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Abstract

The application of weighted distribution is used in many fields of real life such as
medicine, reliability, ecology and so on, so we try to contribute in this field through this
research. In this paper we propose a new length biased form of the Exponential-
Exponential distribution called Length Biased Exponential-Exponential distribution
(LBEED) and derive its statistical properties. The statistical properties including the
moments, moment generating function, characteristic function, reliability functions and
entropy measures are discussed. The method of maximum likelihood and method of
moment was employed to estimate the parameter. The utility and adaptability of the
proposed model are demonstrated by real-world data sets.

Keywords: exponential-exponential distribution, hazard function, length-biased
distribution, maximum likelihood estimation, renyi entropy.

I. Introduction

The exponential distribution is the one that draws the greatest attention from researchers in the
literature because of its broad variety of applications. Standard distribution can be understood
with the help of weighted distributions, which also give distributions more flexibility. The form of
the distribution of recorded observations can be influenced by ascertainment methods, as [5]
examined. This is introduced and formulated by [11] in relation to statistical data modelling when
standard distributions were found to be in appropriate. In addition to offering methods for
expanding distributions for more flexibility in fitting a dataset, weighted distributions can be used
to improve understanding. The length biased Rani distribution with survival data was introduced

by [15]. The length biased weighted Lomax distribution with outliers was examined by [7].
Weighted distributions are used in many research in the domains of biology, branching processes,
and reliability. According to [6], the idea of length biased distribution has several uses in the
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biomedical field, including family history, illness survival, intermediate events, and the latency

period of AIDS caused by blood transfusion.

The weighted exponential families of distributions are introduced with the assistance of [17].
Weighted distributions come in two varieties: size-biased and length. The length biased Burr XII
distribution and length-biased weighted exponentiated inverted Weibull distribution were
discussed in [3] and [12]. The length-biased exponential distribution for estimating Bayesian
reliability is discussed and addressed in [8]. Many writers have used the idea of weighted
distributions for various reasons: [10] looked at several general models that result in weighted
distributions with weight functions that do not have to be limited by one and researched length
biased (size biased) sampling with relevance to wildlife populations and human families. The
Length biased quasi-Sujatha distribution with properties and applications to bladder cancer data is
addressed by [16]. Recently, [2] examined and studied the length biased powered inverse Rayleigh
distribution and its applications. Also [4] proposed a weighted intervened exponential distribution
as a lifetime model. A new method for generating families of continuous distributions is presented
in [1] and is used in [9] and motivated to find a new distribution which is a length biased form.

The probability density function (PDF) of the Exponential-Exponential distribution (EED) by [1]
and [9] is given as

flx) = 62e79°% x>0,6>0 (1)

Assume X is a non-negative random variable with probability density function (pdf) f (x). Let W(x)
be the weight function which is a non-negative function, then the probability density function of
the weighted random variable Xw is given by:

_ W f)
fW (x) - E(W(X)) ;x>0

where w (x) be a non-negative weight function and E (W(x)) = [w(x) f(x) dx <.

The PDF of the length biased distribution is defined by

fi(x; 8) =x];($f),—oo<x<oo 2)

where p=E(X) = [*_xf(x) dx,-00 <x < oo,
II. The Length Biased Exponential-Exponential Distribution (LBEED)
Let X be a random variable with PDF given in (1), respectively, then by using the transformation

given in (2), and replacing the expected value as given in the formula; the PDF of the suggested
length biased Exponential-Exponential distribution (LBEED) is defined by,

f(x;0) = x60%e~9% , x>0,0>0 3)
where 6 is the scale parameter.
The CDF of the is length biased Exponential-Exponential distribution (LBEED) is given by,

F(;0)=1—(x 02+ 1e %% ,x>0,0>0 (4)

835



Latha J, M Vijayakumar and Shibu D S RT&A, No 2 (84)

A NEW LBEED AND ITS APPLICATIONS TO CANCER DATA Volume 20, June 2025
24 8 values 2 4
— 08=09
o — 6=11
o 8=13 2 A
8=15
© — 8=186
= ~ |
e ° 8 values
— 8=1
g b g - — B8=12
6=13
8=15
= S — 8=2
T T T T T T T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
X X

Figure 1: PDF (left) and CDF (right) plots of LBEED for different values of the parameter O.

I1I. Reliability Analysis
I. Survival Function

This section deals with the survival function and hazard function of the proposed Length-biased
Exponential-Exponential distribution.

S(x;0)=1-F(x;0)

S(;0)= (x62+1)e ", x>0,0>0 (5)
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Figure 2: Survival function (left) and Hazard function (right) of the LBEED for different values of the
parameter ©.

II. Hazard Function

The hazard function or failure rate of the proposed distribution is given by

f(x;6)
Hx:6) =556
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x6%
H(x;0)=—-— ©)

II1. Reverse Hazard Function

The reverse hazard function of the Length-biased Exponential-Exponential distribution is given by,

_ f6)
hy(x) = 7. 0)
_ x0%e=0%%
@) = e @)

IV. Statistical Properties

The structural properties of length biased exponential- exponential distribution are included in this
section.

