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Abstract 

In this study, we introduce interval valued N-fuzzy metric space (IVNFM) and we verify certain 
popular fixed point results on the structure of interval valued N-fuzzy metric space through 
asymptotically regular mappings. Fixed point theorems are crucial in various mathematical and 
applied fields, providing solutions to equations where a function maps a point to itself. In this 
research, we focus on applying diverse contractive conditions specifically in the context of 
asymptotically regular mappings to achieve our objectives. By employing this type of mapping, we 
are able to verify and validate several well-established fixed point results within IVNFM. This 
approach not only supports the known results but also broadens their applicability, thereby 
enhancing the theoretical foundation of fixed point theorems in fuzzy metric spaces. 

Keywords: Interval-valued N-fuzzy metric, common fixed point, asymptotically 
regular maps, altering distance function, commutative self mappings. 

I. Introduction

The foundation of fuzzy mathematics is laid by [25] in 1965. In 1975, [10] proposed the idea of 
fuzzy metric space. [14] employed fuzzy metric space membership functions in 1983 to determine 
the fuzzy metric between two fuzzy sets; this approach differed from that suggested by [10]. Fuzzy 
metric space was reformulated in 1994 when [3] presented the modified concept of Continuous t-
norm. Letter on, numerous authors and researchers  generalized various type of metric spaces like 
fuzzy 2-metric space, D-metric space, G-metric space-metric space, Q(G)-metric space, D*-metric 
space M-metric spaces-metric space and have thoroughly and extensively examined a variety of 
issues pertaining to this space from a variety of perspectives, including compatible mapping, R-
weakly computing mapping, Weak compatible mapping, CLR-Property, E.A. property, etc. and 
have produced new findings on fuzzy metric space. Based on an interval valued membership 
function, [25] first the idea of an interval-valued fuzzy set in 1975.  By inspiring the concept of 
compatible maps, [6] presented the idea of compatible maps of type (A) in metric space and 
Banach space in 1993. Three different types of distances between two interval-valued fuzzy sets on 
real line R were employed by [11] in 2009. Using the concept of continuous interval-valued t-norm, 
it is possible to define interval-valued fuzzy metric space and describe the uncertainty of the 
distance between two points in a fuzzy metric space. In 2015, [12] introduced the new notion of 
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NM-fuzzy metric space, Pseudo N-fuzzy metric space and describes some of their properties and 
examples. In 2020 [5] proved some fixed point theorems for asymptotically regular maps in N- 
fuzzy b-metric space. [1] recently established some common fixed point solutions for mapping on 
interval-valued fuzzy metric space that is occasionally weakly compatible. This was demonstrated 
in 2023. 

In this study, we provide solutions to equations where a function maps a point to itself. In this 
research, we focus on applying diverse contractive conditions specifically in the context of 
asymptotically regular mappings to achieve our objectives validate certain well-known fixed point 
results for asymptotically regular mapping in interval valued N-fuzzy metric space (IVFNM). Our 
results generalize and extend the results of the common fixed point theorem for intimate mapping 
that were published recently. 

II. Basic Definitions

Definition 1[18] In a non empty set ℧, a mapping R୬: ℧ → [I] is called an interval-   valued fuzzy 
set on ℧. Collection of all interval-valued fuzzy sets on ℧ is denoted by IVF(℧). if R୬ ∈ IVF(℧). , let 
R୬(x) = [R୬

ି, R୬
ା], R୬

ି(x) ≤ R୬
ା(x)  for all x ∈ ℧,  then the set R୬

ି: ℧ → [I] and  R୬
ା: ℧ → [I] are 

called lower fuzzy set and upper fuzzy set of R୬ and if Rି(x) = R୬
ା(x)  then is called degenerate 

fuzzy set for all x ∈ ℧. 

Definition 2[18]. A binary operation of the form is an interval valued t୬୭୰୫  is  ∗୍: [I] × [I] → [I] on 
[I] such that for all 𝓊,തതത 𝓋,തതത 𝓌ഥ ∈ [I] if satisfying following four conditions:

(1) Commutativity : 𝓊 തതത୧୴୤  ∗୍  v ഥ ୧୴୤ = v ഥ ୧୴୤  ∗୍ 𝓊 തതത୧୴୤,

(2) Associativity:   [𝓊 തതത୧୴୤  ∗୍  v ഥ ୧୴୤]  ∗୍  w തതത୧୴୤ = 𝓊 തതത୧୴୤  ∗୍ [v ഥ ୧୴୤  ∗୍  w തതത୧୴୤],

(3) Monotonicity: 𝓊 തതത୧୴୤  ∗୍  v ഥ ୧୴୤ ≤ 𝓊 തതത୧୴୤  ∗୍ w തതത୧୴୤ , whenever  v ഥ ୧୴୤  ∗୍  w തതത୧୴୤,

(4) Boundary condition: 𝓊 തതത୧୴୤   ∗୍  1ത = 𝓊 തതത୧୴୤  , 𝓊 തതത୧୴୤   ∗୍  0ത = [𝓊ି, 𝓊ା]  ∗୍ [0,1] = [0, 𝓊ା].

Note: Each interval valued t୬୭୰୫  satisfies some additional boundary conditions for all 𝓊 തതത  ∈ [I]: 
𝓊 തതത  ∗୍  0ത = 0ത ∗୍ 𝓊 തതത = 0ത, 
I̅ ∗୍ 𝓊ഥ = [0,1] ∗୍ [𝓊ି, 𝓊ା] = 0ത,

1ത ∗୍ 𝓊ഥ = 1ത. 
Example:  (a)  𝓊 തതത  ∗୍  𝓋 തതത = [𝓊ି. 𝓋ି, 𝓊ା. 𝓋ା];  (b)   𝓊 തതത  ∗୍  𝓋 തതത = [𝓊ି ∧ 𝓋ି, 𝓊ା ∧ 𝓋ା] 

Definition 3[18]. Let {𝓊 തതത𝐢} = {[𝓊𝐢
ି, 𝓊𝐢

ା]}, 𝐢 ∈ ℕା be a sequence of interval numbers in [I], 
 𝓊ഥ = [𝓊ି, 𝓊ା] ∈ [I], if  lim୧→∞ 𝓊𝐢

ି = 𝓊ି  and lim୧→∞ 𝓊𝐢
ା = 𝓊ା then the sequence {𝓊 തതത𝐢}  is convergent 

to 𝓊 തതത and denoted by  lim୧→∞ 𝓊 തതത𝐢 = 𝓊 തതത.  

