARL ARL ARL ARL ARL ARL
1.00 370.047 370.356 370.096 370.073 370.283 370.294 370.086 370.182
0.90 295.564 282.919 171.096 240.076 267.304 96.125 173.819 84.293
0.80 86.130 90.027 38.110 95.016 143.458 24.019 36.435 17.879
0.70 24.891 21.201 10.069 21.970 32.352 6.951 8.596 4.782
0.60 8.337 6.225 3.498 6.520 8.300 2.580 2.738 1.847
0.50 3.403 2.449 1.689 2.603 2.770 1.359 1.341 1.133
0.40 1.769 1.362 1.148 1.440 1.367 1.044 1.032 1.006
0.30 1.199 1.056 1.016 1.085 1.037 1.001 1.000 1.000
0.20 1.027 1.003 1.000 1.006 1.001 1.000 1.000 1.000
0.10 1.001 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Table 5: ARL when the process parameter two-sided shift

AF = 1 AF = 2

r0 = 350 r0 = 450 r0 = 350 r0 = 450

Parameter n = 20 n = 30 n = 20 n = 30 n = 20 n = 30 n = 20 n = 30

LCL 3 6 5 9 0 0 0 0
UCL 16 22 18 26 12 14 12 14

a 0.6154 0.6046 0.7758 0.7417 0.7495 0.7338 0.7773 0.7202
k 3.0601 3.0250 2.9858 3.2412 3.4640 2.9457 3.1778 2.8852

Shi f t( f ) ARL ARL ARL ARL ARL ARL ARL ARL
0.10 1.000 1.000 1.008 1.000 1.000 1.000 1.000 1.000
0.20 1.008 1.000 1.106 1.010 1.001 1.000 1.000 1.000
0.30 1.102 1.004 1.466 1.128 1.040 1.000 1.028 1.000
0.40 1.501 1.077 2.454 1.643 1.386 1.015 1.297 1.019
0.50 2.743 1.468 5.143 3.418 2.864 1.201 2.436 1.241
0.60 6.631 2.910 13.132 10.073 8.763 2.066 6.713 2.258
0.70 20.121 8.392 39.439 29.949 34.813 5.337 24.220 6.206
0.80 72.012 32.915 133.904 99.772 156.206 18.685 101.617 23.014
0.90 259.127 156.136 431.665 421.938 283.359 79.060 379.733 102.129
1.00 350.171 350.162 450.390 449.755 350.087 350.051 450.461 449.933
1.10 139.299 122.038 156.674 103.577 152.461 312.114 210.600 391.229
1.20 54.342 39.414 57.032 32.142 74.566 279.782 99.623 298.978
1.30 25.305 16.324 25.108 13.099 41.685 216.640 53.811 181.052
1.40 13.727 8.296 13.008 6.614 35.942 109.495 32.511 93.319
1.50 8.405 4.940 7.684 3.950 17.546 62.222 21.444 53.984
1.60 5.664 3.324 5.043 2.683 12.666 38.853 15.155 34.226
1.70 4.119 2.459 3.603 2.016 9.629 26.148 11.313 23.336
1.80 3.183 1.956 2.755 1.636 7.631 18.687 8.825 16.865
1.90 2.582 1.646 2.225 1.407 6.253 14.021 7.135 12.776
2.00 2.179 1.446 1.877 1.264 5.268 10.947 5.940 10.059
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From the examination of Tables 1 and 4, it is evident that the out-of-control ARL (ARL1) is re-
duced when the shift constant f is lowered. Similarly, Tables 2 and 3 demonstrate that an increase
in the shift constant f leads to a decrease in the out-of-control ARL (ARL1). Additionally, Table 5
shows that deviations of the shift constant from the in-control ARL result in a decrease in the
out-of-control ARL. This finding highlights the proposed control chart’s proficiency in promptly
identifying process shifts. An algorithm is proposed to determine the optimal parameters for the
design of the control chart, accommodating various combinations of specified in-control ARL
and sample size.

1. Specify the values of ARL say r0, sample size n and acceleration factor (AF).
2. Set a = 0.0001 and k = 0.0001.
3. Determine the failure probability of the product (i.e., p0) when the process is in control by using

equation (10) and also determine the control chart parameters (LCL and UCL) by substituting
the values of n, a and k in equation (12) and (13).

