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Abstract

Throughout the years, scholars have broadened traditional fixed point theories to include more intricate
structures like tricomplex valued metric spaces, aiming to tackle issues in multidimensional and hyper-
complex contexts. While there is a rising interest in tricomplex valued spaces, the current literature
addressing fixed point theorems in these areas presents several limitations. The existing research highlights
numerous shortcomings; thus, this article employs innovative types of contraction mappings via a control
function to illustrate fixed point theorems in tricomplex valued controlled metric spaces. These findings
enhance the understanding of fixed point theory and pave the way for new applications in more complex
and diverse mathematical frameworks. Consequently, our study fosters progress in the field, establishing
a strong basis for future research and potential uses across various scientific and engineering fields.

Keywords: fixed point, controlled metric spaces, complex valued metric space, tricomplex valued
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1. INTRODUCTION

The concept of fixed points is essential in many theoretical and practical domains, such as varia-
tional and linear inequalities, approximation theory, nonlinear analysis, integral and differential
equations and inclusions, dynamic systems theory, mathematics of fractals, and mathematical
economics and modeling. The idea of Banach contraction was first introduced in a metric space
by [1] in 1922. Consequently, various researchers have interpreted these findings in numerous
ways [see, [2], [3], [4], [5], [6], 7], [8], [9], [10], [11], etc.]. Complex valued metric spaces were
first presented by [12] in 2011. In 2012, expanded on these results and provided applications
by [13]. Complex valued b-metric spaces introduced by [14] in 2013. Multicomplex spaces were
introduced by [15]. Following this, many researchers took an interest in this field, bicomplex
valued metric spaces introduced in 2021 by [16], where they demonstrated fixed point theorems.
Explored controlled metric spaces with bicomplex value and applied these concepts to fractional
differential equations by [17]. they also introduced tricomplex valued metric spaces and proved
common fixed point theorems [18]]. Fixed point results in tricomplex valued metric spaces using
control functions and provided practical applications as well by [19]. The concept of controlled
metric spaces given by [20]. Utilizing rational contraction to establish fixed point theorems
were pioneers by [21] . Recently, tricomplex valued controlled metric spaces introduced by [22].
Building on these results, we generalized a new type of contraction mapping and established
fixed point theorems in tricomplex valued controlled metric spaces.

2. PRELIMINARIES

In this article the families of real, complex, bicomplex, and tricomplex numbers, denoted by
C% C!,C?% and C3 respectively.
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Let,

w = 01 + 0211 + 03i2 + 04i1i2,
where 01, 01,01,01 € C% and independent units i; and i, such that i 11 % —1 and i1i, = iz

the set of bicomplex numbers define as
C? = {w: w = 01 + 0201 + 0302 + 04i1i2, 01,02, 03,04 € C°}
Or C? = {w:w =01 +i70,,0,0, € C'}
where ©1 = 01 + 02i1 and O, = 03 + 0411.
IT = 01 + 0211 + 0312 + Q4/1 + 0513 + Q6j2 + 073 + 08ia

Where 01, 02, 03, 04, 05, Q6, 07, Qg € C0 and i1,1y, 13,14, j1, j» and j3 are independent units such that
11 = 12 = Z% = li =-1 ]1 = ]2 = ]3 = 1 ]1 = 1112 = 1211,]2 = 1113 = 1311 and 14 = 1113 = 111213 the
set of tricomplex numbers define as

= {IT: 11 = 01 + 021 + 032 + 04j1 + 0513 + Q6J2 + 07j3 + 08is, 01,02, 03, 04, 05, 06, 07, 03 € C°}
C3 = {H Il = wq +izap, 01,00 € CZ}

where a1 = @ + @iy € C? and ap = O3 + O4ip € C?
Let two tricomplex numbers IT and x such that IT = a; 4 i3ap and x = 1 + i35z then

I+ x = (061 + i3042) + (ﬁl + igﬁz) =uwa £ ,31 + i3(062 ﬂ:ﬁz)
and IT.x = (a1 +iza2)(B1 +i3B2) = (181 — a2f2) +iz(&1 B2 + w231)

1
+] 3 and

In the families of tricomplex numbers C> have four idempotent elements 0,1, p; =
Py = 177]3 such that ¢; + @2 = 1 and ¢1.¢2 = 0. Hence ¢4, ¢, are not trivial. Every trlcomplex

numbers can be expressed as an union of @1, ¢, for example

IT=a1+izap = (0(1 — iz“z)(Pl + (061 + izacz)(pz

Here IT is idempotent of the tricomplex numeral and IT; = (a1 — ipan) @1 and ITy = (aq + iran) @2
are the idempotent components of the bicomplex numeral I1.

