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Abstract

The alpha power-transformed inverse Lindley distribution (APTIL) consist of one shape and one scale
parameter. In some cases, the moments of the APTIL distribution may not exist due to its heavy tail,
so we instead focus on the concept of inverse moments. In this paper, order statistics is used to derive
the expression for moments, product moments and moment generating function for this distribution.
The entropy of using order statistics for the APTIL distribution is also derived. Furthermore, tabulated
values of the inverse moments of order statistics are provided for various sample sizes and parameter
combinations. Three classical estimation techniques, viz., maximum product spacing estimators, least
squares estimators, and weighted least squares estimators, are considered for parameter estimation and
also evaluate the model parameters based on Type-II censored data. A Monte Carlo simulation-based
approach is employed to assess the accuracy and validity of these estimators and the ensuing results.
Finally, an empirical study using available real-life data sets demonstrates the utility of the distribution.

Keywords: Alpha power transformed inverse Lindley distribution, Order statistics, inverse mo-
ments, Maximum likelihood estimator, Entropy

1. Introduction

Order statistics play a crucial role in various theoretical and practical applications, including
reliability analysis, entropy estimation, censored data analysis, quality control, outlier detection,
material strength evaluation, optimal selection methods, and income inequality studies. The
significance of order statistics has increased substantially in recent years, reflecting their growing
role in contemporary research and applications. A characterization of the probability distribution
and goodness of fit test has been provided by Arnold et al. (2003). There are several domains
where moments of order statistics are applicable, including auction theory, quality control, and
reliability. However, in certain situations where moments do not exist, the concept of inverse
moments is employed. Inverse moments are essential in numerous practical applications, such
as Stein estimation (Woof, 1985), life testing problems (Mendenhall and Lehman, 1960), and
risk evaluation of estimators (Fujioka, 2001). Additionally, they are significant in financial and
insurance mathematics (Ramsay, 1993) and in assessing the power of the test statistics (Fujioka,
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2001). Wong and Chen (1990) discussed the entropy of order statistics, while Park (1995) derived
recurrence relations for their entropy. A general form of Shannon entropy, referred to as Renyi
entropy, plays a vital role in cryptography, high-resolution scalar quantization, time-frequency
resolution, and signal segmentation in the time-frequency plane. The Shannon entropy of a
random variable Z quantifies the average reduction of uncertainty in another random variable
X. Estimation methods for unknown parameters in different distributions have been extensively
studied. Kundu and Raqab (2005) focused on the generalized Rayleigh distribution, while
Alkasasbeh and Raqab (2009) examined the generalized logistic distribution. Additionally, the
Rayleigh distribution with two parameters, weighted exponential distribution, and exponentiated
Chen distribution were explored by Dey et al. (2014, 2015, 2017), respectively.

In the literature, numerous authors have introduced modified distributions that offer greater
flexibility and applicability for modeling real-world datasets. Sharma et al. (2015) proposed the
inverse Lindley distribution, a one-parameter model that is unimodal and exhibits an upside-down
bathtub failure rate function. This distribution has demonstrated superior performance compared
to the inverse Rayleigh distribution in modeling head and neck cancer datasets. Over time, various
extensions of the inverse Lindley distribution have been developed. Alkarni (2015) introduced
the extended inverse Lindley distribution, deriving key statistical properties such as moments,
skewness, kurtosis, and quantile functions. Sharma et al. (2016) proposed the generalized inverse
Lindley distribution and provided parameter estimates using different estimation methods. Barco
et al. (2017) developed the inverse power Lindley distribution by combining the power Lindley
and inverse Lindley distributions to create more flexible models. Jan et al. (2018) introduced
the exponentiated inverse power Lindley distribution, a three-parameter generalization of the
inverse Lindley distribution. Mahmoud (2019) further extended this framework by proposing
the extended exponentiated inverse Lindley distribution, a four-parameter generalization that
enhances model adaptability.

