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Abstract

A non-Markovian retrial queue with non persistent customers, general retrial times along with reoccur-
ring customers is taken into concern in this place study. In this model, the retrial periods for reoccurring
customers have an exponential distribution, while all the service periods and retrial periods for transitory
customers are pretended to follow a general distribution. The PGF for the total amount of customers
and the average amount of customers in the invisible waiting region is acquired by applying the supple-
mentary variable method. We compute the waiting period delivery. Out of attention, special cases are
conferred. Numerical outcomes are reveals.

Keywords: non-Markovian retrial queue, transitory and reoccurring customers, non persistent
customers, general retrial times, supplementary variable technique.

1. INTRODUCTION

Whenever the customers recognise that the server is occupied, they are moved to an orbit, that
is an invisible awaiting region. A lot of experts have studied the retrial queue in the recent past.
There are referrals available for an additional review of the retrial queues [1} 2, [3, 14} 5]. Numer-
ous queuing systems that have multiple attempts follow the traditional retrial strategy. A second
discipline, known as permanent retrial policy, does, however, naturally exist in situations where
the server requires searching for customers [6].

In the context of retrials, Farahmand [7] examined a system of permanent customers from
two perspectives: traditional and permanent retrial policy. Since the literature on retrial queues
with continuous repeated efforts has rapidly expanded [8,[9]. In contrast, Boxma and Cohen
studied an M/G/1 queue that has a fixed amount of permanent customers who rejoin the queue
after getting their services. Gomez-Corral [11] went into great detail about a retrial queuing
system that includes general retrial times and FCFS discipline.

Our primary goal is to extend the second instance in [7] by taking consideration of a more
typical and widespread scenario: distinct service distribution for each kind of customers and
normal retrial rates for customers who are transitory. The primary justification for examining
this queuing system is that numerous depictions of computer and communication networks use
its structure.

A primary customer can become dissatisfied and permanently leave the system without ser-
vice if they discover that a server is busy. For an additional review of the non-persistent cus-
tomers, Keerthana [15] presented the results regarding the probability generating function (PGF)
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for the number of customers in the orbit while discussing the retrial queue with working vaca-
tions, nonpersistent customers, and a waiting server.

In this article, we consider a non-Markovian retrial queue with non persistent customers,
general retrial times along with reoccurring customers. This article is organised as follows. In
section 2, the model is described. In section 3, performance measures are defined. In Section 4,
a few unique scenarios are explored. In section 5, numerical findings are presented. In section 6,
the conclusion is given.

2. MobDEL DESCRIPTION

We discuss a non-Markovian retrial queue with non persistent customers, general retrial times
and reoccurring customers, in which the arrival rate of the primary customers is A and the arrival
process is Poison. If a customer enters and discovers that the server is busy, he either becomes
non-persistent and exits the system with a probability of (1-«) or enters an orbit with a probabil-
ity of a. We assume there is no waiting area, thus if a transitory customer approaches and finds
the server is occupied, they leave the service area and enter the orbit. Both of the customers who
are at the top of the orbit are free to get nearer to the server at anytime after the service is finished.
For transitory customers, the retrial time is distributed according to a distribution function and
a general distribution R;(x); the pdf and LST are denoted by the expressions r;(x) and R} (x),
respectively. For reoccuring customers, the retrial time is distributed exponentially with a pa-
rameter of v. If there is a competition between transitory customers and orbit customers during
each customer’s service completion epoch. For transitory customers a general distribution with
distribution functions governs service times S;(x),s;(x) and S;(x) as pdf and LST, respectively,
and for reoccurring customers a general distribution with distribution functions governs service
times, pdf, and LST of S,(x),s,(x), and S;(x). It is assumed that service times, retrial periods,
and inter-arrival times are unrelated to one another. Reoccurring customers always return to
orbit after a service is completed, but transitory customers permanently exit the system. Let’s
apply the following sequence of random variables.
For the transitory customer at the top of the orbit, the remaining retial time is indicated by Rf (¢)
if M(t) =0and N(t) > K.
For the transitory customer, the remaining service time is indicated by S7(t) if M(t) = 1 and
N(t) > K.
For the reoccuring customer, the remaining service time is indicated by S; () if M(t) = 2 and
N(t) < K.

0 if the system is idle at time ¢
M(t) = {1 if the system is busy with transitory customers

2 if the system is busy with reoccuring customers
so that the supplementary variables R (t), S (t), Sy (t) and Rg(t) are introduced to acquire the
bivariate Markov Processes (N(t), B(t)); x > 0, where B(t) = Ry(t), if M(t) = 0;S;(t), if M(t) =
1;Sp(t), if M(t) = 2.

