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Abstract 

The Exponentiated Exponential-Poisson (EEP) distribution, an advanced extension of traditional lifetime 

models, offers greater adaptability in representing product lifetimes by more precisely capturing variations 

in failure rates. To handle incomplete lifetime data, a Hybrid censoring technique is employed, combining 

elements of both Type-I and Type-II censoring to establish a more robust methodology for lifetime analysis. 

Naturally, np control charts are used to monitor the count of defective units within a sample. The primary 

aim is to detect shifts in product lifetime distributions, which are crucial for quality control and reliability 

assessment. However, this study introduces a modification to the control chart, shifting its focus from 

simply counting failures to tracking the median lifetime, thereby enhancing its capability to identify 

changes in product reliability over time. The efficiency of the control chart is measured using the Average 

Run Length (ARL), which estimates the expected number of observations before an out-of-control signal is 

triggered. By carefully adjusting the chart’s parameters, the study ensures that the in-control ARL aligns 

closely with a predefined target, thereby improving its reliability. This research is dedicated to developing 

an np control chart designed to monitor the median lifetime of products that follow the EEP distribution 

within a Hybrid censoring Scheme. Numerical examples and simulated data are provided to illustrate its 

real-world applicability. By optimizing control chart parameters based on ARL, the study enhances 

monitoring precision for product reliability, making it a valuable tool in industries where accurate lifetime 

assessment is critical. 

Keywords: Exponentiated Exponential-Poisson distribution, Hybrid Censoring 

Scheme, Control Chart, Average Run length. 

I. Introduction

In Recent days statistical society, quality has become a given, particularly in the manufacturing 

sector. To accomplish the objective in such a setting, each product must meet the necessary quality 

criteria. The process of using statistical methods to systematically monitor and maintain the 

manufactured product's quality is called statistical quality control (SQC). In manufacturing 

settings, SQC plays a crucial role in the creation and upkeep of high-quality products. To 

effectively manage the production process under various conditions, numerous innovative control 

chart techniques have been introduced. There are two primary types of control charts: attribute 

control charts and variable control charts. Attribute control charts are utilized to differentiate 
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between conforming and non-conforming items, while variable control charts are employed when 

analyzing industrial data obtained from the measurement process. A control chart serves as a 

graphical tool for analysing the fluctuations of a process over time. Each control chart features at 

least two control limits, designated as the lower control limit (LCL) and the upper control limit 

(UCL). It is asserted that the process is considered to be in control when the control statistic 

remains within these limits. 

Lifetime is considered a critical quality attribute for certain products. Life testing is 

employed to manage the manufacturing process of these items. Based on the outcomes of the life 

test, a product may be categorized as either conforming or non-conforming. This type of testing is 

time-intensive due to the prolonged duration of the tests. In such cases, the application of 

censoring techniques is vital and should not be overlooked. Various censoring methods utilized in 

life testing include Type-I, Type-II, and Hybrid censoring. Under Hybrid censoring, the life test 

concludes at the earliest of the predetermined test time t or the moment when the (UCL + 1)th 

failure is recorded. If the number of failures noted during the life test falls between the upper 

control limit (UCL) and lower control limit (LCL) at time t, the production process is deemed to be 

in control otherwise, it is considered out of control. The proportion of defective items is monitored 

using attribute control charts, such as the np control chart, which operates under the assumption 

that the quality characteristic follows a normal distribution. However, the actual distribution of 

quality characteristics may deviate from normality. If industrial engineers rely on the current 

control chart under these circumstances, they may be misled, resulting in an increase in the 

number of non-conforming products.  