A tricomplex number IT = ay + i3a; is invertible if there exists x € C3 such that ITy = 1.

A tricomplex number IT = a1 + i3a, is nonsingular if |a? 4+ a3| # 0 and singular if |a3 + a3| = 0.
Let IT = ay + i3a2 and x = By + i3B2 be tricomplex numerals. Then the partial order relation <;,
on C2 or IT <;, y if the following axioms are satisfied.

1. ag = Br,a0 = B

2. a1 <y 1,00 = Bo;
3. a1 = B1,a2 <jy P2;
4. a1 <jy P12 <iy B2

If IT <, x implies IT <;, x but IT # x

Having two tricomplex numerals I, x € C3, the following conditions hold:

—_

T < xaf (I < x|l
TT+ x| < [TT]]+ [1x|];
|oIT|| = |o|||T1||, where ¢ € C°

||ITTx|| < 2||I1||||x||, If at least one of I, x nonsingular then equality holds.

U S

[TTH] = [ITT]] =1, 5f [[TT]] # 0
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6. |15 = {2, if [|x]l # 0
Let XN #0and ¢ : X x X — [1,00), then the function 7: X x X — [1, c0) such that [20]
1. 7(®,¥) > 0and 7(P,¥) =0<= D =Y;
2. 7(9, %) = (¥, D);
3. 1(®,v) < p(@,¥)T(P,Y) +¢p(P,v)p(Y,v);

Then (R, 7) is called a controlled metric space for all ®,¥,v € X. Let wy,w; € C!, where C! is
the set of complex numbers that define a partial order < on C! such that [12], w; < w, if and
only if Re(wq) < Re(wy) and Im(wq) < Im(w,) that is wy < w,. If any of the following is true

) = Re(wy) and Im(wq)
2. Re(wq) < Re(ws) and Im(wq)

) = Re(wy) and Im(wq) < Im(wo);
4. Re(wy) < Re(wy) and Im(wy) < Im(wy);
we also write wy < wy if wy # wy and one of (2),(3), and (4) satisfiy.

O§w1§w2:>|w1|<|w2|
w1 < wy and wy < w3 = wy < wWs.

Let X # 0. A mapping 7 : X x X — C! such that [12],
1. 0<7(P,¥) forall ®,¥ € Rand 7(P,¥) =0 if and only if  =¥;
2. 7(®,¥) = (¥, P), forall ®,¥ € N;
3. 7(9,%) <1(D,v)+T(v,¥) forall ®,¥,v € 7.

Then (X, 7) is called a complex valued metric space.
Suppose X # 0. A mapping 7 : X x X — C3 is such that [22],

(D, ¥) >;,0and 7(P,¥) =0 <= P =Y
(@, %) =1(¥, )
3. 7(®,¥) <i, T(®,v) +1(v,¥), VO, ¥,v R

Then (X, 7) is called a tricomplex valued metric space.
Suppose X is nonempty set and ¢ : X x X — [1,00), then the function T : & x X — C3 such that
[22],

1. T(®,¥) >;, 0and (D, ¥) = 0 < & = ¥;
2. 7(D, %) = (¥, P);
3. T(®,v) <iy (D, Y)7T(P, ) + (P, v)p(Y,v);

Then (R, 7) is called a tricomplex valued controlled metric space for all ®,¥,v € X. Let (X, 1)
be a tricomplex valued controlled metric space then,

1. A sequence {®,} € X is convergent to ® € R, if T(P,,, P) <;, [ forall [ >;, 0 where [ € 3,
Vn > N that is lim;,, 0o ®,;, = D.