The Alpha Power Transformed Inverse Lindley (APTIL) distribution was introduced by Dey
et al. (2019), building on a concept similar to that of Mahdavi and Kundu (2017). The authors
have explored the characteristics and properties of the APTIL model highlighting the classical
estimation procedures. They have also illustrated the applicability of the APTIL distribution
with the help of real life dataset analysis. They described that the given model provide better
results than some other well-known lifetime models and its ability of unimodal and upside-down
bathtub-shaped hazard rates which are throughly applicable in many real-life problems, makes it
a special distribution. This model can be used in various areas, such as biomedical studies, public
health, reliability and survival analysis etc.. The core intention of this paper is to explore the
distributions of the order statistics arising from this APTIL distribution and derive the expressions
for the corresponding single and product moments, marginal moment generating function and
entropy of order statistics. For details on the studies related to the moments of the order statistics,
one may refer to the works of Balakrishnan et al. (2015), Kumar and Dey (2017), Kumar and
Goyal (2019), Goyal et al. (2024), Kumar et al. (2024) among others. Ahsanullah and Alzaatreh
(2018) derived the moments of order statistics and estimated the unknown parameters of the Log-
logistic distribution using order statistics. Next, we want to find the estimates for the unknown
parameters using various statistical procedures, viz., maximumum likelihood estimation (MLE)
for different methods like least square estimator, weighted least square estimator, method of
maximum product spacing estimator and also obtain the maximum likelihood estimator for
type-II censored samples for the APTIL distribution. The probability density function (PDF), the
cumulative distribution function (CDF) and the hazard function (HF) of a APTIL random variable
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X > 0 with parameters β > 0 and ω > 0 are respectively given by Equations (1.1), (1.2) and (1.3)

f (x; β, ω) =
ω2 (1 + x) log β

x3 (β − 1)(ω + 1)
e−

ω
x β

(
1+ ω

(ω+1)x

)
e−

ω
x

, x > 0, β > 0, ω > 0, β ̸= 1, (1)

F(x; β, ω) =
β

(
1+ ω

(ω+1)x

)
e−

ω
x − 1

β − 1
, x > 0, β > 0, ω > 0, β ̸= 1, (2)

h(x; β, ω) =
ω2 log(β) (1 + x) e−

ω
x β

(
1+ ω

(ω+1)x

)
e−

ω
x

(ω + 1) x3
(

β − β

(
1+ ω

(ω+1)x

)
e−

ω
x
) , x > 0, β > 0, ω > 0, β ̸= 1, (3)

Special Cases:

1. As β → 1, the APTIL distribution reduces to the inverse Lindley distribution.

2. As β = e, the APTIL distribution reduces to the inverse Poisson-Lindley distribution.

Now the paper is further organized into the following: Section 2, covers some statistical
properties like inverse moments, and the order statistic in which we found the mathematical
formulation of inverse moments, the inverse product moments, and marginal moment generating
function for each of these order statistics. In Section 3, we obtained the mathematical expression
of entropy of the kth order statistic. We briefly describe the different method of estimation for
estimating the unknown parameters β and ω of the given distribution like, maximum likelihood
estimation based on Type-II censored sample, least square and weighted least square estimation
and maximum product spacing estimation in section 4. In Section 5, we obtained the numerical
value to check whether our expression is correct using the R software. In Section 6, the practical
applicability of the model is demonstrated. In Section 7, we conclude the paper.

2. Statistical Properties

In some situations, the moment of the APTIL distribution may not exist due to its heavy tail, so
we instead focus on the concept of inverse moment. Here, the pth (p = 1, 2, . . .) inverse moment
of the distribution given in (1), can be easily computed as

E
[(

1
X

)p]
=

ω2 log β

(β − 1)(ω + 1)

∞

∑
γ1=0

γ1

∑
γ2=0

(
γ1

γ2

)(
ω

ω + 1

)γ2 (log β)γ1(γ2 + p)!(γ2 + p + 1 + ωγ1 + ω)

γ1! (ωγ1 + ω)γ2+p+2 .