II. Review of Literature

While many researchers have contributed to attribute control charts for lifetime distributions, a 

gap remains in studying control charts for non-normal distributions like the Exponentiated 

Exponential-Poisson with Hybrid censoring, despite the growing interest in exponentiated models 

for reliability and life testing. Gunasekaran [7] proposed a control chart for attribute np that 

utilizes the exponentiated exponential distribution to oversee product lifetimes in the context of 

accelerated life tests with hybrid censoring, focusing on the optimization of ARL parameters and 

confirming its efficacy through simulations. Coşkun Kuş [10] paper introduced a two-parameter 

lifetime distribution with a decreasing failure rate, exploring its statistical properties, estimation 

via the EM algorithm, simulation-based validation, and real data applications for reliability 

analysis. Aslam and Jun [3] proposed an optimized attribute control chart based on a Weibull 

distribution and truncated life test to enhance process monitoring, detect variations efficiently, and 

improve industrial quality control. Baklizi and Ghannam [5] proposed an attribute control chart 

for the inverse Weibull distribution under truncated life tests, using failure counts to monitor 

quality, optimizing parameters via simulations, and validating its performance through ARL 

analysis and a practical example. Jayadurga et al., [8] proposed an attribute np control chart using 

repetitive group sampling under truncated life tests to monitor process mean life, optimizing 

parameters for target ARL, providing ARL tables, and demonstrating its superior shift detection 

through simulations. Kavitha and Gunasekaran [9] proposed a control chart based on the 

Exponentiated Exponential Distribution, deriving percentile-based control limits to enhance shift 

detection and providing tables for practical industrial application.  

Al-Marshadi et al., [2] A proposed an advanced attribute control chart using the 

neutrosophic Weibull distribution to enhance precision in detecting indeterminacy effects, 

improve monitoring efficiency, and outperform existing methods in industrial quality control. 

Balamurali and Jeyadurga [6] proposed an attribute np control chart using multiple deferred state 

sampling and time-truncated life tests to monitor product mean life, optimizing parameters for 
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accurate ARL estimation and validating its effectiveness through simulations. Shaheen et al., [16] 

developed a control chart for monitoring process variation in lognormal distributions using 

repetitive sampling, deriving control limits based on distribution parameters and evaluating 

performance through average run length (ARL) metrics, demonstrating superior detection of small 

to moderate shifts compared to traditional Shewhart S-charts. Rao and Edwin Paul [18] developed 

an attribute control chart for time-truncated life tests based on a log-logistic distribution, deriving 

control limits using failure counts within a specified truncation time and evaluating its 

performance through Monte Carlo simulations and ARL metrics, demonstrating its superiority in 

detecting process shifts compared to existing control charts. Nanthakumar and Kavitha [14] 

proposed an attribute control chart for monitoring product lifetimes under Type-I censoring using 

the inverse Rayleigh distribution, evaluating its performance through ARL metrics and numerical 

examples.  

Rao [17] developed an attribute control chart for time-truncated life tests based on the 

exponentiated half logistic distribution, evaluating its performance using average run length 

(ARL) metrics and Monte Carlo simulations, with results demonstrating its superiority over 

existing control charts through extensive ARL tables and simulated industrial data. Tibor [20] 

revisited the three-parameter exponentiated exponential Poisson (EEP) distribution, deriving 

closed-form expressions for its characteristic function and moment generating function while 

validating the applicability of existing series and integral expressions for positive integer-order 

moments under the condition ν > 1 − α, where α > 0. Tahir and Cordeiro [13] reviewed univariate 

distribution compounding methods, introduced new generalized classes, and explored the 

evolution, trends, and future directions of distribution generalization. Shafqat et al., [15] proposed 

a Shewhart-type attribute control chart for truncated life tests across various lifetime distributions, 

evaluating its effectiveness using ARL analysis. Adeoti and ogundipe [1] developed an advanced 

control chart using a modified chain sampling plan (MchSP) based on a generalized exponential 

distribution (GED) to enhance industrial quality control by effectively detecting process shifts 

through real and simulated data analysis. Aldosari and Jun [11] proposed an attribute control chart 

combining multiple dependent state sampling with repetitive sampling, enhancing sensitivity to 

small process shifts and outperforming traditional charts in detection efficiency. Aslam and Hyuck 

[4] propose a variable control chart based on a time-truncated life test for the Weibull distribution,

optimizing control limits and run length properties to enhance industrial process monitoring and

detect shifts effectively.  Rao et al., [19] introduced an attribute control chart for the Dagum

distribution under truncated life tests, evaluating its effectiveness using ARL analysis and real-life

applications.