Pox = lim P[M(t) = O,N(t) = K]

Py = }L%P[M(t)zo,N(t):n,x<Rf(t)gx—i—dx],nzK—i—l,xZO
Py = }L%P[M(t):1,N(t):n,x<5f(t) <x+dx|,n>K x>0
P, = lmP[M(t)=2,N(t)=nx<S;(t)<x+dx],n>K—-1,x>0

We have defined the limiting probabilities, which are listed above.

Bia(0) = [ e Pou(v)a, Pin(0) = | Pou(x)dx
Py(z,0)= ), P;.(0)z" Py(z,0) = ) Py,(0)z"
n=K+1 n=K+1
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[ee] [ee]
Pi(z0) =) P} Pi(z,0) = )_ P, (0)z"
n=K n=K
P (z,0) Z Pz n Py(z,0) = Y P, (0)2"

We have defined the LST and PGF, which are listed above.
In steady state, the following differential difference equations were used to depict the system:

(A+v)Pox = PLk(0)+ Pyx-1(0) ¢y

A Pa(r) = (A V)P PaOn(x) + P Ore(@in 2K +1 @

—%Pl,K(x) = —AaPyx(x) + Pok+1(0)s¢(x) + APokst(x) ©)
T Pa() = AaP () + APy () + P (0)si(x)

+Ast(x) /Ooo Pon(x)dx;n > K+1 4)

_%PLK—l(x) = —AaPyx_1(x) +vPyxsr(x) )

*%Pz,n(x) = —AaPyu(x) + AaPy—1(x) + vsr(x) /Ooo Poyy1dx;n > K (6)

Taking the LST on both sides from (2) to (6) yields

0P, (0) — Pon(0) = (A+v)P;,(0) — Pry(0)R;(0) — Poy1(0)R;(0),n > K+1 (7)
0Py k(0) — P1x(0) = AaPyg(0) — Pok41(0)S;(0) — APoxS;(0) 8)
0P, (0) — P1,n(0) = AaPy,(0) —AaPy,-1(0) — Pou+1(0)Si(0)
“A /Ooo Py (x)dxS}(6), n>K+1 )
0P k_1(0) — Pox1(0) = AaPyy_q(0) —vPoxS;(0) (10)
OP;,(6) = Pon(0) = AaP5,(6) ~ A5, 1(6) —v [ Ry (x)dxS; (), n=K (1)
(8) x i z"'gives
n=K+1
6 i Py, (0)z" — i Py (0)z" = (A +v) Z Py, (6 2 Py, (0)z"R{(6)
n=K+1 n=K+1 n=K+1 n=K+1
Z PZ,nfl(O)ZnR?(B)
n=K+1
= Py(z,0) — R} (8){P1(z,0) +zP»(2,0)} + R} (8)zK(A +v) Py ¢
Pi(z,0)[0 — (A+v)] = DPy(z,0)—R} (9){ZK()\ +v)Pyx — Pi(2,0) +zP»(2,0)} (12)

Placing 6 = A 4 v in (12), results
Py(z,0) = R (A +v)[Pi(2,0) + zP5(2,0) — (A + v) Py z¥] (13)
Placing 6 = 0 in (12), results

[1—Rf(A+v)]

Py (2,0) = AtV

[P1(z,0) +zP5(2,0) — (A +v)PyszK] (14)
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[(9) x Y. Z"} gives,
n=K+1
6 ) P, (0)z" — Y. Pia(0)2" =Aa )] Pf,(0)z" — Aw ) P{‘/n,l(e)rz”_“rl
n=K+1 n=K+1 n=K+1 n=K+1
—SH6) Y. Pousr(0)z2"T =AY P ,(0)2"S[(6)
n=K+1 n=K+1

Adding with (8) x zK, we get

Py(z,0)S/(0)

Pl (z,0)[0 — (Aa — Aaz)] = Py(z,0) — — AP (2,0)S5 (0) — AP; x2S} (0)

Placing 6 = Aa — Aaz in (15), results

S;(Aa — Aaz) [
z

Pi(z,0) = Py(z,0) + AzP{(z,0) + APy 2Kt
0 ,

Placing 6 = 0 in (15), results

1—[Sf(Aa — Aaz)]

Pi(20) = —H T [Po(z,o) + AzP(z,0) + Apo,sz“}
(Sub.) (14) in (16), results
_R* _ K
P, (Z,O) _ [)\Z[l Rj ()\ + 1/)] [Pl (Z, 0/3 1 jpz (Z, 0) ()L + V)PO,KZ }
+Po(z,0) + APy k2" | {M]
[(11) X Zz”} gives
n=K

0 Y P5,(0)z" — Y Pru(0)z" =Ax Y P, (0)2" —Aa ) Pz*,n_l(e)z”_“rl
n=K n=K n=K n=K
0 Y P a (0217155 (0)
n=K
Adding with (10) x zK~1, we get
P;(z,0)[0 — (A — Aaz)] = Pr(z,0) — gSﬁ(@)[Pg (2,0) + Py xzK]