Definition 4 [1]. An interval valued t୬୭୰୫ ∗୍ is continuous iff it is continuous in its first component, 
i.e. for each  𝓋 തതതത ∈ [I], if lim୧→∞ 𝓊 തതത𝐢 = 𝓊 തതത, then 

lim୧→∞(𝓊 തതത𝐢 ∗୍ 𝓋 തതത) = (lim୧→∞ 𝓊 തതത𝐢 ∗୍ 𝓋 തതത) = 𝓊 തതത  ∗୍  𝓋 തതത, Where {𝓊 തതത𝐢} ⊆ [𝐈], 𝓊 തതത ∈ [I].

Definition 5 [5]. A triplet (𝔛, M,∗) is called fuzzy metric space (FMS) if  𝔛 is an arbitrary set, ∗ is a 
continuous 𝓉୬୭୰୫  on [0,∞] and M is a fuzzy set on 𝔛ଶ × (0, ∞) satisfying the following conditions :  

(1) M(𝓍, 𝓎, t) > 0;
(2) M(𝓍, 𝓎 , t) = 1  for all t > 0    iff  𝓍 = 𝓎;
(3) M(𝓍, 𝓎 , t) = M(𝓎 , 𝓍, t);
(4) M(𝓍, 𝓏 , 𝓉ଵ + 𝓉ଶ) ≥ T(M(𝓍, 𝓎 , 𝓉ଵ), M(𝓍, 𝓎 , 𝓉ଶ));  ∀𝓍, 𝓎, 𝓏 ∈ 𝔛 and 𝓉ଵ, 𝓉ଶ > 0 
(5) M(𝓍, 𝓎, t): [0, ∞) → [0,1] is continuous;

Definition 6[5]. A triplet (𝔛, M,∗) is called N-fuzzy metric space (N-FMS) if  𝔛 is an arbitrary set, ∗ 
is a continuous 𝓉୬୭୰୫  on [0,∞] and M is a fuzzy set on 𝔛ଷ × (0, ∞) satisfying the following 
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conditions: 

(1) M(𝓍, 𝓎, 𝓏, t) > 0;
(2) M(𝓍, 𝓎 , 𝓏, t) = 1  for all t > 0    iff  𝓍 = 𝓎 = 𝓏;
(3) M(𝓍, 𝓎, 𝓏 , 𝓉ଵ + 𝓉ଶ + 𝓉ଷ) ≥ M(𝓍, 𝓍, a , 𝓉ଵ) ∗ M(𝓎, 𝓎 , a, 𝓉ଶ) ∗ M(𝓏, 𝓏 , a, 𝓉ଷ);

 ∀𝓍, 𝓎, 𝓏 ∈ 𝔛 and 𝓉ଵ, 𝓉ଶ, 𝓉ଷ > 0 
(4) M(𝓍, 𝓎, 𝓏,∗): (0, ∞) → [0,1] is continuous;

Definition 7[5]. A triplet (𝔛, N୍୚୊୒୑ ,∗୍) is called interval valued N-fuzzy metric space (IVFMS) if 
𝔛 is an arbitrary set, ∗୍ is a continuous interval valued  𝓉୬୭୰୫  on [I] and N୍୚୊୒୑ is a fuzzy set on 
𝔛ଷ × (0, ∞) satisfying the following conditions :  

(1) N୍୚୊୒ୗ(𝓍, 𝓎, 𝓏, 𝓉୬୭୰୫ ) > 0ത;

(2) N୍୚୊୒୑(𝓍, 𝓎, 𝓏, 𝓉୬୭୰୫ ) = 1ത  for all 𝓉୬୭୰୫ > 0    iff  𝓍 = 𝓎 = 𝓏;

(3) N୍୚୊୒୑(𝓍, 𝓎, 𝓏, a, 𝓉ଵ + 𝓉ଶ + 𝓉ଷ) ≥  N୍୚୊୒୑(𝓍, 𝓍, a, 𝓉ଵ) ∗୍ N୍୚୊୒୑(𝓎, 𝓎, a, 𝓉ଶ) ∗୍ N୍୚୊୒୑(𝓏, 𝓏, a, 𝓉ଷ);
 ∀𝓍, 𝓎, 𝓏 ∈ 𝔛 and 𝓉ଵ, 𝓉ଶ, 𝓉ଷ > 0 

(4) N୍୚୊୒୑(𝓍, 𝓎, 𝓏,∗୍): [0, ∞] → (I] is continuous;
(5) lim୲→∞N୍୚୊୒୑(𝓍, 𝓎, 𝓏 , 𝓉୬୭୰୫ ) = 1ത ;   ∀ 𝓍, 𝓎, 𝓏 ∈ 𝔛, 𝓉୬୭୰୫ > 0,

 Note: Every metric can induce an interval valued N-fuzzy metric space. 

Definition 8[1]. Let (𝔛, N୍୚୊୒୑ ,∗୍) is an IVFNM 
(a) If  β > 𝑡୬୭୰୫ > 0 then N୍୚୊୒୑(𝓍, 𝓎, 𝓏, 𝓉୬୭୰୫ )   ≤ N୍୚୊୒୑൫𝓍, 𝓎, 𝓏, β൯  for 𝓍, 𝓎, 𝓏 ∈ 𝔛.

(b) A sequence {x୬} in 𝔛 is referred to as a Cauchy sequence if for all ϵത > 0 ഥ  and  𝓉୬୭୰୫ > 0

then there exists a n଴ ∈   ℕ  ϵഥ N୍୚୊୒୑(𝓍, 𝓎, 𝓏, 𝓉୬୭୰୫ )   > 1 − ϵത , for all 𝓍, 𝓎, 𝓏, ≥ n଴.

(c) If every Cauchy sequence is convergent in (𝔛, N୍୚୊୒୑ ,∗୍)  then it is complete IVFNM.

Definition 9[1]. A mapping   ℽ: [I] → [I] is called an altering distance function if 
(a) ℽ  is strictly decreasing and left continuous.
(b) ℽ(α) = 0  if and only if  α = 1ത i.e.  limℽ→୍ష ℽ(I) = 0.

Definition 10[1]. Let two self mapping 𝕶 and 𝕷 on IVFNM (𝔛. , V୍୚୊୒୑ ,∗୍)  then compatible if 
lim୬→∞ N୍୚୊୒୑(𝔎𝔏x୬, 𝔎𝔏x୬, 𝔏𝔎x୬ , 𝓉୬୭୰୫ ) = 1ത for all 𝓉୬୭୰୫ > 0  whenever a sequence {x୬}  in 𝔛  
provided  lim୬→∞ 𝔎x୬ = lim୬→∞ 𝔏x୬ = u ,  for all u ∈ 𝔛. 