Ristic and Nadarajah [12] introduced a three-parameter lifetime distribution, analyzed its 

statistical properties, proposed univariate and bivariate generalizations, and demonstrated its 

superiority over existing models using real data. The Exponentiated Exponential-Poisson 

distribution was initially proposed by Ristic and Nadarajah and it has been demonstrated that this 

distribution is particularly well-suited for certain types of lifetime data compared to other widely 

utilized lifetime distributions. The analysis of lifetime data has proven to be notably effective when 

employing the Exponentiated Exponential-Poisson distribution. This study introduces an attribute 

control chart based on the Exponentiated Exponential-Poisson distribution within a Hybrid 

censoring Scheme. The coefficient for the control chart was established, and the performance of the 

proposed chart was evaluated in terms of the Average Run Length. The design of the control chart 

is adapted in response to variations in the median of the process scale parameter. The applicability 

of the proposed control chart is illustrated through the use of simulated data. 

The structure of this paper is organized as follows: Section 2 presents a review of the relevant 
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literature. Section 3 introduces the Exponentiated Exponential-Poisson distribution and details the 

design of the proposed control chart. Section 4 describes the simulation study, and Section 5 

concludes the paper by summarizing the key findings and insights. 

III. Design of the control chart

If a random variable t has the Exponentiated Exponential-Poisson distribution with parameters 

(β, λ, α) denoting the lifetime of a product in some production process then the density function is 

given by 

𝑓(𝑡) =
𝛼𝛽𝜆𝑒−𝛽𝑡(1−𝑒−𝛽𝑡)𝛼−1𝑒−𝜆(1−𝑒

−𝛽𝑡)𝛼

1−𝑒−𝜆
 , 𝑡, 𝜆, 𝛼, 𝛽 > 0    (1) 

and the cumulative density function of the model can be obtained as 

𝐹(𝑡) =
1−𝑒−λ(1−𝑒

−𝛽𝑡)𝛼

1−𝑒−𝜆
 , 𝑡, 𝜆, 𝛼, 𝛽 > 0    (2) 

The lifetime of the units follows Exponentiated Exponential – Poisson Distribution with a median 

life defined as 

𝑚0 = (−
1

𝛽
) 𝑙𝑜𝑔{1 − [−

1

𝜆
𝑙𝑜𝑔[ 1 − 2−1(1 − 𝑒−𝜆)]]

1

𝛼}    (3) 

The truncation time t0 and failure arise from time saving considerations in life testing. In the 

simulation study for each generated subgroup, we count the number of failures whose lifetimes 

are ≤ t0 where the truncation time is determined by 

𝑡0 = 𝑎𝑚0    (4) 

where t0 is the truncated time, a is the truncation coefficient and m0 is the desired median life of the 

product. The probability of failure before t0 is given by  

𝑝 =
1−𝑒−λ(1−𝑒

−𝛽𝑡0)𝛼

1−𝑒−𝜆
, 𝑡, 𝜆, 𝛼, 𝛽 > 0  (5) 

using equation (3), the probability of failure of a product when the process is in control is 

𝑝0 =

1−𝑒−𝜆{1−[1−[−
1

𝜆
log (

1+𝑒−𝜆

2
)]

1
𝛼
]

𝑎

}

𝛼

1−𝑒−𝜆
   (6) 

when the median shifts to m1, the probability of failure of a product becomes 

Let m1 = fm0, where f is the shift coefficient, then   

𝑝1 =

1−𝑒−𝜆

{

1−[1−[−
1

𝜆
log (

1+𝑒−𝜆

2
)]

1
𝛼
]

𝑎
𝑓

}

𝛼

1−𝑒−𝜆
   (7) 

The np attribute control chart having Lower Control Limit (LCL) and Upper Control Limit (UCL) 

for the Exponentiated Exponential-Poisson distribution is explained in the following steps: 
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Step 1: Select a set of n products randomly from the production process.  

Step 2: Conduct the life test on the selected products considering t0 as the test termination time. 

Observe the number of failed items D (say). 

Step 3: Terminate the life test either after reached at time t0 or D > UCL before reaching time t0, 

whichever is earlier.  