I. Moments and related measures

Assume that X is the random variable that follows a length-biased Exponential-Exponential
distribution (LBEED), then the rth order moment, that is E(Xr) can be obtained as,

[ee)

w-=EX") = f x"f(x;0) dx
0

W = J X" x 0%e "% dx
0
— fooxr+1 646—92x dx
0
Put8?x =u, 0%?dx =du

62 ®
H' — f ur+1 e U
r Q2(r+1) 0

, _ Ir(+2)

Wy = 921 (8)

The mean and variance can be obtained by substituting r=1, 2, 3 and 4

92
6
ro_
H2 = 22
, 24
H3 = 2%
, _ 120
My = o8
. 2
Variance, p, = T )
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II. Skewness and Kurtosis

4
96

The coefficient of skewness is defined as /; = s and is given by /f; =
&
0%

The coefficient of kurtosis gives the flatness or peakedness of the curve and it is defined as

2e
68

35)

N
Nl w

B, = ﬁ and is given by, f, =

III. Mode

The mode of the length biased exponential-exponential distribution is given by x = eiz .

IV. Moment Generating function and Characteristic function

The moment generating function and Characteristic function of length-biased Exponential-
Exponential distribution are included in the section.

M, (t) = E (e™)
= fome“‘ x 0te=0"xdx

64

M(0) = G

It] < 62 (10)

Similarly, the Characteristic function is obtained as

$e() = E () = " (1)

V. Entropy Measures

The entropy of a random variable X is a measure of variation of the uncertainty. It plays important
role in various fields, including probability and statistics, physics communication theory and
economics by quantifying diversity and unpredictability. A system with higher entropy indicates
greater uncertainty and more uniform outcomes.

I. Renyi Entropy

The Renyi entropy is also important in quantum information, where it can be used as a measure of
entanglement. For a given probability distribution, Renyi entropy is given by,

1

H,(f(x,0)) =:log fooo[f(x, 9)]a dx
fooo[f(x; 0)]* dx = fooo x@ giag=6%xa g,

Putu = xab?, du = af?dx
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o a _ gia
Sy UG @) dx = —2s T(a+1)

Ho(f (x,6)) = —log [(a92)a+1 r(a+1)]

H,(f(x,0))=— [4alog9 +logl(a+ 1) — (a+ 1)logab?] (12)

II. Tsallis Entropy
A generalization of Boltzmann-Gibbs (B-G) statistical mechanics initiated by Tsallis has focused a
great deal to attention. This generalization of B-G statistics was proposed firstly by introducing the

mathematical expression of Tsallis entropy [14] for a continuous random variable is defined as
follows:

S = ! 1 f°° Ad
e LRl O

1 0 _ A
$ =1 [1— Jy (x 6% e*0%) dx]
on simplification we get,

1 [ r(a+1) (13)

- AA+1 92
VI. Bonferroni and Lorenz Curves

The Bonferroni and Lorenz curves have applications not only in economics to study income and
poverty, but also in other fields like reliability, demography, insurance and medical science. The
Bonferroni curve of the LBEED is defined as:

1 q 1 *®
B®) = — f * fO)dx = — [u— jq xf(x)dx]

1 1

Bp) =1il1-1

e 10707 + 20679 + 21| (14)

The Lorenz curve of the LBEED is defined as:
1 (4 1 °°

L@ = < [ xfdx = |u- [ xred
IJ' 0 |J' q

L@ =L [Z- e [02)? +2(6%) +2] | (15)
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VII. Fisher’s Information

The Fisher information determine the amount of information contained in an observable random
variable X about an unknown distribution parameter upon which the probability of X depends.
The Fisher’s information is defined as,

2

d
1(0) = -E < 57 log(f(x))>

The Fisher’s information of Length biased exponential-exponential distribution is given by
1(0) = %, as O increases the Fisher’s value decreases.

VIII. Order Statistics

Order statistics make their appearance in many statistical theory and practice. We know that if Xq),
X@ ,..., Xo denotes the order statistics of a random sample Xi, Xz,..., Xn from a continuous
population with cdf Fx(x) and pdf fx(x), then the pdf of r™ order statistics X¢) is given by,

!
frn@ = ey KO- (RN 1= Eol™

Using (3) and (4) in equation (16), we will obtain the probability density function of rth order
statistics of length biased exponential-exponential distribution as

n-r

fx(r)(x) = #('n—r)' X 946—92;;[1 _ (x 92 + 1)6_92x]r—1 [(x 92 + 1)e—gzx] (16)

The probability density function of first order statistic X(;y of length biased exponential-
exponential distribution can be obtained as

]n—l (17)

() = nx 0te *[(x 2 + 1)eb°*
(€8]

Similarly, the probability density function of higher order statistic X,y of length biased
exponential-exponential distribution can be obtained as

]n—l

femy(¥) =nx %01 - (x 67 + 1)e 0" (18)

IX. Parameter Estimation

In this section we estimate the parameter of length biased exponential-exponential distribution
using two different methods such as maximum likelihood and method of moments.