Definition 11[1]. Let two self mapping 𝕶 and 𝕷 on IVFNM (𝔛, 𝔐୍୚୊୑ୗ,∗୍)  and a sequence {x୬}  in 
𝔛  then 𝕶 is called asymptotically regular at a point z଴ ∈ 𝔛  
if lim୬→∞ N୍୚୊୒୑(𝔎୬(z଴), 𝔎୬(z଴), 𝔎୬ାଵ(z଴) , 𝓉୬୭୰୫ ) = 1ത , for all 𝓉୬୭୰୫ > 0  
and also the sequence {x୬}  is called asymptotically regular with respect to the pair (𝔎, 𝔏)  
if lim୬→∞ N୍୚୊୒୑(𝔎(z଴), 𝔎(z଴), 𝔏(z଴) , 𝓉୬୭୰୫ ) = 1ത for all 𝓉୬୭୰୫ > 0. 

III. Main Results

Theorem 1: Let 𝔉:𝒳→ 𝒳 be a self mapping of a complete IVFNM (𝒳, N୍୚୊୒୑ ,∗୍) and ℽ be the 
altering distance function then satisfying the following conditions: 

ℽ൫N(𝔉(ϱ), 𝔉(ϱ), 𝔉(σ), 𝓉୬୭୰୫ )൯

≤ bଵθൣmin൛ℽ൫N(ϱ, ϱ, 𝔉(ϱ), 𝓉୬୭୰୫ )൯, ℽ൫N(σ, σ, 𝔉(σ), 𝓉୬୭୰୫ )൯ൟ൧

+ bଶωൣ൛ℽ൫N(ϱ, ϱ, 𝔉(ϱ), 𝓉୬୭୰୫ )൯. ℽ൫N(σ, σ, 𝔉(σ), 𝓉୬୭୰୫ )൯ ൟ൧

+ bଷൣ൛ℽ൫N(ϱ, ϱ, 𝔉(ϱ), 𝓉୬୭୰୫ )൯ + ℽ൫N(σ, σ, 𝔉(σ), 𝓉୬୭୰୫ )൯ ൟ൧

+ bସൣ൛ℽ൫N(ϱ, ϱ, 𝔉(σ), 𝓉୬୭୰୫ )൯ + ℽ൫N(𝔉(ϱ), 𝔉(ϱ), σ, 𝓉୬୭୰୫ )൯ൟ൧

+ bହℽ൫N(ϱ, ϱ, σ, 𝓉୬୭୰୫ )൯

Where  ∀ ϱ, σ ∈ 𝒳   and 𝓉୬୭୰୫ > 0, b୧ = b୧ (ϱ, σ) ≥ 0, i = 1,2 … 5 are such that for some arbitrarily 
fixed  λଵ > 0, 0 < λଶ < 1, 
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bଵ + bଶ ≤ λଵ  and  (bଷ + 2bସ + bହ) ≤ λଶ   and  θ, ω: Rା → Rା are continuous functions at 0 and 
θ(0) = ω(0) = 0. If 𝔉 is asymptotically regular at some point ϱ଴ ∈ 𝒳 then has a unique fixed point 
in 𝒳 . 

Proof: Let a sequences  {ϱ୬}  in 𝒳  where  ϱ଴ ∈ 𝒳 and  ϱ୬ାଵ = 𝔉(ϱ୬), for all n ≥ 0,  
Now   if n ≥ 0, ϱ୬ାଵ = ϱ୬  then ϱ୬ is a fixed point of 𝔉. suppose ϱ୬ାଵ ≠ ϱ୬ then to prove {ϱ୬} is a 
Cauchy’s sequence in 𝒳 .  
Suppose to the contrary ∃, 0 < ϵ < 1, 𝓉୬୭୰୫ > 0  and two sequences  {u୬}   and {v୬}  such that  
u୬ > v୬ > 𝑛,

N୍୚୊୒୑൫ϱ୳౤
, ϱ୳౤

, ϱ୴౤
, 𝓉୬୭୰୫ ൯ ≤ 1−∈, 

N୍୚୊୒୑൫ϱ୳౤ିଵ, ϱ୳౤ିଵ, ϱ୴౤షభ
, 𝓉୬୭୰୫ ൯ > 1−∈ 

N୍୚୊୒୑൫ϱ୳౤ିଵ, ϱ୳౤ିଵ, ϱ୴౤
, 𝓉୬୭୰୫ ൯ > 1−∈, ∀n ∈ ℕ ∪ {0}….. (a) 

Now we have 
1−∈≥ N୍୚୊୒୑൫ϱ୳౤

, ϱ୳౤
, ϱ୴౤

, 𝓉୬୭୰୫ ൯ ≥  N୍୚୊୒୑൫ϱ୳౤
, ϱ୳౤

, ϱ୳౤ିଵ, 𝓉୬୭୰୫ ൯ 
∗୍  N୍୚୊୒୑൫ϱ୳౤

, ϱ୳౤
, ϱ୳౤ିଵ, 𝓉୬୭୰୫ ൯ ∗୍  N୍୚୊୒୑൫ϱ୴౤

, ϱ୴౤
, ϱ୳౤ିଵ, 𝓉୬୭୰୫ ൯ 

1−∈≥ lim୬→∞ N୍୚୊୒୑൫ϱ୳౤
, ϱ୳౤

, ϱ୴౤
, 𝓉୬୭୰୫ ൯ ≥ (1ത  ∗୍ 1ത  ∗୍ 1−∈) (Since 𝔉 asymptotically regular at 

ϱ଴) 
⇒ lim୬→ஶ N୍୚୊୒୑൫ϱ୳౤

, ϱ୳౤
, ϱ୴౤

, 𝓉୬୭୰୫ ൯ = 1−∈ …… (b) 
Again, 
N୍୚୊୒୑൫ϱ୳౤

, ϱ୳౤
, ϱ୴౤ିଵ, 𝓉୬୭୰୫ ൯ ≥

N୍୚୊୒୑൫ϱ୳౤
, ϱ୳౤

, ϱ୴౤
, 𝓉୬୭୰୫ ൯ ∗୍  N୍୚୊୒୑൫ϱ୳౤

, ϱ୳౤
, ϱ୴౤

, 𝓉୬୭୰୫ ൯ ∗୍  N୍୚୊୒୑൫ϱ୴౤షభ
, ϱ୴౤షభ

, ϱ୴౤
, 𝓉୬୭୰୫ ൯ 

lim୬→ஶ N୍୚୊୒୑൫ϱ୳౤
, ϱ୳౤

, ϱ୴౤ିଵ, 𝓉୬୭୰୫ ൯ > 1−∈  ……(c) 
By putting ϱ = ϱ୳౤ିଵ,   σ =  ϱ୴౤షభ

  in theorem (3.1)  then we have , 
ℽ ቀN൫𝔉൫ϱ୳౤ିଵ൯, 𝔉൫ϱ୳౤ିଵ൯, 𝔉൫ϱ୴౤షభ

൯, 𝓉୬୭୰୫ ൯ቁ

≤ bଵθ ቂmin ቄℽ ቀN൫ϱ୳౤ିଵ, ϱ୳౤ିଵ, 𝔉൫ϱ୳౤ିଵ൯, 𝓉୬୭୰୫ ൯ቁ , ℽ ቀN൫ϱ୴౤ିଵ, ϱ୴౤ିଵ, 𝔉൫ϱ୴౤ିଵ൯, 𝓉୬୭୰୫ ൯ቁ ቅቃ