Step 4: Declare the process as out of control if D > UCL or D < LCL. Declare the process as in 

control if LCL ≤ D ≤ UCL. 

We are interested in observing the number of failures D in each sample. If the units have failure 

times that are less than the truncation time t0, then the units are considered nonconforming or 

defective. The binomial probability mass function is given by 

𝑝(𝐷 = 𝑥) = (
𝑛
𝑥
) 𝑝𝑥(1 − 𝑝)𝑛−𝑥, 𝑥 = 0,1,2,3. ..    (8) 

The Lower and Upper control limits are given by 

𝐿𝐶𝐿 = 𝑚𝑎𝑥( 0, 𝑛𝑝0 − 𝑘√𝑛𝑝0(1 − 𝑝𝑜))    (9) 

      𝑈𝐶𝐿 = 𝑛𝑝0 + 𝑘√𝑛𝑝0(1 − 𝑝𝑜)  (10) 

where k is the coefficient of the control limits and p0 is the probability of “nonconforming” when 

the process is in control. The probability of stating that the process is in control when it is truly in 

control is obtained using the binomial probability given in equation (8) 

𝑝𝑖𝑛
0 = 𝑝(𝐿𝐶𝐿 ≤ 𝐷 ≤ 𝑈𝐶𝐿|𝑝0) = ∑ (

𝑛
𝑑
) 𝑝0

𝑑(1 − 𝑝0)
𝑛−𝑑𝑈𝐶𝐿

𝑑=𝐿𝐶𝐿+1  (11) 

The probability of stating that the process is in control when the median life of the product has 

shifted to m1 is given by 

𝑝𝑖𝑛
1 = 𝑝(𝐿𝐶𝐿 ≤ 𝐷 ≤ 𝑈𝐶𝐿| 𝑝1) = ∑ (

𝑛
𝑑
) 𝑝1

𝑑(1 − 𝑝1)
𝑛−𝑑𝑈𝐶𝐿

𝑑=𝐿𝐶𝐿+1  (12) 

It follows from the values 𝑝𝑖𝑛
0 and 𝑝𝑖𝑛

1  given in Equation (11) and (12) that the in-control ARL is 

given by 

𝐴𝑅𝐿0 =
1

1−𝑝𝑖𝑛
𝑜   (13) 

and the out of control ARL are given by 

𝐴𝑅𝐿1 =
1

1−𝑝𝑖𝑛
1  (14) 

To construct the tables for the proposed control chart, we applied the following algorithm: 

Step 1: Specify the values of ARL, say r0 and sample size n.  

Step 2: Determine the control chart parameter and truncated time constant a value for which    the 

    ARL from equation (13) approach r0.  

Step 3: By using the values of the control chart parameters obtained in step 2, determine the  ARL1 

     in accordance with shift constant f  by using equation (14).  

For various values of r0, n and λ we determine the control chart parameters and ARL1, which are 

shown in Tables 1,2,3,4 shows that the ARLs tend to get smaller when the shift constant f gets less. 
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Table 1: The Values of ARLs when λ = 1, α=0.5 