(4)

Figure 1: PDF and HF plots for APTIL distribution

From the Figure 1, we can see that the APTIL distribution has unimodal and upside-down
bathtub-shaped hazard rates.
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2.1. APTIL Distribution: Order Statistics and Their Properties

Let X1, X2, . . . , Xn be a random sample from the APTIL distribution with PDF and CDF denoted
by (1) and (2) respectively, and an ordered random sample X1:n,≤ X2:n,≤, ...,≤ Xk:n from APTIL
distribution, where Xk:n is the kth order statistic. The PDF of kth order statistics and the joint PDF
of the kth and lth order statistics are given by

fXk:n(x) =
n!

(k − 1)!(n − k)!
F(x)k−1[1 − F(x)]n−k f (x), x > 0, (5)

fXk,l:n(x, y) = Ck,l:nF(x)k−1[F(y)− F(x)]l−k−1[1 − F(y)]n−l f (x) f (y), x < y, k < l, (6)

where, Ck,l:n = n!
(k−1)!(k−l−1)!(n−l)! .

Let X1:n ≤ X2:n ≤ . . . ≤ Xn:n represent the order statistics of a sample of size n from the
APTIL distribution. The PDF of the kth order statistics say Xk:n, 1 ≤ k ≤ n for APTIL distribution
can be obtained by using Equations (1), (2) and (5)

fXk:n(x) =Ck:n

n−k

∑
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(
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)
, survival function

(
SXk:n(x)

)
and hazard rate function(
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)

of kth order statistic as follows:
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,
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,

HXk:n(x) =
fXk:n(x)
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.

Similarly, by substituting PDF and CDF of APTIL distribution mentioned in Equations (1), (2) into
Equation (6), the joint PDF of the kth and lth order statistics (Xk:n, Xl:n) of the APTIL distribution
is

fXk,l:n(x, y) = Ck,l:n
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, x < y, k < l, (7)
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Figure 2: Survival function of kth order statistics of the APTIL distribution

Figure 3: Hazard rate function of kth order statistics of the APTIL distribution

From the Figure 2 and 3, we see that the survival function of the distribution increases with
higher values of β and ω, indicating greater survival probabilities for larger ordered variables.
Conversely, the hazard rate function decreases as the kth ordered variable increases and is inversely
proportional to both the shape parameter β and the scale parameter ω.

2.1.1 Single moment of the order statistics for APTIL distribution

The expectation is a crucial attribute of a random variable. This section deals with the pth(p =
1, 2, . . .) moment of kth order statistics for the APTIL model, which will facilitate the computation
of given identity.

Theorem 1. Let equations (1) and (2) define the PDF and CDF of the APTIL model, then the

pth moment of the kth order statistics say µ
(p)
k:n = E(

(
1

Xp
k:n

)
)1 is given by

1The moments of the kth order exists if ω(z) exists, where z positive integers. For non positive integers gamma is not
defined.
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µ
p
k:n =

n!
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Proof: Appendix 1 provides the proof of the theorem.
Now, the first and second expectations are two essential and broadly used characteristic of a

random variable. Based on Theorem 1, the first two inverse moments of the pth order statistics
say 1

Xp
k:n

are respectively given by
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These two equations have been used to calculate the values of expectations and variances
reported in Table 1 and 2 in Section 5. Let X1:n ≤ X2:n ≤ . . . ≤ Xn:n represent the order statistics
of a sample of n size from the APTIL distribution. Then, moment generating function of kth order
statistic is given by
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2.1.2 Product moment of the order statistics for APTIL distribution

In this section, the product moment µ
(p,q)
k,l:n = E

[
1

Xp
k:n

1
Xq

k:n

]
of two order statistics are investigated.

Theorem 2: Let equations (1) and (2) define the PDF and CDF of the APTIL model. For
1 ≤ k ≤ l ≤ n and p, q > 0. The product moments of kth and lth order statistic are given by

µ
(p,q)
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Proof: Appendix 2 provides the proof of the theorem.