+ bଶω ቂቄℽ ቀN൫ϱ୳౤ିଵ, ϱ୳౤ିଵ, 𝔉൫ϱ୳౤ିଵ൯, 𝓉୬୭୰୫ ൯ቁ . ℽ ቀN൫ϱ୴౤ିଵ, ϱ୴౤ିଵ, 𝔉൫ϱ୴౤ିଵ൯, 𝓉୬୭୰୫ ൯ቁ ቅቃ

+ bଷ ቂቄℽ ቀN൫ϱ୳౤ିଵ, ϱ୳౤ିଵ, 𝔉൫ϱ୳౤ିଵ൯, 𝓉୬୭୰୫ ൯ቁ + ℽ ቀN൫ϱ୴౤ିଵ, ϱ୴౤ିଵ, 𝔉൫ϱ୴౤ିଵ൯, 𝓉୬୭୰୫ ൯ቁ ቅቃ

+ bସ ቂቄℽ ቀN൫ϱ୳౤ିଵ, ϱ୳౤ିଵ, 𝔉൫ϱ୴౤ିଵ൯, 𝓉୬୭୰୫ ൯ቁ + ℽ ቀN൫𝔉൫ϱ୳౤ିଵ൯, 𝔉൫ϱ୳౤ିଵ൯, ϱ୴౤షభ
, 𝓉୬୭୰୫ ൯ቁ ቅቃ

+ bହℽ ቀN൫ϱ୳౤ିଵ, ϱ୳౤ିଵ, ϱ୴౤ିଵ, 𝓉୬୭୰୫ ൯ቁ

Since 𝔉 asymptotically regular at ϱ଴. 
ℽ ቀN൫ϱ୳౤

, ϱ୳౤
, ϱ୴౤

, 𝓉୬୭୰୫ ൯ቁ

≤ bଵθ ቂmin ቄℽ ቀN൫ϱ୳౤ିଵ, ϱ୳౤ିଵ, ϱ୴౤
, 𝓉୬୭୰୫ ൯ቁ , ℽ ቀN൫ϱ୴౤షభ

, ϱ୴౤షభ
, ϱ୴౤

, 𝓉୬୭୰୫ ൯ቁ ቅቃ

+ bଶω ቂቄℽ ቀN൫ϱ୳౤ିଵ, ϱ୳౤ିଵ, ϱ୳౤
, 𝓉୬୭୰୫ ൯ቁ . ℽ ቀN൫ϱ୴౤ିଵ, ϱ୴౤ିଵ, ϱ୴౤

, 𝓉୬୭୰୫ ൯ቁ ቅቃ

+ bଷ ቂቄℽ ቀN൫ϱ୳౤ିଵ, ϱ୳౤ିଵ, ϱ୳౤
, 𝓉୬୭୰୫ ൯ቁ + ℽ ቀN൫ϱ୴౤ିଵ, ϱ୴౤ିଵ, ϱ୴౤

, 𝓉୬୭୰୫ ൯ቁ ቅቃ

+ bସ ቂቄℽ ቀN൫ϱ୳౤ିଵ, ϱ୳౤ିଵ, ϱ୴౤
, 𝓉୬୭୰୫ ൯ቁ + ℽ ቀN൫ϱ୳౤

, ϱ୳౤
, ϱ୴౤ିଵ, 𝓉୬୭୰୫ ൯ቁ ቅቃ

+ bହℽ ቀN൫ϱ୳౤ିଵ, ϱ୳౤ିଵ, ϱ୴౤ିଵ, 𝓉୬୭୰୫ ൯ቁ

Letting n → ∞ and applying (a), (b) and (c) and altering distance 
ℽ(1−∈) ≤ bଵθ[min{ℽ(1ത), ℽ(1ത) }] + bଶω[{ℽ(1ത). ℽ(1ത) }] + bଷ[{ℽ(1ത) + ℽ(1ത) }]

+ bସ[{ℽ(1−∈) + ℽ(1−∈) }] + bହℽ(1−∈)

ℽ(1−∈) ≤ 2bସℽ(1−∈) + bହℽ(1−∈) < ℽ(1−∈)

This is a contradiction. 
Thus {ϱ୬} is a Cauchy’s sequence in 𝒳. since complete IVFNM (𝒳, N୍୚୊୒୑ ,∗୍) then ∃, p ∈

𝒳  such that  ϱ୬ → p. 
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ℽ൫N(𝔉(ϱ୬), 𝔉(ϱ୬), 𝔉(p), 𝓉୬୭୰୫ )൯

≤ bଵθൣmin൛ℽ൫N(ϱ୬, ϱ୬, 𝔉(ϱ୬), 𝓉୬୭୰୫ )൯, ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯ ൟ൧

+ bଶωൣ൛ℽ൫N(ϱ୬, ϱ୬, 𝔉(ϱ୬), 𝓉୬୭୰୫ )൯. ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯ ൟ൧

+ bଷൣ൛ℽ൫N(ϱ୬, ϱ୬, 𝔉(ϱ୬), 𝓉୬୭୰୫ )൯ + ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯ ൟ൧

+ bସൣ൛ℽ൫N(ϱ୬, ϱ୬, 𝔉(p), 𝓉୬୭୰୫ )൯ + ℽ൫N(𝔉(ϱ୬), 𝔉(ϱ୬), 𝔉(p), 𝓉୬୭୰୫ )൯ ൟ൧

+ bହℽ൫N(p, p, 𝔉(ϱ୬), 𝓉୬୭୰୫ )൯

ℽ൫N(ϱ୬ାଵ, ϱ୬ାଵ, 𝔉(p), 𝓉୬୭୰୫ )൯

≤ bଵθൣmin൛ℽ൫N(ϱ୬, ϱ୬, ϱ୬ାଵ, 𝓉୬୭୰୫ )൯, ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯ ൟ൧

+ bଶωൣ൛ℽ൫N(ϱ୬, ϱ୬, ϱ୬ାଵ, 𝓉୬୭୰୫ )൯. ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯ ൟ൧

+ bଷൣ൛ℽ൫N(ϱ୬, ϱ୬, ϱ୬ାଵ, 𝓉୬୭୰୫ )൯ + ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯ ൟ൧

+ bସൣ൛ℽ൫N(ϱ୬, ϱ୬, 𝔉(p), 𝓉୬୭୰୫ )൯ + ℽ൫N(ϱ୬ାଵ, ϱ୬ାଵ, 𝔉(p), 𝓉୬୭୰୫ )൯ ൟ൧

+ bହℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯

Letting  n → ∞ then we have, 
lim
୬→ஶ

ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯

≤ bଷ lim
୬→ஶ

ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯  + 2bସ lim
୬→ஶ

ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯  

+ bହ lim
୬→ஶ

ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯ 

lim
୬→ஶ

ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯ ≤ (bଷ + 2bସ + bହ) lim
୬→ஶ

ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯ 

{1 − (bଷ + 2bସ + bହ)} lim
୬→ஶ

ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯ ≤ 0. 

lim
୬→ஶ

ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯ ≤ 0 ,  [since {1 − (bଷ + 2bସ + bହ)} < 1 ] 

⇒ lim
୬→ஶ

ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯ = 0 ⇒ 𝔉(p) = p. 

If u be the another fixed point of  𝔉 in 𝒳. then 
ℽ൫N(𝔉(u), 𝔉(u), 𝔉(p), 𝓉୬୭୰୫ )൯

≤ bଵθൣmin൛ℽ൫N(u, u, 𝔉(u), 𝓉୬୭୰୫ )൯, ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯ൟ൧

+ bଶωൣ൛ℽ൫N(u, u, 𝔉(u), 𝓉୬୭୰୫ )൯. ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯ ൟ൧

+ bଷൣ൛ℽ൫N(u, u, 𝔉(u), 𝓉୬୭୰୫ )൯ + ℽ൫N(p, p, 𝔉(p), 𝓉୬୭୰୫ )൯ ൟ൧

+ bସൣ൛ℽ൫N(u, u, 𝔉(p), 𝓉୬୭୰୫ )൯ + ℽ൫N(𝔉(u), 𝔉(u), p, 𝓉୬୭୰୫ )൯ൟ൧ + bହℽ൫N(u, u, p, 𝓉୬୭୰୫ )൯

⇒ ℽ൫N(u, u, p, 𝓉୬୭୰୫ )൯

≤ bସൣ൛ℽ൫N(u, u, p, 𝓉୬୭୰୫ )൯ + ℽ൫N(u, u, p, 𝓉୬୭୰୫ )൯ൟ൧ + bହℽ൫N(u, u, p, 𝓉୬୭୰୫ )൯ 
⇒ ℽ൫N(u, u, p, 𝓉୬୭୰୫ )൯ ≤ 2bସℽ൫N(u, u, p, 𝓉୬୭୰୫ )൯ + bହℽ൫N(u, u, p, 𝓉୬୭୰୫ )൯

⇒ ℽ൫N(u, u, p, 𝓉୬୭୰୫ )൯ ≤ (2bସ + bହ)ℽ൫N(u, u, p, 𝓉୬୭୰୫ )൯

⇒ {1 − (2bସ + bହ)}ℽ൫N(u, u, p, 𝓉୬୭୰୫ )൯ ≤ 0.
⇒ ℽ൫N(u, u, p, 𝓉୬୭୰୫ )൯ = 0.

⇒ u = p.

Example: Let IVFNM (𝒳, N୍୚୊୒୑ ,∗୍) and 𝒳 = [0,1] and a interval valued N-fuzzy set on 𝒳ଷ ×

(0, ∞) to [0,1] defined by  N୍୚୊୒୑(𝓍, 𝓎, 𝓏, 𝓉୬୭୰୫ ) =
୲

୲ା[|୶ି୸|ା|୷ି୸|]
  , for all x, y, z ∈ 𝒳 and ∗୍ is 

minimum 𝓉୬୭୰୫  define  𝔉: 𝒳 → 𝒳  by 

𝔉(x) = ቐ

୶

ଷ 
, x ∈ [0,

ଵ

ଶ
]

ଵ

଺
, x ∈ [

ଵ

ଶ
, 1] 

 and   ℽ(α) = 1 − α, α ∈ [0,1]. 

Let  θ(u) = √u  and   ω(v) = vଶ,   u, v ∈ Rା 

Also let bଵ (ϱ, σ) = |ϱ −  σ|, bଶ (ϱ, σ) = |ϱଶ −  σଶ|, bଷ (ϱ, σ) = ቊ

ଵ

|୶ି୷|
, x ≠ y

0,      x = y
   , 

bସ (ϱ, σ) = bହ (ϱ, σ) = ቚ
ଵିୠయ (ய,஢)

ଷ
ቚ.  Then all the conditions of theorem 3.1 verified. Hence  𝔉 has a 

unique fixed point. 

Theorem 2: Let 𝔉, ℒ:𝒳→ 𝒳 be a complete IVFNM (𝒳, N୍୚୊୒୑ ,∗୍) and ℽ be the altering distance 
function. If 𝔉, ℒ is asymptotically regular at a point ϱ଴ ∈ 𝒳  both satisfy the inequality (1). 
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Moreover, if 

ℽ൫N(𝔉(ϱ), 𝔉(ϱ), ℒ(σ), 𝓉୬୭୰୫ )൯

≤ λൣℽ൫N(ϱ, ϱ, σ, 𝓉୬୭୰୫ )൯ + ℽ൫N(ϱ, ϱ, 𝔉(ϱ), 𝓉୬୭୰୫ )൯ + ℽ൫N(σ, σ, ℒ(σ), 𝓉୬୭୰୫ )൯൧ 
Where  ∀ ϱ, σ ∈ 𝒳 , λ < 1.Then 𝔉  and ℒ has a unique common fixed point in 𝒳 . 

Proof: By above theorem both 𝔉 and ℒ have unique fixed point say u and v respectively.then it’s 
satisfied above inequality: 

ℽ൫N(𝔉(u), 𝔉(u), ℒ(v), 𝓉୬୭୰୫ )൯

≤ λൣℽ൫N(u, u, v, 𝓉୬୭୰୫ )൯ + ℽ൫N(u, u, 𝔉(u), 𝓉୬୭୰୫ )൯ + ℽ൫N(v, v, ℒ(v), 𝓉୬୭୰୫ )൯൧ 
ℽ൫N(u, u, v, 𝓉୬୭୰୫ )൯ ≤ λൣℽ൫N(u, u, v, 𝓉୬୭୰୫ )൯ + ℽ൫N(u, u, u, 𝓉୬୭୰୫ )൯ + ℽ൫N(v, v, v, 𝓉୬୭୰୫ )൯൧ 

By definition of altering distance 
൫N(u, u, v, 𝓉୬୭୰୫ )൯ ≤ λ൫N(u, u, v, 𝓉୬୭୰୫ )൯ 
(1 −  λ)൫N(u, u, v, 𝓉୬୭୰୫ )൯ ≤ 0 

൫N(u, u, v, 𝓉୬୭୰୫ )൯ ≤ 0, (since λ < 1) 
⇒ u = v. Hence 𝔉 and ℒ have unique fixed point.