λ = 1, α=0.5 

n 20 25 30 

r0 360 480 580 360 480 580 360 480 580 

a 0.208 0.291 0.685 0.473 0.832 0.283 0.9 0.869 0.732 

K 3.5 3.166 3.2162 3.0009 3.1497 3.1005 2.9576 3.1855 3.2284 

LCL 0 0 2 2 4 0 6 6 5 

UCL 12 12 16 16 19 14 22 23 22 

Shift(f) ARL ARL ARL ARL ARL ARL ARL ARL ARL 

1.00 360.34 479.60 580.25 359.78 480.30 580.30 360.15 480.06 581.00 

0.90 448.80 384.18 826.51 283.55 493.20 367.94 300.58 679.93 723.63 

0.80 509.32 263.35 960.38 179.88 343.04 216.23 175.29 601.92 559.59 

0.70 464.34 159.24 727.67 98.81 178.72 119.20 84.50 311.36 279.96 

0.60 310.83 87.33 370.57 49.51 80.53 61.70 37.32 124.60 114.42 

0.50 158.82 43.89 151.74 23.07 33.23 29.81 15.61 44.67 42.31 

0.40 66.85 20.09 53.83 10.05 12.74 13.33 6.31 14.85 14.50 

0.30 23.63 8.27 16.53 4.15 4.64 5.51 2.60 4.75 4.76 

0.20 6.82 3.07 4.41 1.75 1.77 2.19 1.28 1.68 1.70 

0.10 1.69 1.21 1.28 1.03 1.02 1.08 1.00 1.01 1.01 

Table 2: The Values of ARLs when λ = 2, α=1 

λ = 2, α=1 

n 20 25 30 

r0 360 480 580 360 480 580 360 480 580 

a 0.526 0.619 0.798 0.644 0.895 0.396 0.42 0.61 0.593 

k 2.9514 3.1179 3.2162 3.0004 3.1509 3.2995 3.0871 3.1158 3.0864 

LCL 0 1 2 2 4 0 1 3 2 

UCL 12 14 16 16 19 14 15 19 18 

Shift(f) ARL ARL ARL ARL ARL ARL ARL ARL ARL 

1.00 359.75 480.01 580.22 359.66 479.77 580.34 359.56 480.21 580.23 

0.90 186.66 536.85 945.95 212.63 414.16 346.55 210.31 458.28 252.71 

0.80 83.55 300.45 682.06 86.80 169.00 148.63 86.25 186.49 89.51 

0.70 35.30 114.36 248.54 32.37 56.58 56.62 32.06 58.48 30.65 

0.60 14.57 39.28 76.52 12.04 18.73 20.74 11.81 18.03 10.71 

0.50 6.07 13.23 22.84 4.71 6.52 7.61 4.56 5.91 4.05 

0.40 2.69 4.63 7.00 2.10 2.58 2.99 2.02 2.28 1.82 

0.30 1.42 1.89 2.44 1.21 1.33 1.44 1.18 1.22 1.13 

0.20 1.03 1.10 1.20 1.00 1.02 1.03 1.00 1.00 1.00 

0.10 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
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Table 3: The Values of ARLs when λ = 5, α= 2 