2. A sequence {®,} € Nis Cauchy sequence in (X, 1), if T(Pp, D) <j, I for all I >;; 0 where
] € C3and Vn,m > N.
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3. If every Cauchy sequence is convergent in X then it is complete tricomplex valued controlled
metric space.

Lemma 1. Suppose (R, 7) be a tricomplex valued controlled metric space then, a sequence
{®,} € Nis Cauchy sequence, such that O, # P, where n # m then, {®,} € X converges to at
most one point [22].

Lemma 2. Suppose (X, T) be a tricomplex valued controlled metric space then, a function
7: X x X — C3 is continuous with respect to the partial order "<;," [22].

3. MAIN RESULT

Theorem 1. Let (£, 7) be a complete tricomplex controlled metric space. Let the continuous
mapping N : & — & be such that

{14 7(®,R®)} T(¥,NY)
T(Nq), N‘Y) Sis a 1t T(@,‘P)

+bT(P,F) + cT(P, ND) + d (¥, NY¥) )

where a,b,¢c,d € [0,1) witha+b+c+d < 1and VO, ¥ € E for ®y € &, take &, = N"P,.
Suppose that,

P(Pig+1,Pig12)p(Pig+1,1)
o(®iy @iy 1)

: 1
max;,;>1 lim;; e <y

Assume that VO € E, limy 0 0(Py, @) and limy, o p(P, Py,) exist and are finite. Then N has a
unique fixed point.

Proof. Suppose that &) € E. we construct {®,,} in E by ®,1 = X, Vn € N such that
D, 11 = Dy, then RD,, = &,,. Hence the proof is finished. Now, we assume that ®,, 1 # P, Vn €
IN. Thus, by (I), we get

T((DVII q)n+l) = T(N(anlr N(Dn)
< {1+ 7(Py1, XDy, 1) } T(Py, RDy)
- 1+ 7(D,_1,DPy)
+ CT(CDn_l, Nq)n—l) + dT(CDn, Nch)
LT, B} T, B)
- 1+ 7(Dy-1,Pn)
+ct(Py—1, ) +dT(Py, Dpyp1)
<is at(Pp, @pi1) + bT(Py1, Pn) + cT(Py—1, Pn) +dT(Py, Pv1)

+ bT((I)nfl, q)n)

+ bT(¢}’l—1/ ©1’1)

b+c

= T(®n, Ppy1) <iy Fp—

T(CIDH,L q)n)

Since x = 13231 < 1, we have

T(q)l’l/ q)n+1) §i3 KT(q)nfqu)Vl)
<iy KT(Pp2, Py_1)

<j; K" T(Po, P1)
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For every n,m € IN and n < m, we have

T(Pn, @) <iy (P, Pir1)T(Prr, Pri1) + 0(Priv1, Pn) T(Prr1, Pr)
<iz 0(Pn, Pu 1) T(Pu, Prv1) + 0(Prt1, @) 0 (Pri1, Prosi2) T(Priy1, Prii2)
+0(Pii1, P ) o (Prit2, P ) T(Priy2, P)
<is P( P, @i 1) T( P, Prii1) + 0(Prg1, Prn)0(Prig1, P 2) T( D1, Pruy2)
+ 0(Put1, P )0 (Prt2, P ) p(Prt2, Prt3) + T(Prt2, Pruts)
+ 0(Put1, P ) o (Prt2, P ) 0 (Prit3, P ) T(Prut3, Prn) - -

m—2 i
<i; 0(Pn, @y 1)T( P, Ppi1) + ) ( IT P(ijr@m)) p(Di, @iy1) (P, Pit1)
i=n+1 \j=n+1

m—1
+ 1_[ p(q)i/(Dm)T(q)m—lzq)m)
i=n+1

m—2 i
T(Pn, @) <iy p(Pr, 1) T( P, 1) + Z ( H P(¢jf CDm)> p(Pi, @iy1)T(P;, P;iy1)
i=n+1 \j=n+1

m—1
+ ( H p(qu,@m)) T(cDm—l/q)m)P(CDm—lzq)m)T(q)m—l/q)m)
i=n+1

m—2 i )
<iy 0(Pn, @py1)x" T(Dp, D1) + ( 11 P(q’jfcbm)) p(@i, @i11)x' T(Po, P1)
i=n+1 \j=n+1

m—1
+ < H p(q)l’q)m)> KmilT(q)Or q’l)p(q)mfl/ (I)m)
i=n+1

m—1 i .
= p(Pp, Ppi1)x" T(Po, P1) + < [T e(; <Dm)> p(Di, @iy 1)k T(Po, P1)
i=n+1 \j=n+1