Theorem 3:  Let 𝔉:𝒳→ 𝒳 be a complete IVFNM (𝒳, N୍୚୊୒୑ ,∗୍) and ℽ be the altering distance 
function. If 𝔉 is asymptotically regular at a point ϱ଴ ∈ 𝒳.  then satisfying the conditions: 

ℽ൫N(𝔉(ϱ), 𝔉(ϱ), 𝔉(σ), 𝓉୬୭୰୫ )൯

≤ α Minൣℽ൫N(ϱ, ϱ, σ, 𝓉୬୭୰୫ )൯, ℽ൫N(𝔉(ϱ), 𝔉(ϱ), ϱ, 𝓉୬୭୰୫ )൯, ℽ൫N(𝔉(ϱ), 𝔉(ϱ), σ, 𝓉୬୭୰୫ )൯൧ 
+ β Minൣℽ൫N(ϱ, ϱ, σ, 𝓉୬୭୰୫ )൯, ℽ൫N(𝔉(σ), 𝔉(σ), σ, 𝓉୬୭୰୫ )൯, ℽ൫N(ϱ, ϱ, 𝔉(σ), 𝓉୬୭୰୫ )൯൧

Where  ∀ ϱ, σ ∈ 𝒳, 𝓉୬୭୰୫ > 0 , α, β > 0 such that α + β < 1 .Then 𝔉  have a unique 
common fixed point in 𝒳 . 

Proof : Let a sequences  {ϱ୬}  in 𝒳  where  ϱ଴ ∈ 𝒳 and  ϱ୬ାଵ = 𝔉(ϱ୬), for all n ≥ 0,  
Now   if n ≥ 0, ϱ୬ାଵ = ϱ୬  then ϱ୬ is a fixed point of 𝔉. suppose ϱ୬ାଵ ≠ ϱ୬ then to prove {ϱ୬} is a 
Cauchy’s sequence in 𝒳.  
Let m, n ∈ ℕ ∪ {0} 

ℽ൫N(𝔉(ϱ୬), 𝔉(ϱ୬), 𝔉(ϱ୫), 𝓉୬୭୰୫ )൯

≤ α Minൣℽ൫N(ϱ୬, ϱ୬, ϱ୫, 𝓉୬୭୰୫ )൯, ℽ൫N(𝔉(ϱ୬), 𝔉(ϱ୬), ϱ୬, 𝓉୬୭୰୫ )൯, ℽ൫N(𝔉(ϱ୬), 𝔉(ϱ୬), ϱ୫, 𝓉୬୭୰୫ )൯൧ 
+ β Minൣℽ൫N(ϱ୬, ϱ୬, ϱ୫, 𝓉୬୭୰୫ )൯, ℽ൫N(𝔉(ϱ୫), 𝔉(ϱ୫), ϱ୫, 𝓉୬୭୰୫ )൯, ℽ൫N(ϱ୬, ϱ୬, 𝔉(ϱ୫), 𝓉୬୭୰୫ )൯൧

Since 𝔉 is asymptotically regular at a point ϱ଴ ∈ 𝒳 taking n, m → ∞ then 
 lim୬,୫→ஶ ℽ൫N(𝔉(ϱ୬), 𝔉(ϱ୬), 𝔉(ϱ୫), 𝓉୬୭୰୫ )൯ = 0 

and   lim୬,୫→ஶ൫N(𝔉(ϱ୬), 𝔉(ϱ୬), 𝔉(ϱ୫), 𝓉୬୭୰୫ )൯ = 1 
Thus {ϱ୬} is a Cauchy’s sequence in 𝒳. since IVFNM (𝒳, N୍୚୊୒୑ ,∗୍) complete 
then ∃, p ∈ 𝒳  such that  ϱ୬ → p(say). 

ℽ൫N(𝔉(ϱ୬), 𝔉(ϱ୬), 𝔉(p), 𝓉୬୭୰୫ )൯

≤ α Minൣℽ൫N(ϱ୬, ϱ୬, p, 𝓉୬୭୰୫ )൯, ℽ൫N(𝔉(ϱ୬), 𝔉(ϱ୬), ϱ୬, 𝓉୬୭୰୫ )൯, ℽ൫N(𝔉(ϱ୬), 𝔉(ϱ୬), p, 𝓉୬୭୰୫ )൯൧ 
+ β Minൣℽ൫N(ϱ୬, ϱ୬, p, 𝓉୬୭୰୫ )൯, ℽ൫N(𝔉(p), 𝔉(p), p, 𝓉୬୭୰୫ )൯, ℽ൫N(ϱ୬, ϱ୬, 𝔉(p), 𝓉୬୭୰୫ )൯൧

ℽ൫N(ϱ୬ାଵ, ϱ୬ାଵ, 𝔉(p), 𝓉୬୭୰୫ )൯

≤ α Minൣℽ൫N(ϱ୬, ϱ୬, p, 𝓉୬୭୰୫ )൯, ℽ൫N(ϱ୬ାଵ, ϱ୬ାଵ, ϱ୬, 𝓉୬୭୰୫ )൯, ℽ൫N(ϱ୬ାଵ, ϱ୬ାଵ, p, 𝓉୬୭୰୫ )൯൧ 
+ β Minൣℽ൫N(ϱ୬, ϱ୬, p, 𝓉୬୭୰୫ )൯, ℽ൫N(𝔉(p), 𝔉(p), p, 𝓉୬୭୰୫ )൯, ℽ൫N(ϱ୬, ϱ୬, 𝔉(p), 𝓉୬୭୰୫ )൯൧

⇒ lim୬→ஶ ℽ൫N(ϱ୬ାଵ, ϱ୬ାଵ, 𝔉(p), 𝓉୬୭୰୫ )൯ = 0.

⇒ ℽ൫N(𝔉(p), 𝔉(p), p, 𝓉୬୭୰୫ )൯ = 0.

⇒ 𝔉(p) = p.
Hence p  is the unique fixed point.