3. Entropy

Shannon entropy is essential to information theory and is broadly applied in multiple fields.
Entropy is used to measure the variation of the ambiguity of the random variable X. If X has
probability density function f (·), then the Renyi entropy is defined (Renyi’s, 1961) as

Hδ(x) =
1

1 − δ
log
(∫ ∞

−∞
f (x)δdx

)
, δ > 0, δ ̸= 1.

Now, The Renyi entropy of the kth order statistic (Baratpour et al.,2008) of APTIL distribution is
defined as

Hδ(Xk:n) =
1

1 − δ
log
(∫ ∞

−∞
fXk:n(x)δdx

)
, δ > 0, δ ̸= 1

=
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ω
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ω
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ω
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Special Cases:

1. If put k = 1 in Equation (9), we get
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2. If put k = n in Equation (9), we get
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.

4. Various Estimation Techniques

4.1. Maximum likelihood estimation of unknown parameters from Type II
censored data

The maximum likelihood estimates (MLEs) of the unknown parameters for complete data was
obtained by Dey et al. (2019). In this section, we obtained MLEs of the unknown parameters
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(β, ω) of the APTIL distribution. Let X1:n ≤ X2:n ≤ ... ≤ Xk:n be Type-II censored sample from
the distribution, then the likelihood function is defined as

L(t, β, ω) =
n!

(n − k)!

k

∏
j=1

 log β

β − 1
ω2

ω + 1
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,

and the corresponding log-likelihood function is defined by Equation
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The unknown parameters β and ω can be estimated using the maximum likelihood method by
solving the following two nonlinear equations simultaneously,
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(ω+1)xk:n

)
e
− ω

xk:n

)
(

β − β

(
1+ ω

(ω+1)xk:n

)
e
− ω

xk:n

)
 e−

ω
xk:n

xk:n

(
1

(ω + 1)
− ω

(ω + 1)2

)
−

e−
ω

xk:n

(
1 + ω

(ω+1)xk:n

)
xk:n



− k
ω + 1

= 0,

d log L
dβ

=
k

β log(β)
− k

β − 1
+

1
β

k

∑
j=1

(
1 +

ω

(ω + 1)xj:n

)
e
− ω

xj:n + (n − k)

 β − 1

β − β

(
1+ ω

(ω+1)xk:n

)
e
− ω

xk:n



×


1 −

(
ω

(ω+1)xk:n
e−

ω
xk:n β

(
1+ ω

(ω+1)xk:n

)
e
− ω

xk:n −1
)

(β − 1)2 − β − β

(
1+ ω

(ω+1)xk:n

)
e
− ω

xk:n

(β − 1)2

 = 0.

4.2. Method of maximum product spacing estimators

This method was proposed by Cheng and Amin (1979, 1983) as an alternative way to estimate the
MLE in continuous univariate distributions. Let x1:n ≤ x2:n ≤ ... ≤ xn:n be a random sample of n
size from APTIL distribution.

We define the uniform spacings of a random sample as:

Dj(β, ω) = F(xj:n, β, ω)− F(xj−1:n, β, ω), (10)

where F(x0:n, β, ω) = 0, F(xn+1:n, β, ω) = 1 and ∑n+1
j=1 Dj(β, ω) = 1.
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The maximum product spacing estimator (β̂, ω̂) of unknown parameters β and ω are obtained
by maximizing the geometric mean of the uniform spacings in terms of β and ω

G(β, ω) =

[
n+1

∏
j=1

Dj(β, ω)

] 1
n+1

,

or, Alternatively, this can be achieved through the maximization of the function

H(β, ω) =
1

n + 1

n+1

∑
j=1

log[Dj(β, ω)]. (11)

Now, differentiate equation (11) with respect to β and ω respectively,

dH(β, ω)

dβ
=

1
n + 1

n+1

∑
j=1

1
Dj(β, ω)

[
∆1(xj:n|β, ω)− ∆1(xj−1:n|β, ω)

]
, (12)

dH(β, ω)

dω
=

1
n + 1

n+1

∑
j=1

1
Dj(β, ω)

[
∆2(xj:n|β, ω)− ∆2(xj−1:n|β, ω)