I. Maximum Likelihood Estimation

In this section, the parameter estimation of length biased exponential-exponential distribution
using maximum likelihood method is included. Let X1, Xz, ..., Xa be a random sample of size n
from the length biased exponential-exponential distribution, then the likelihood function is given

by,
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L(x,0) = Hf(x, 0)

L(x,0) = 6* [T, x e 0°*
The log likelihood function is given by
logL(x,0) =4nlogd — 02 Y, x; + X", logx (19)

Differentiating the equation (20) partially w.r.to © and equating to zero, we get the following
system of equation

‘;—n—ZH Z?zlxi =0

The maximum likelihood estimator 8 of 8 is given by

2n

e
Zi=1xi

f=

II. Method of Moments

Let Xi, Xz, ..., Xn be a random sample of size n from the length biased exponential-exponential
distribution. Equating population mean to the corresponding sample mean, the moment estimator

6 of 0 of LBEED is given by § = \/z

X

X. Applications

The real-life application of length biased exponential-exponential distribution is included in this
section and show that the length biased exponential-exponential distribution (LBEED) can be a
better model than the exponential-exponential distribution (EED) and length biased exponential
distribution (LBED). The data set is given below.

In order to compare the performance, length biased exponential- exponential distribution with
exponential-exponential distribution. We are using the Criterion values like AIC (Akaike
information criterion), AICC (corrected Akaike information criterion), BIC (Bayesian information
criterion) and HQIC (Hannan-Quinn Information Criterion). The better distribution corresponds to
lesser AIC, AICC and BIC values. The formulae for calculation of AIC, BIC, AICC and HQIC are;

2k (k+1)

AIC=2k — 2logL, AICC=AIC + = BIC=klogn — 2logL and

n—k—
HQIC = 2k log (log(n)) —2logL

where n is the sample size, K is the number of parameters, and L denotes the likelihood function.
Any probability model having smaller value of AIC, BIC and -LogL being the best model to fit the
data set.

Data Set 1: The following data set represents the survival times (in months) of 32 patients of
melanoma studied by [13].
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3.25, 3.5, 4.75,4.75, 5, 5.25, 5.75, 5.75, 6.25, 6.5, 6.5, 6.75, 6.75, 7.78, 8, 8.5, 8.5, 9.25, 9.5, 9.5, 10, 11.5,
12.5,13.25, 13.5, 14.25, 14.5, 14.75, 15, 16.25, 16.25, 16.5.

Table 1: The measures, AIC, CAIC, BIC, and HQIC for the melanoma (Skin Cancer) data

Distribution MLE -Log L AIC BIC AICC HQIC
LBEED 0=04619 9447 190.93 192.40 191.06 191.42
EED 0=0.3266  103.621 209.241 210.707 209.375 209.727
LBED 0=9.376 106.827 215.654 217.120 215.787 216.140

Data Set 2: The data set reported by Efron24 represent the survival times of a group of 44 patients
suffering from Head and Neck cancer disease and treated using a combination of radiotherapy and
chemotherapy (RT+CT).

12.20, 23.56, 23.7, 25.9, 31.98, 37, 41.35, 47.38, 55.46, 58.36, 63.47 ,68.46, 78.3, 74.5, 81.43, 84, 92, 94,
110, 112, 119, 127, 130, 133, 140, 146, 155, 159, 173, 179, 194, 195, 209, 249, 281, 319, 339, 432, 469, 519,
633, 725, 817, 1776.

Table 2: The measures, AIC, CAIC, BIC, and HQIC for the Head and Neck cancer data

Distribution MLE -Log L AIC BIC AICC HQIC
LBEED 0 =0.0945 54.9225  111.8449 111.4884 111.9401 110.2765
EED 0 =0.0669 147.3185 296.637 296.2805 296.7322 295.0686
LBED 0=53.7 296.19 594.38 596.14 594.48 594.93

AIC, BIC, AICC, -Log L and HIQC values are lower in the length biased exponential-exponential
distribution than in the exponential-exponential distribution, according to Table 1 and Table 2. Our
conclusion is that the length biased exponential-exponential distribution provides a better match
than the exponential-exponential distribution.

XI. Conclusion

In the present paper, the new distribution called length biased exponential-exponential
distribution has been derived. The subject distribution is generated by using the length biased
technique and taking the one parameter exponential-exponential distribution as the base
distribution. Its various statistical properties including its mean, variance, survival function,
hazard rate function, reverse hazard rate function, moment generating function, characteristic
function, order statistics, entropies, Bonferroni and Lorenz curves have been discussed. Its
parameters have also been estimated through the method of maximum likelihood estimation and
method of moments has been observed. The proposed model is very flexible because its density
function has many shapes; it can be right skewness, decreasing, and unimodal. Finally, a newly
proposed length biased exponential-exponential has been investigated with real life data set to
examine its ability and superiority.
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