4. Calculate for in-control ARL by using equation (15) and compare it with r0. Continue this
process, for different combinations of (a and k) until getting an in-control ARL is very close to
the specified ARL, r0.

5. Whenever such ARL exist, then the corresponding parameters (LCL, UCL, a, k) are the required
optimal parameters. Then calculate the out-of-control ARL (i.e., ARL1) using these optimal
parameters in equation (17).

3. Application of Proposed Control Chart

3.1. Real-Life Application

In this section, a design example is given to demonstrate a real-life application of the proposed
control chart under the Bayesian approach. Assume that the product lifetime follows a Rayleigh-
Inverse-Rayleigh distribution with parameter λA. Considering the following product values: µA
is 1000 hours, r0 = 200, n is 20 and AF = 2. The control chart parameters provided in Table 1
include: k at 3.3892, and a at 0.6220, with a lower control limit (LCL) of 0 and an upper control
limit (UCL) of 12. Therefore, the control chart to be designed as follows:

Step 1: Select a sample of 20 products from each subgroup and conduct a life test for 622 hours.
Record the number of failed products during the life test and denote it as “d”.

Step 2: Terminate the life test either after reaching 622 hours or the number of failed products
greater than twenty before reaching 622 hours whichever is earlier.

Step 3: If d is between 0 and 12, the process is considered in control; otherwise, it is classified as
out of control.

3.2. Simulation Study

This section provides a demonstration of the proposed control chart’s application using simulated
data. The data is produced from a Rayleigh distribution while the process is in a controlled state,
with parameters that follow an inverse Rayleigh distribution under standard conditions (i.e., AF =
1) and a target average lifetime of 1000 hours. A random sample of size n = 20 is utilized for each
batch, where the first fifteen samples are derived from the in-control process, and the subsequent
fifteen samples are from a shifted process with f = 0.40, resulting in a total of 30 sample batches.
From Table V, with n = 20 and ARL0 = 350, the constants are established as k = 3.0601, a = 0.6154,
UCL = 16, and LCL = 3. The number of products with a lifetime below 615 hours is considered
as nonconforming items and denoted it as ’D’, with the following values: 12, 10, 15, 11, 14, 10,
13, 9, 11, 10, 14, 9, 13, 14, 12, 16, 18, 15, 19, 18, 17, 16, 19, 17, 18, 20, 17, 19, 16, 18. The values of
nonconforming items are plotted alongside two control limits (LCL = 3 and UCL = 16) shown in
Figure 1.
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Figure 1: Control Chart for Simulation Data

As illustrated in Figure 1, the proposed control chart identifies a shift occurring at the
17th sample, specifically the second observation following the shift, with a calculated Average
Run Length (ARL) of 1.501. Consequently, this control chart effectively recognises shifts in
the manufacturing process under standard conditions. Therefore, it can be concluded that the
proposed control chart is capable of detecting process shifts more rapidly.

4. Behaviour of the Average Run Length

Empirical analysis can investigate the behavior of the ARL under standard conditions (i.e., AF
= 1). The characteristics of the ARL curves can be examined concerning the parameters p, n, f ,
LCL, and UCL while keeping the other parameters constant. To begin with, the effect of “p” on
the ARL is assessed. Figure 2 illustrates a set of four ARL curves that correspond to various sets
of control chart parameters: (n = 25, k = 3.0, UCL = 20, LCL = 5), (n = 30, k = 3.0, UCL = 20,
LCL = 5), (n = 35, k = 3.0, UCL = 20, LCL = 5), and (n = 40, k = 3.0, UCL = 20, LCL = 5). The
shapes of these curves reveal an upward trend as the values of “p” increase until reaching the
ARL0, after which the ARL begins to decline with further increases in “p”. For instance, with
the control chart parameters set at (n = 35, k = 3.0, UCL = 20, LCL = 5), the values of “p” are
taken as 0.30, 0.32, 0.34, 0.36, 0.38, and 0.40. The corresponding ARL values for these p values are
36.871, 64.288, 105.883, 135.762, 113.262, and 70.379, respectively. The analysis of the behavior