Let
Ro = i (Thmi1 (D), @) ) (7, Pia (o, B1)
Then we get
(P, Pn) < T(Po, P1) [K"0( P, Prpt1) + (Ryu—1 — Rir)]
applying (®,¥) > 1 and ratio test, lim,_;« R, exists. Thus {R, } is a Cauchy sequence.
= limy, ;—00 T(Pp, Ppy) =0

Thus, {®,} is a Cauchy sequence in the complete tricomplex valued metric space in (E, 7). Then
{®,} converges to ®*. From (T), it has a unique limit and by ) we get

P* = limy 00 Dy 1 = limyo XDy, = R(limy—y00 Oy ) = RD*.
For uniqueness, let ®*, ¥* both be fixed points of N. Then from we have
T(®*,¥") = T(RO*, NY™)
. {1+ 7(®*, X®*) } T(F*, X¥*)

<. br(D*, P
i3 1+ 7(®", %) +bT(P%¥7)
+ ot (@F, RO + dT (¥, R¥*)

=i 1+ (P, ")
+cT(PF, Q) +dt (¥, ")
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= 7(®",¥") =0
Then X has a unique fixed point and ®* = ¥* u

Theorem 2. Let (E, T) be a complete tricomplex controlled metric space and o, ¢ : & — E. If there
exists mappings A,d : E — [0,1) such that for all ,¥ € E,

1. A(o®) < A(D), 6(c®) < 6(P)
2. M¢®) < A(P) and §(¢P) < (D)

3. A+0)P <1
4.
(P, 0®)T(Y¥,c¥)
T(0®,c¥) <iy A(®) max {(T(CD’T)’ (@, cY) + 7(¥,0®) + (D, ¥) }
+6(P) {t(D,0P) + (¥, c¥)} )

for all ®,¥ € E such that ® # ¥, (P, ¢¥) + (¥, 0P) + (P, ¥) # 0. Suppose that,

. P(Pig11,Piy12)p(Pig11.m)
max lim; 3 3 3 < =
m=1 g e p(Piy, Pig11) E

where @, 11 = 0®, and ;1 = ¢P,;1 for each n > 0. Assume that V® € lim; o p(Py, ) and
lim; o, p(P, P;,) exist and are finite. Then, o, ¢ has a unique common fixed point.

Proof. Again, we construct {®,} in E by ®,,11 = 0P, and D,4» = ¢P,,11 and assume that
D, 11 # @y, Vn € N. Thus, by (2), we get

T((Dn/ q)n-i-l) = T(Jq)n—lz Qq)n)

<y A(P) max {(T(Cbn—l,CDn), T(Pn-1,0Pu-1)T(Pn, 6Pr) }

T(Pr-1,6Pn) + T(Pn, 0®p—1) + T(Pyp—1, D)
+ (@) {T(Py—1,0D, 1) + T(DPy, cPn) }

T(Pn—1, Pn)T(Pn, Prit1) }
(@n, Prit1) + T(Pu, Pn) + T(Py—1, Pr)
+ 5(CD) {T(CDn_l, ch) + T(q)n/ q>n+1)}
Si?, )‘(q))r(ch—l/ ch) + 5(@)1’(@”_1, cI>n+1)

=i (/\(q)) + (5((1)))‘[((1)7171, (Dn)
)

<, A(®) max {(T(q)nl,q)n)/

<l
Since x = (A(®) 4+ (P)) < 1, we have
= T(Pn, Pppy1) <iy KT(Py—1, Pn)

<iy K2T(Pp_p, Pp_1)

<j, K*T(Po, P1)
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For every n,m € IN and n < m, we have