]
, (13)

Where

∆1(xj:n|β, ω) =
β

[
−1+(1+( ω

(1+ω)xj
)e

−ω
xj )

]
e
−ω
xj
(

1 + ω
(1+ω)xj

)
β − 1

− β

[
(1+( ω

(1+ω)xj
)e

−ω
xj )

]
e
−ω
xj

(β − 1)2 ,

and

∆2(xj:n|β, ω) =

β

(
1+ ω

(ω+1)xj

)
e
− ω

xj

log β

e−ω/xj

[
1

(ω+1) −
ω

xj(ω+1)2

]
−

e−ω/xj
(

1+ ω
(ω+1)xj

)
xj


β − 1

.

Solve these non-linear equations (12) and (13), we get the β̂, ω̂ of the parameters β and ω.

4.3. Ordinary and Weighted Least Square Estimator

Swain et al. (1988) introduced methods for estimating the parameters of beta distributions using
ordinary least square and weighted least square estimators (WLSEs). Let x1:n ≤ x2:n ≤ ... ≤ xn:n
be a random sample of size n from APTIL distribution.

The ordinary least square estimator (OLSEs) of the parameters β̂LSE, ω̂LSE of unknown
parameters β and ω are obtained by maximizing the negative of the function S(β, ω).

S(β, ω) =
n

∑
j=1

[
F(xj:n, β, ω)− j

n + 1

]2
, (14)

These estimators for the distribution can be determined by solving the two non-linear equations.

dS(β, ω)

dβ
=

n

∑
j=1

[
F(xj:n, β, ω)− j

n + 1

]
∆1(xj:n|β, ω) = 0, (15)

dS(β, ω)

dω
=

n

∑
j=1

[
F(xj:n, β, ω)− j

n + 1

]
∆2(xj:n|β, ω) = 0. (16)
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Now, The WLSEs β̂WLSE, ω̂WLSE of unknown parameters β and ω are obtained by maximizing
the negative of the function W(β, ω).

W(β, ω) =
n

∑
j=1

(n + 1)2(n + 2)
j(n − j + 1)

[
F(xj:n, β, ω)− j

n + 1

]2
, (17)

Now, differentiate with respect to β and ω, Also the WLSEs can be obtained by solving the two
non-linear equaitons

dW(β, ω)

dβ
=

n

∑
j=1

(n + 1)2(n + 2)
j(n − j + 1)

[
F(xj:n, β, ω)− j

n + 1

]
∆1(xj:n|β, ω) = 0, (18)

dW(β, ω)

dω
=

n

∑
j=1

(n + 1)2(n + 2)
j(n − j + 1)

[
F(xj:n, β, ω)− j

n + 1

]
∆2(xj:n|β, ω) = 0. (19)

5. Numerical Tabulated Values

In this section, we obtained the numerical values of the simple inverse moments, ordered inverse
moments, and entropy under different parameter configurations. Table 1 shows that the values of
inverse moments are decreasing concerning both β and ω. Table no. 2 shows that the inverse
ordered moments increase when the sample sizes increase and decrease when the order of the
sample increases. In Table 3, we reported the uncertainty of the random variables (entropy) based
on order statistics. We see that entropy is reduced concerning n and δ, and increased concerning
r, ω, and β. The average values of the point estimators, absolute bias (Abias), and mean square
errors (MSEs) of the MPSEs, LSEs, and WLSEs are obtained in Table 4-5. It can be seen that the
estimators demonstrate the consistency property, which states that the MSEs fall with increasing
sample size. Also, Abias of β̂ and ω̂ drop as sample size n grows.The Abias of β̂ and ω̂ increases
when the given values of β and ω increase, respectively. Additionally, the MSEs of the ω̂ are
smaller than the β̂ across all estimation techniques. In Table 6, we obtained the average value of
the estimators based on Type-II censored data for different sample sizes up to 20. R software is
used to obtain the numerical value in the section.