Placing 6 = A — Az in (19), results

Py(z,0) = “1 - Sfy‘fv_ M‘Z)} [Pl(z,O) +2Py(2,0) — (A + v)po,sz] + Po,sz]
" [1/5;‘ (Ao — /\0(2)1

Placing 6 = 0 in (19), results

— (A — A0z)P5 (2,0) = Pp(z,0) = Z[B5 (2,0) + Poz"]
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Rearrage the equation (13),(16) and (20) in the system of equations, results

(A+v)PoxzERf (A +v) = —Py(z,0) + Pi(z,0)R} (A +v) +zP(z,0)R} (A +v)
AzPygzX Ry (A +v) (A +v)Sf (Aw — Aaz) = —Py(z,0)(A+v)S;(Aa — Aaz) + Pi(z,0)[z(A +v)
—Az(1 = R; (A +v))] —zP2(z,0)Sf (Aa — Aaz)
xAz(1—Rf(A+v))
VA +V)RF (A + 1) Py gzXSH(Aa — Aaz) = —vPy(z,0)S (Aa — Aaz)(1 — R} (A +v)) + P»(z,0)
X[z(A 4+ v) —vzS; (Aw — Aaz) (1 — Rf (A +v))

z,0
z,0

7

By solving the above equations using determinent method, results

Py(z,0) — Dll(z) [+ V)R A+ v)Poge (A +v) = AS7 (Aa — Aacz)

—vSy (A — Aaz)]} (22)
Pi(z,0) = 11(2) {(/\ + V)R} (A + v) Py xzXS; (A — Aaz) [A(1 — 2)
—v[SF (A& — Aaz) — 1]]} (23)
1

Py(z,0) = NE) {(/\ + V)R (A +v)vS) (Aa — Aaz)[Sf (A — Aaz) — z] PO,KZKA} (24)

)

Substituting (23), (24) in (14)

P;(,0) — [)11(2){[1 ~ REFA V)]~ 57 (Ax — Aaz) +v(1 — S (A — Aaz)) [Pyt (29)

Substituting (22), (25) in (17)

P (z,0) e AiZ)Dl(Z) {[1 — S (Aa — Aaz)|R} (A +v)[A(1 - 2)
(1 — SF(Aa — Aaz))](A + u)po,KzK} (26)
Substituting (24), (25) in (21)
B0 = Aiz) 5 [+ V)R (A +v)[5F (A — Aaz) —2][1 — 57 (Aa — Aaz)]
XUPO,KZK_l} (27)
where,
Di(z) = [1—=Ri(A+v)][ASf(Aa — Aaz) +vS)(Ax — Aaz)]z — (A +v)[z — R} (A +v)
XS (Aw — Aaz)] (28)

We define P(z) = P§(z,0) + Pj(z,0) + P; (z,0) + Py xzX

plz) = AF V)Ri(g(”)ﬂ’ ozt {Aa(1~2)z v} (A~ Aaz) (1 - S} (Aa — Aaz) ) (29)
a)(z

As the PGF for the number of customers in the orbit is represented in above relation in that
the defined term Dq(z) is given in (28). To determine that P(0,K) arises in (30), apply the
normalising condition P(1) = 1 and utilising the L'Hospitals rule in the result of (29).

p o = AHVIRIA+v)[1— AaE(Sy)] — Aa(1 = Rf (A +v))[AE(Sy) + VE(Sy)]
0K = (A +v)aRj (A +v)[1+ vaE(S,)]

(30)
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3. PERFORMANCE MEASURES

The following parameters are considered, Ls - average orbit size during peak hours and, Lg; -
average customers waiting time at peak hours in the orbit. Then

L o= 2|
_ [Ni (), N2 N; (2) ||«
Di(z) —2AaDj(z) —2AaD)(z)!lz=1 oK
where
Ni(z) = [1—=RiA+v)][A(1—=S}(Aa — Aaz) +v(1 — S (Aa — Aaz))]|zK!
Di(z) = [1—-Ri(A+v)][AS;(Aw — Aaz) +vS;(Aa — Awz)]z — (A +v)[z — Rf (A +v)
xSf(Aw — Aaz)]
Na(z) = [1—=SF(A—Aaz)|R} (A +v)[A(1—z) +v(1—S;(Aa — Aaz))](A +v)2K
N3(z) = (A+v)RF(A+v)[Sf(Aa — Aaz) — z][1 — S} (Aa — Aaz)]vz!