T(Pn, @) <iy (P, Py 1) T(Prr, Prii1) + p(Priy1, Prn) T(Pri1, Prn)
<is p(Pn, @,11)T(Pu, P1) + 0(Prt1, Pr)o(Prig1, Prut2) T(Prt1, Prt2)
+ 0(Put1, P ) o (Put2, Prn) T(Pri2, Do)
<iy 0(Pn, @y 1) T(Prt, Prii1) + (Lo 1, Prn ) o (P 1, Prri2) T(Prg1, Pui2)
+ 0(Put1, P ) o (Prt2, P )0 (P2, Prii3) + T(Prt2, Prits)
+ (Pt Pin)o(Prit2, P ) (P53, P ) T(Prii3, Pon) - -

m—2 i
<iy 0(Pn, @pr11)T(Pp, Pri1) + ( [T o(®;, q’m)) (@i, Pit1)T(Pi, Piv1)
i=n+1 \j=n+1

m—1

[T o(®i @uw)T(Pp1, Pr)
i=n+1

m—2 i
T(CI)n, q)m) §i3 P(q)n/ q)nJrl)T(ch/ q)nJrl) + Z ( H P((b]r cDm)) P((Dir q)i+1>7(q)i/ (I)i—l—l)
i=n+1 \j=n+1

m—1
+ ( H P(Cpi/@m)) T(Cpmfl/q)m)P(CDmfl/q)m)T(CDmfl/q)m)
i=n+1

m—2 i .
<iy (P, @y 1)K (P, P1) + Y, < I P(‘Dj,q’m)> p(@i, @it1)x' T(Po, P1)
i=n+1 \j=n+1

m—1
+ ( H p(CDi,QDm)) KmilT(cDO/ch)p(q)m—llq)m)
i=n+1

m—1 i .
= p(q)n, q)n+1>K”T(CI)0,CI)1) + Z ( H p(cD],q)m)) P(q)i/ (Di+1)KZT(<I)O, (1)1)
i=n+1 \j=n+1

Let
Ry =yl ( 1 0(D), Cpm)) (D, Dijq) ' T(Po, P1)
Then we get
T(Pn, @) <ip (o, P1) [K70(P, 1) + (R, 4 — 7))
applying (®,¥) >;, 1 and ratio test, lim,, , ¥, exists. Thus {R}} is a Cauchy sequence.
= 1imy,mseo T(Pp, Ppy) =0

Thus, {®,} is a Cauchy sequence in the complete tricomplex valued metric space in (&, 7). Then
{®,} converges to ®;. From (1), it has a unique limit and by () we get

D1 = limy oo @py1 = limp—se0 0Py = o (limyye0 Bpy) = 0Py.
Dy = limy 0o Dy 1 = limy 00 ¢Py = ¢(limy 00 @) = P

For uniqueness, let ®1, ¥ both are fixed points of o, ¢. Then from (2) we have

T(q)l,lfl) = T((Tq)l, Q‘Y])

T(®1,0P1)Tt(¥1,6¥1)
<,
i /\((D) maXx {<T(CD1’T1)' T((I)l,g‘yl) + 7(11;1’ 0'(1)1) + T(q)ll ‘Yl)

+6(®) {T(P1,0P1) + 1(¥1,6¥1)}

Siy /\(q>)max{(r(q>1,wyl), - T(®y, P1)T(¥1, ¥1) }

(@1, ¥1) + (Y1, P1) + 7(Py, Y1)
+ (S(CD) {T(Cpl, ‘1)1) + T(“Fl,lfl)}
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— T((Dl,‘fl) =0

Then o, ¢ have a unique common fixed point and ®; = ¥ u

4. CONCLUSION

Following Price’s initial description of multicomplex spaces, further investigations have been
conducted by other researchers. Recently, Ramaswamy et al. [22] presented the concept of
tricomplex valued controlled metric spaces. In this paper, we expand on these results by
proposing a new type of contraction mapping, where we also establish fixed point theorems and
make use of the control function within tricomplex valued controlled metric spaces.

REFERENCES

[1] Banach, S. (1922). Sur les operations dans les ensembles abstraits et leur applications aux
equations integrales. Fund. Math., 3:133-181.