6. Data Analysis

This section demonstrates the application of the APTIL distribution to model two complete
datasets. The dataset comprises survival times of cancer patients who received both radiotherapy
and chemotherapy, as documented by Sharma et al. (2015), along with laboratory animals infected
with virulent tubercle bacilli (VCB), as described by Bjerkedal (1960).

We compare the fit of the APTIL model against the inverse Lindley (IL), generalized inverse
Lindley (GIL), and exponentiated inverse Lindley (EIL) models. The parameters of the given
APTIL model are estimated using the maximum likelihood method. The goodness-of-fit for each
model is evaluated using −2L (where L represents the log-likelihood function at the maximum
likelihood estimates), the Akaike Information Criterion (AIC), the Bayesian Information Criterion
(BIC) and the Kolmogorov-Smirnov (K-S) statistic, etc. The probability density functions (PDFs)
of the models being compared are as follows:

IL : f (y, ω) =
ω2 (1 + y)e−

ω
y

(ω + 1) y3 ,

GIL : f (y, β, ω) =
ω2 β(1 + yβ)e

− ω

yβ

(ω + 1) y2β+1 ,

EIL : f (y, β, ω) =
ω2 β(1 + y)e−

ω
y

(ω + 1) y3

[
1 +

ω

(ω + 1)y

]β−1
.
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(a) The relative histogram and fitted density graph (b) The fitted and estimated survival function

Figure 4: The fitted and empirical survival functions for data 1

Table 7: Goodness of fit Statistics for different data

Data 1 Model β̂ ω̂ −2L AIC BIC K-S
APTIL(β,ω) 2.197908 62.17588 558.8457 562.8457 566.4141 0.08469

IL(ω) 77.67544 688.2096 690.2096 691.9938 0.08884
GIL(β,ω) 1.013325 81.73121 559.1425 563.1425 566.7108 0.09273
EIL(β,ω) 2.799310 28.33204 559.1604 563.1604 566.7288 0.08922

Data 2 APTIL(β,ω) 0.032191 2.808439 230.8168 234.8168 239.3701 0.14570
IL(ω) 1.576856 239.5689 241.5689 243.8456 0.19414

GIL(β,ω) 1.071339 1.548701 238.6981 242.6981 247.2514 0.18107
EIL(β,ω) 0.694550 2.109365 239.4938 243.4938 248.0471 0.19900

The value of the MLEs of the parameters, −2L, AIC, BIC, and K-S displayed in Table no. 7.
Among all the competing models, the APTIL distribution stands out with the lowest values of
−2L, AIC, BIC, and K-S statistics show that the APTIL model is the best fit for explaining the
survival times for both groups. The relative histogram with the fitted densities, together with the
plots of the fitted survival and empirical survival functions, are presented in Figures 4 and 5.

7. Conclusion

The APTIL distribution model has one scale and one shape parameter. The APTIL distribution is
useful for an upside-down bathtub-shaped hazard rate. This paper derives the single moments,
product moments, and entropy based on order statistics. We also obtained the estimates of
parameters in different ways: maximum product spacing estimator, ordinary and weighted least
square estimator. The APTIL model is more flexible than the IL, GIL, and EIL distributions
in cases like the survival outcomes of individuals diagnosed with head and neck cancer and
laboratory animals infected with virulent tubercle bacilli. We hope that our results and the
findings of the estimation procedure will contribute to further research and applications of the
APTIL model based on order statistics.
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(a) The relative histogram and fitted density graph (b) The fitted and estimated survival function

Figure 5: The fitted and empirical survival functions for data 2
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Appendix The proof of the theorem 1
From equation (5),

E
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1
Xk:n

)p]
= Ck:n
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0
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1
x

)p
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∑
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∫ ∞

0
x−p−3−γ4(1 + x)e−

ω(γ3+1)
x dx.

Now, put y = ω(γ3+1)
x . The theorem’s result is obtained using the definition of the gamma

function
The proof of the theorem 2

Consider, For x < y

E
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,

where
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