"

MO N N ()
D{(1)  —2AaDj(1) —2AaD/(1)

Ls = [ } x Pox

L
By Little’s formula, Lsy = f

where,

(1) Aa[l = Ry (A +v)][AE(St) +vE(Sy)]
Ny (1) = 2A%a(A+v)Rf (A +v)E(Si) (14 vaE(S,))
(1) —2Ava(A 4+ v)R} (A +v)E(S;) (AaE(S;) — 1)
(1) = Aa[l—Rf(A+v)][AE(St) +VE(S,)] — (A + v)Rf (A +v)[1 — AaE(S;)]

4. SPECIAL CASES

(a) The current model coincides with M/G/1 queue with recurrent customers model for taking
the values v — oo,0 =1, and Rf (A +v) =1

(b) The current model concides with an M/G/1 retrial queue model for taking the value K = 0,
and a = 1.

5. NUMERICAL RESULTS

Table 1 and Fig. 1 and represent the variation between the arrival rate of customers versus the
average orbit size during peak hours in the presence of various service times. Also, to attain the
above mentioned graph and table, the following values are assumed. The value of a retrial time
for reoccurring customers is 2.1, the value of service time for transitory customers is 3.1, and the
value of service time for reoccurring customers is 4.2 and « = 1.2. From this we observed that
the increasing value of the arrival rate of customers and service time of customers, the mean
orbit size will be reduced; it shows that the derived model is stable. Table 2 and Fig. 2 repre-
sent the variation between the arrival rate of customers versus the average customers waiting
time at peak hours in the presence of various service times. Also, to attain the abovementioned
graph and table, the following values are assumed. The value of a retrial time for reoccurring
customers is 2, the value of service time for transitory customers is 3.5, and the value of service
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time for reoccurring customers is 4 and a = 1.5. From this we observed that the increasing value
of the arrival rate of customers and service time of customers, the mean customers waiting time
at peak hours in the orbit will be reduced; it shows that the derived model is stable. Table 3 and

Table 1: A versus u

A u=22 pu=24 u=26

1.0 02991 03198 0.3374
1.2 02688 0.2956  0.3184
1.4 02306 0.2643  0.2928
1.6 01847 0.2258  0.2605
1.8 01309 0.1801  0.2216
20 0.0694 0.1272  0.1761

u=2.6

1.0 1.2 1.4 1.6 1.8 2.0
A

Figure 1: A versus u

Table 2: A versus u

A nw=32 pu=42 pu=>52

1.0 03492 03741 0.3928
1.2 02809 03077 03277
14 02285 02571  0.2785
1.6 01861 0.2164  0.2392
1.8 01502 0.1824  0.2066
20 0.1190 0.1530 0.1785

Fig. 3 represent the variation between the arrival rate of customers versus the average orbit size
during peak hours in the presence of various retrial times. Also, to attain the abovementioned
graph and table, the following values are assumed. The value of a retrial time for transitory
customers is 3.7, the value of service time for transitory customers is 5.5, and the value of service
time for reoccurring customers is 7.5 and @ = 1.2. From this we observed that the increasing
value of the arrival rate of customers and service time of customers, the mean orbit size will be
reduced; it shows that the derived model is stable. Table 4 and Fig. 4 represent the variation
between the arrival rate of customers versus the average customers waiting time at peak hours
in the presence of various retrial times. Also, to attain the abovementioned graph and table,
the following values are assumed. The value of a retrial time for transitory customers is 4, the
value of service time for transitory customers is 4.8, and the value of service time for reoccurring
customers is 7.2 and & = 1.2. From this we observed that the increasing value of the arrival rate
of customers and service time of customers, the mean customers waiting time at peak hours in
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0'0 7\ L L L L T L \7
1.0 1.2 1.4 1.6 1.8 2.0
A
Figure 2: A versus u
the orbit will be reduced; it shows that the derived model is stable.
Table 3: A versus v
A v=3 v=35 v=4
1.0 03112 03470 0.3771
1.2 03054 0.3370 0.3637
14 02968 0.3245 0.3479
1.6 02854 0.3095 0.3298
1.8 02713 0.2920 0.3095
2.0 02545 0.2720 0.2867
0.4f! f
0.3+ ]
o2l ]
u=3
0.1 u=3.5 b
u=4
0.0t L T L L L3
1.0 1.2 1.4 1.6 1.8 2.0
A
Figure 3: A versus v
Table 4: A versus v
A v=21 v=31 v=41
1.0 0.2903 0.3349 0.3716
1.2 02446 0.2775 0.3045
1.4 0209  0.2343  0.2547
1.6 0.1814 0.2002 0.2157
1.8 0.1577 0.1720 0.1838
20 0.1370 0.1480  0.1570
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Figure 4: A versus v

6. CONCLUSION

A non-Markovian retrial queue with non persistent customers, general retrial times along with
reoccurring customers is assessed in this work. We obtained the PGF for the total amount of
customers and the average amount of customers in the invisible waiting region. The average
waiting time is also determined. We discussed the performance measures and deliberated some
special cases, and numerical outcomes are displayed.
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