[2] Bakhtin, I. (1989). The contraction mapping principle in quasimetric spaces. Functional
analysis, 30:26-37.

[3] Berinde, V. P’curar, M. (2022). The early developments in fixed point theory on b-metric
spaces. Carpathian Journal of Mathematics, 38(3):523-538.

[4] Cho, Y. ]. (2017). Survey on metric fixed point theory and applications. Advances in Real and
Complex Analysis with Applications, 183-241.

[5] Chourasiya S, Shrivastava K. (2024). Common Fixed Point Theorem in Controlled Metric
Spaces. Int. j. adv. multidisc. res. stud., 4(5):317-323.

[6] Cobzas S, Czerwik S. (2020). The completion of generalized b-metric spaces and fixed points.
Fixed Point Theory, 21(1):133-150.

[7] Czerwik, S. (1998). Nonlinear set-valued contraction mappings in b-metric spaces. Atti Sem.
Mat. Fis. Univ. Modena, 46:263-276.

[8] Jahangir, F, Haghmaram, P, Nourouzi, K. (2021). A note on F-metric spaces. Journal of Fixed
Point Theory and Applications, 23(1):2.

[9] Jleli, M., Samet, B. (2012). Remarks on G-metric spaces and fixed point theorems. Fixed Point
Theory and Applications, 2012:1-7.

[10] Lateef, D., Ahmad, J. (2019). Dass and Gupta’s fixed point theorem in F-metric spaces. J.
Nonlinear Sci. Appl., 12:405-411.

[11] Matthews, S. G. (1994). Partial metric topology. Annals of the New York Academy of Sciences,
728(1):183-197.

[12] Azam A, Fisher B, Khan M. (2011). Common Fixed point theorems in complex valued metric
spaces. Numerical Functional Analysis and Optimization, 32:243-53.

[13] Sintunavarat, W., Kumam, P. (2012). Generalized common Fixed point theorems in complex
valued metric spaces and applications. Journal of inequalities and Applications, 2012:1-12.

[14] Rao, P. R., Swamy, P. R, Prasad, J. R. (2013). A common Fixed point theorem in complex
valued b-metric spaces. Bulletin of Mathematics and Statistics research, 1(1):1-8.

[15] Price, G. B. (2018). An introduction to multicomplex spaces and functions. CRC Press.

[16] Beg, L, Datta, S. K., Pal, D. (2021). Fixed point in bicomplex valued metric spaces. International
Journal of Nonlinear Analysis and Applications, 12(2):717-727.

[17] Mani, G., Haque, S., Gnanaprakasam, A. J., Ege, O., Mlaiki, N. (2023). The study of bicom-
plex valued controlled metric spaces with applications to fractional differential equations.
Mathematics, 11(12):2742.

[18] Mani, G., Gnanaprakasam, A. J., Haq, A. U., Baloch, I. A,, Jarad, F. (2022). Common fixed
point theorems on tricomplex valued metric space. Mathematical Problems in Engineering,
2022(1):4617291.

277



Shivani Chourasiya and Kavita Shrivastava RTé&A, No 3 (86)
FIXED POINT THEOREMS Volume 20, September 2025

[19] Ramaswamy, R., Mani, G., Gnanaprakasam, A. J., Abdelnaby, O. A. A., Radenovit, S.
(2022). An application to fixed-point results in tricomplex-valued metric spaces using control
functions. Mathematics. 10 , no. 18, 3344.

[20] Mlaiki, N., Aydi, H., Souayah, N., Abdeljawad, T. (2018). Controlled metric type spaces, and
the related contraction principle. Mathematics, 6(10):194.

[21] Dass, B. K., Gupta, S. (1975). An extension of Banach contraction principle through rational
expression. Indian J. pure appl. Math., 12(6):1455-1458.

[22] Ramaswamy, R., Mani, G., Gnanaprakasam, A. J., Abdelnaby, O. A. A, Radenovit, S. (2023).
Solving an Integral Equation via Tricomplex-Valued Controlled Metric Spaces. Axioms,
12(1):56.

278