Theorem 4:  Let a complete IVFNM (𝒳, N୍୚୊୒୑ ,∗୍) and ℽ be the altering distance function and 𝔉 and 
ℒ be two commutative self mappings on  𝒳  such that   
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ℽ൫N(𝔉(ϱ), 𝔉(ϱ), 𝔉(σ), 𝓉୬୭୰୫ )൯

≤ λଵൣℽ൫N(ℒ(ϱ), ℒ(ϱ), ℒ(σ), 𝓉୬୭୰୫ )൯ + λଶℽ൫N(ℒ(ϱ), ℒ(ϱ), 𝔉(σ), 𝓉୬୭୰୫ )൯

+ ℽ൫N(ℒ(σ), ℒ(σ), 𝔉(σ), 𝓉୬୭୰୫ )൯൧

Where  ∀ ϱ, σ ∈ 𝒳 , 𝓉୬୭୰୫ > 0  and λଵ: ℝ → [I). λଵ > 0,   λଶ < 1. 
Moreover, if 

(i) 𝔉, ℒ is asymptotically regular at a point ϱ଴ ∈ 𝒳.
(ii) 𝔉(𝒳) ⊆ ℒ(𝒳).
(iii) 𝔉(𝒳)  or ℒ(𝒳)  is a complete subspace of  𝒳.

Then 𝔉  and ℒ has a unique common fixed point in 𝒳 . 

Proof: Since  𝔉(𝒳) ⊆ ℒ(𝒳). Let a sequence  {g୬}  in 𝒳  where  g଴ ∈ 𝒳 and  g୬ାଵ = 𝔉(ϱ୬) = ℒ(ϱ୬ାଵ),

n ∈ ℕ ∪ {0}, for all n ≥ 0,  and also 𝔉, ℒ are asymptotically regular at a point  ϱ଴ ∈ 𝒳.  
lim
୬→ஶ

ℽ൫N( g୬,  g୬,  g୬ାଵ, 𝓉୬୭୰୫ )൯ = 0 

Then to prove {g୬} is a Cauchy’s sequence in 𝒳 .  
Suppose to the contrary ∃, 0 < 𝜖 < 1, 𝓉୬୭୰୫ > 0  and two sequences  {u୬}   and {v୬}  such that
u୬ > v୬ > 𝑛,

N୍୚୊୒୑൫ϱ୳౤
, ϱ୳౤

, ϱ୴౤
𝓉୬୭୰୫ ൯ ≤ 1−∈, 

N୍୚୊୒୑൫ϱ୳౤ିଵ, ϱ୳౤ିଵ, ϱ୴౤షభ
𝓉୬୭୰୫ ൯ > 1−∈ 

N୍୚୊୒୑൫ϱ୳౤ିଵ, ϱ୳౤ିଵ, ϱ୴౤
𝓉୬୭୰୫ ൯ > 1−∈, ∀n ∈ ℕ ∪ {0}….. (a) 

Following concept applied in theorem 3.4 then we can show that 
lim୬→ஶ N୍୚୊୒୑൫ϱ୳౤

, ϱ୳౤
, ϱ୴౤

𝓉୬୭୰୫ ൯ = 1−∈, 
Now 
ℽ ቀN൫𝔉൫ϱ୳౤

൯, 𝔉൫ϱ୳౤
൯, 𝔉൫ϱ୴౤

൯, 𝓉୬୭୰୫ ൯ቁ

≤ λଵ ቂℽ ቀN൫ℒ൫ϱ୳౤
൯, ℒ൫ϱ୳౤

൯, ℒ൫ϱ୴౤
൯, 𝓉୬୭୰୫ ൯ቁ

+ λଶℽ ቀN൫ℒ൫ϱ୳౤
൯, ℒ൫ϱ୳౤

൯, 𝔉൫ϱ୴౤
൯, 𝓉୬୭୰୫ ൯ቁ

+ ℽ ቀN൫𝔉൫ϱ୴౤
൯, 𝔉൫ϱ୴౤

൯, ℒ൫ϱ୴౤
൯, 𝓉୬୭୰୫ ൯ቁቃ

ℽ ቀN൫ g୳౤ାଵ,  g୳౤ାଵ,  g୴౤ାଵ, 𝓉୬୭୰୫ ൯ቁ

≤ λଵ ቂℽ ቀN൫ℒ൫ϱ୳౤
൯, ℒ൫ϱ୳౤

൯, ℒ൫ϱ୴౤
൯, 𝓉୬୭୰୫ ൯ቁ + λଶℽ ቀN൫ℒ൫ϱ୳౤

൯, ℒ൫ϱ୳౤
൯, 𝔉൫ϱ୴౤

൯, 𝓉୬୭୰୫ ൯ቁ

+ ℽ ቀN൫𝔉൫ϱ୴౤
൯, 𝔉൫ϱ୴౤

൯, ℒ൫ϱ୴౤
൯, 𝓉୬୭୰୫ ൯ቁቃ

Taking  n → ∞  and using above facts then we have  
ℽ(1−∈) ≤ λଵ[ℽ(1−∈)] < ℽ(1−∈) a contradiction. Hence {g୬} is a Cauchy’s sequence in 𝒳. 
Since ℒ(𝒳)  is a complete subspace of  𝒳 then ∃, h ∈ ℒ(𝒳)  such that 
lim୬→ஶ g୬ = h and also for some z ∈ 𝒳 then ℒ(z)  = h.  

Now 
ℽ൫N(𝔉(z), 𝔉(z),  g୬ାଵ, 𝓉୬୭୰୫ )൯ = ℽ൫N(𝔉(z), 𝔉(z), 𝔉( g୬), 𝓉୬୭୰୫ )൯

≤ λଵൣℽ൫N(ℒ(z), ℒ(z), ℒ( g୬), 𝓉୬୭୰୫ )൯ + λଶℽ൫N(𝔉(z), 𝔉(z), ℒ(z), 𝓉୬୭୰୫ )൯

+ ℽ൫N(𝔉( g୬), 𝔉( g୬), ℒ( g୬), 𝓉୬୭୰୫ )൯൧

As n → ∞   
ℽ൫N(𝔉(z), 𝔉(z), h, 𝓉୬୭୰୫ )൯

≤ λଵൣℽ൫N(h, h, h, 𝓉୬୭୰୫ )൯ + λଶℽ൫N(𝔉(z), 𝔉(z), h, 𝓉୬୭୰୫ )൯ + ℽ൫N(h, h, h, 𝓉୬୭୰୫ )൯൧ 
ℽ൫N(𝔉(z), 𝔉(z), h, 𝓉୬୭୰୫ )൯ ≤ λଵൣλଶℽ൫N(𝔉(z), 𝔉(z), h, 𝓉୬୭୰୫ )൯൧ 
⇒ (1 − λଵλଶ)ℽ൫N(𝔉(z), 𝔉(z), h, 𝓉୬୭୰୫ )൯ ≤ 0

⇒ ℽ൫N(𝔉(z), 𝔉(z), h, 𝓉୬୭୰୫ )൯ = 0

⇒ 𝔉(z) = h

⇒ 𝔉(z) = h = ℒ(z) .  i.e.  h  is a coincident point of  𝔉  and ℒ.