λ = 5, α=2 

n 20 25 30 

r0 360 480 580 360 480 580 360 480 580 

a 0.974 0.973 0.988 0.779 0.939 0.663 0.59 0.575 0.899 

k 3.0366 3.222 3.2954 3.0023 3.1485 3.1005 2.9521 3.1113 3.2278 

LCL 3 3 3 2 4 0 1 0 5 

UCL 16 17 17 16 19 14 15 14 22 

Shift(f) ARL ARL ARL ARL ARL ARL ARL ARL ARL 

1.00 360.14 480.04 582.61 360.09 480.88 580.28 359.59 479.80 580.23 

0.90 220.62 905.08 812.07 115.46 232.66 129.66 192.99 108.81 366.91 

0.80 51.74 223.18 181.59 25.15 44.29 28.60 39.01 23.65 55.65 

0.70 12.90 42.49 35.93 6.46 9.81 7.33 8.58 6.07 10.18 

0.60 4.02 9.71 8.60 2.26 2.97 2.47 2.57 2.12 2.76 

0.50 1.74 3.01 2.80 1.22 1.40 1.26 1.25 1.17 1.29 

0.40 1.13 1.42 1.38 1.01 1.04 1.01 1.01 1.00 1.02 

0.30 1.00 1.05 1.04 1.00 1.00 1.00 1.00 1.00 1.00 

0.20 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

0.10 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

Table 4: The Values of ARLs when λ = 10, α=5 

λ = 10, α=5 

n 20 25 30 

r0 360 480 580 360 480 580 360 480 580 

a 0.987 0.816 0.937 0.868 0.845 0.77 0.767 0.757 0.751 

k 3.0339 3.1713 3.2162 3.0867 3.0745 3.2978 2.9534 3.1127 3.2138 

LCL 3 0 2 2 1 0 1 0 0 

UCL 16 12 16 16 15 13 15 14 14 

Shift(f) ARL ARL ARL ARL ARL ARL ARL ARL ARL 

1.00 361.18 481.39 580.20 360.32 479.93 579.60 360.17 481.12 579.96 

0.90 61.77 49.90 234.75 43.57 33.06 48.19 45.68 27.44 33.28 

0.80 6.46 5.63 15.35 4.21 3.65 4.79 4.02 3.12 3.47 

0.70 1.67 1.51 2.47 1.27 1.22 1.34 1.21 1.14 1.17 

0.60 1.05 1.02 1.13 1.00 1.00 1.00 1.00 1.00 1.00 

0.50 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

0.40 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

0.30 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

0.20 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

0.10 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

I. Illustration 1

Suppose that the lifetimes of the products follow an Exponentiated Exponential-Poisson 

distribution with parameter λ= 2, α=1. Consider the following values for the products: m0 = 1000 

hours, ARL0 = 360 and n = 20. Table 2 provided the following control chart parameters: k = 2.9514, a 

= 0.526, LCL = 0 and UCL = 12. As a consequence, the control chart was established in the following 
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manner. 

Step 1: Select a sample of 20 products from each subgroup and submit them to the life test. 

Step 2: During the testing, count the number of failed items (D) and fix the time period.  

Step 3: Terminate the test if either first failures occur or time elapse whichever comes first. 

Step 4: Declare that the process is in control if 0 ≤ D ≤ 12. 

Step 5: Declare that it is out of control if D > 12 or D < 0. 

II. Illustration 2

Assume that the product lifetimes follow an Exponentiated Exponential-Poisson distribution with 

parameters α=2, λ=5, Consider the following product values: m0 =1000 hours, ARL=580, and n = 30. 

The following control chart parameters were presented in Table 3: k = 3.2278,a = 0.899, LCL = 5 and 

UCL = 22. As a result, the control chart was established in the following manner: From each 

subgroup, choose a sample of 30 products, and put them through a life test. Count the number of 

failed items (D) which is minimum failure during testing or maximum time reached whichever 

comes first. Now monitor failures and time. Stop the process if the value of D is between 5 and 22 

or the time elapse before reaching maximum time then the process is in control; otherwise, it is out 

of control. 

IV. Simulation Study

This section discusses the application of the produced control chart with simulated data. The data 

was generated and shown in Table 5, using an Exponentiated Exponential-Poisson distribution 

with an average (median) lifetime (m0) of 1000 hours, and the value of the shape parameter λ = 2, α 

= 1. Assuming that the sample size (n) is 20 and the specified ARL (r0) is 360. At m0= 1000 hours and 

F = 1, the process is considered to be in control. In-control parameters are employed to construct 

the first 15 observations of subgroup size 20. Let's now assume that since the median of the 

Exponentiated Exponential-Poisson distribution has shifted, the process has shifted as well. The 

value of the shift constant f is 0.5. When f is set to 0.5, the shifted median is used to produce the 

next 15 observations (shown in Table 5). Take into account that the experiment was conducted at t 

= 526 hours. Table 5, shows the number of failures, indicated by the letter D, for each subgroup. 

Figure 1, shows the calculated LCL = 0 and UCL = 12 for simulated data. 

Figure 1: Control Chart for Simulated Data 
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V. Conclusion

In this article, a novel attribute control chart is introduced, utilizing the Exponentiated 

Exponential-Poisson distribution within a Hybrid censoring Scheme, aimed at ensuring that the 

median lifetime of the product serves as the quality standard. The newly developed control chart 

exhibits a high degree of flexibility and can be utilized for monitoring the longevity of quality 

products. Accompanying tables are designed for industrial applications and are illustrated using 

simulated data. This data is generated through R software, based on an Exponentiated 

Exponential-Poisson distribution. The effectiveness of the proposed control chart is quantified in 

terms of Average Run Lengths (ARLs) for different shift constants (f). It is important to highlight 

that employing a Hybrid censoring scheme for the life test can lead to reductions in both time and 

costs associated with the sampling inspection process. Furthermore, the created attribute control 

chart holds promise for extension to various other statistical distributions as part of ongoing 

research efforts.  
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