Figure 2: Behaviour of ARL under "p" and "n"

of ARL0 and ARL1 concerning sample size is presented in Figure 2. This figure indicates that
the ARL0 value rises as the sample size diminishes. Specifically, for sample sizes of n = 25, 30,
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35, and 40, the corresponding ARL0 values are 400.98, 207.29, 135.76, and 101.39, respectively.
Conversely, the ARL1 value exhibits an increase with larger sample sizes while maintaining a
constant “p” value. For instance, the ARL1 values for sample sizes n = 25, 30, 35, and 40 are
7.11, 20.48, 64.29, and 101.39, respectively, with a fixed p-value of 0.32. Thus, it can be concluded
that in these control charts, an increase in sample size leads to a decrease in the in-control ARL,
while the out-of-control ARL value increases with larger sample sizes. The subsequent analysis

Figure 3: Behaviour of ARL under shift constant "f"

focuses on the behaviour of ARL1 concerning the shift constant “ f ” as illustrated in Figure 3.
This figure presents three distinct ARL curves, each corresponding to varying sets of control
chart parameters: (n = 25, a = 0.6633, k = 2.7900, UCL = 20, LCL = 6), (n = 20, a = 0.6909, k =
2.8343, UCL = 17, LCL = 4), and (n = 25, a = 0.6365, k = 2.8010, UCL = 20, LCL = 5). A total of
ten different values for the shift constant “ f ” are examined, specifically f = 0.1, 0.2, 0.3, 0.4, 0.5,
0.6, 0.7, 0.8, 0.9, and 1.0, while maintaining a fixed ARL0 of 370. The data depicted in Figure
3 indicates that an increase in the shift constant correlates with a rise in the ARL1 value at a
constant ARL0. For instance, with the control chart parameters (n = 20, a = 0.6909, k = 2.8343,
UCL = 17, LCL = 4), the values of “ f ” are assessed as 0.1 through 1.0, yielding corresponding
ARL1 values of 1.00, 1.03, 1.20, 1.77, 3.40, 8.34, 24.89, 86.13, 295.56, and 370.05. This demonstrates
that an increase in the shift constant results in a corresponding increase in the ARL1 value. The

Figure 4: Behaviour of ARL under "LCL"

subsequent analysis focuses on the behaviour of ARL0 concerning the LCL, with the findings
presented in the form of ARL curves as illustrated in Figure 4. This figure showcases four distinct
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ARL curves corresponding to LCL values of 5, 6, 7, and 8, while maintaining fixed control chart
parameters of n = 25, a = 0.6633, k = 2.7900, UCL = 20, and ARL0 = 200. It is observed from
Figure 4 that an increase in the LCL results in a decrease in the value of ARL0. For instance, with
the parameters n = 25, a = 0.6633, k = 2.7900, UCL = 20, and ARL0 = 200, the ARL0 values for the
LCL values of 5, 6, 7, and 8 are recorded as 508.415, 200.099, 71.801, and 27.981, respectively.

Figure 5: Behaviour of ARL under "UCL"

The analysis of the behaviour of ARL0 concerning the UCL has been conducted, with the
findings presented in the form of ARL curves as illustrated in Figure 5. This figure showcases
four distinct ARL curves corresponding to UCL values of 14, 15, 16, and 17 while maintaining
fixed control chart parameters of n = 20, a = 0.6909, k = 2.8343, LCL = 4, and ARL0 = 370. It is
observed from Figure 5 that an increase in the UCL results in a corresponding increase in the
value of ARL0. Specifically, for the parameters n = 20, a = 0.6909, k = 2.8343, LCL = 4, and ARL0 =
370, the ARL0 values for the UCLs of 14, 15, 16, and 17 are 20.5004, 57.3531, 169.508, and 370.047,
respectively.

5. Discussion

In this paper, we have developed a methodology for a new Bayesian attribute control chart for the
lifetime of products. The life tests are performed by accelerated life test with hybrid censoring
assuming a Rayleigh distribution for the lifetime and an inverse Rayleigh distribution as a prior.
The proposed control chart is to ensure the mean lifetime of the product as the quality criterion.
The newly established control chart is highly adaptable and may be used to monitor the lifetime
of quality products. The tables are provided for industrial usage and are explicated with the use
of simulated data. It is generated using R software from a Rayleigh-Inverse-Rayleigh distribution.
The performance of the proposed control chart is expressed in terms of ARLs for various shift
constants ( f ), sample size (n), other parameters p, LCL and UCL. It should be noted that if the
hybrid censoring scheme is used to carry out the life test, executing the sampling inspection will
reduce the time and cost of conducting the life test. The developed attribute control chart has the
potential to be extended for use with various other statistical distributions as part of a continuing
research study.
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