Now put ϱ = 𝔉(z)  and  σ = z
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ℽ ቀN൫𝔉൫𝔉(z)൯, 𝔉൫𝔉(z)൯, 𝔉(z), 𝓉୬୭୰୫ ൯ቁ

≤ λଵ ቂℽ ቀN൫ℒ൫𝔉(z)൯, ℒ൫𝔉(z)൯, ℒ(z), 𝓉୬୭୰୫ ൯ቁ

+ λଶℽ ቀN൫𝔉൫𝔉(z)൯, 𝔉൫𝔉(z)൯, ℒ൫𝔉(z)൯, 𝓉୬୭୰୫ ൯ቁ + ℽ൫N(𝔉(z), 𝔉(z), ℒ(z), 𝓉୬୭୰୫ )൯ቃ

ℽ ቀN൫𝔉൫𝔉(z)൯, 𝔉൫𝔉(z)൯, 𝔉(z), 𝓉୬୭୰୫ ൯ቁ

= λଵ ቂℽ ቀN൫𝔉൫ℒ(z)൯, 𝔉൫ℒ(z)൯, ℒ(z), 𝓉୬୭୰୫ ൯ቁ

+ λଶℽ ቀN൫𝔉൫𝔉(z)൯, 𝔉൫𝔉(z)൯, 𝔉൫ℒ(z)൯, 𝓉୬୭୰୫ ൯ቁ + ℽ൫N(𝔉(z), 𝔉(z), ℒ(z), 𝓉୬୭୰୫ )൯ቃ

        (since  𝔉ℒ = ℒ 𝔉)
ℽ ቀN൫𝔉൫𝔉(z)൯, 𝔉൫𝔉(z)൯, 𝔉(z), 𝓉୬୭୰୫ ൯ቁ

= λଵ ቂℽ ቀN൫𝔉൫𝔉(z)൯, 𝔉൫𝔉(z)൯, 𝔉(z), 𝓉୬୭୰୫ ൯ቁ

+ λଶℽ ቀN൫𝔉൫𝔉(z)൯, 𝔉൫𝔉(z)൯, 𝔉൫𝔉(z)൯, 𝓉୬୭୰୫ ൯ቁ + ℽ൫N(𝔉(z), 𝔉(z), 𝔉(z), 𝓉୬୭୰୫ )൯ቃ

⇒ (1 − λଵ)ℽ ቀN൫𝔉൫𝔉(z)൯, 𝔉൫𝔉(z)൯, 𝔉(z), 𝓉୬୭୰୫ ൯ቁ = 0

⇒ ℽ ቀN൫𝔉൫𝔉(z)൯, 𝔉൫𝔉(z)൯, 𝔉(z), 𝓉୬୭୰୫ ൯ቁ = 0

⇒ ℽ ቀN൫𝔉൫𝔉(z)൯, 𝔉൫𝔉(z)൯, 𝔉(z), 𝓉୬୭୰୫ ൯ቁ = 0

⇒ 𝔉൫𝔉(z)൯ = 𝔉(z)

Hence  𝔉൫𝔉(z)൯ = 𝔉(z)

In similar manner we can show  ℒ൫ℒ(z)൯ = ℒ(z) = h.

Thus h is unique common fixed point of  𝔉  and ℒ in 𝒳. 
Uniqueness easily can be shown.  

Corollary: Let a complete IVFNM (𝒳, N୍୚୊୒୑ ,∗୍) and ℽ be the altering distance function and 𝔉 and 
ℒ be two self mappings on  𝒳  such that   

ℽ൫N(𝔉(ϱ), 𝔉(ϱ), 𝔉(σ), 𝓉୬୭୰୫ )൯

≤ λଵൣℽ൫N(𝔉(ϱ), 𝔉(ϱ), ℒ(ϱ), 𝓉୬୭୰୫ )൯ + ℽ൫N(𝔉(σ), 𝔉(σ), ℒ(σ), 𝓉୬୭୰୫ )൯൧

+ λଶൣℽ൫N(𝔉(ϱ), 𝔉(ϱ), ℒ(σ), 𝓉୬୭୰୫ )൯ + ℽ൫N(ℒ(ϱ), ℒ(ϱ), ℒ(σ), 𝓉୬୭୰୫ )൯൧

+ λଷℽ൫N(λଷ(σ), 𝔉(σ), ℒ(ϱ), 𝓉୬୭୰୫ )൯

Where  ∀ ϱ, σ ∈ 𝒳 , 𝓉୬୭୰୫ > 0  and λଵ > 0,   λଶ, λଷ < 1, λଵ + 2λଶ + λଷ < 1. 
Moreover, if 

(iv) (𝔉, ℒ) is asymptotically regular at a point ϱ଴   and commutes with each
others.
(v) 𝔉(𝒳)  or ℒ(𝒳)  is a complete subspace of  𝒳 and Range(𝔉) ⊆ Range(ℒ).

Then 𝔉  and ℒ has a unique common fixed point in 𝒳 . 

Example:  Let IVFNM (𝒳, N୍୚୊୒୑,∗୍) and 𝒳 = {1,2,3,4,5} and a interval valued N-fuzzy set on 
𝒳ଷ × (0, ∞)  defined by  N୍୚୊୒୑(𝓍, 𝓎, 𝓏, 𝓉୬୭୰୫ ) =

୲

୲ା[|୶ି୸|ା|୷ି୸|]
  , for all x, y, z ∈ 𝒳 and  𝓉୬୭୰୫ > 0. 

then  (𝒳, N୍୚୊୒୑ ,∗୍) is complete interval valued N-fuzzy space w.r.t  𝓉୬୭୰୫  T(a , b)= min(a ,b), a 
,b ∈ [0,1].  Let ℽ(α) = 1 − α and define  𝔉, ℒ: 𝒳 → 𝒳  by  𝔉(1) = 𝔉(2) = 2, 𝔉(3) = 𝔉(4) = 𝔉(5) = 1  
and ℒ(1) = ℒ(2) = 2, ℒ(3) = ℒ(4) = ℒ(5) = 1. then  𝔉  and ℒ satisfy theorem 3.3 and 𝔉  and ℒ has a 
unique common fixed point in 𝒳. 

IV. Conclusion

In this research, we verify certain well-known fixed point conclusions using asymptotically regular 
mappings in interval valued fuzzy N-metric space (IVFMN). Our results generalize and extend the 
results of the common fixed point theorem for interval valued fuzzy N-metric space (IVFMN), 
which were published recently. For future research, these findings can be applied to solve fuzzy 
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differential equations and integral equations, which will be of great assistance to the researchers. 
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