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Abstract

In this study, we introduce interval valued N-fuzzy metric space (IVNFM) and we verify certain
popular fixed point results on the structure of interval valued N-fuzzy metric space through
asymptotically regular mappings. Fixed point theorems are crucial in various mathematical and
applied fields, providing solutions to equations where a function maps a point to itself. In this
research, we focus on applying diverse contractive conditions specifically in the context of
asymptotically reqular mappings to achieve our objectives. By employing this type of mapping, we
are able to verify and validate several well-established fixed point results within IVNFM. This
approach not only supports the known results but also broadens their applicability, thereby
enhancing the theoretical foundation of fixed point theorems in fuzzy metric spaces.

Keywords: Interval-valued N-fuzzy metric, common fixed point, asymptotically
regular maps, altering distance function, commutative self mappings.

I. Introduction

The foundation of fuzzy mathematics is laid by [25] in 1965. In 1975, [10] proposed the idea of
fuzzy metric space. [14] employed fuzzy metric space membership functions in 1983 to determine
the fuzzy metric between two fuzzy sets; this approach differed from that suggested by [10]. Fuzzy
metric space was reformulated in 1994 when [3] presented the modified concept of Continuous t-
norm. Letter on, numerous authors and researchers generalized various type of metric spaces like
fuzzy 2-metric space, D-metric space, G-metric space-metric space, Q(G)-metric space, D*-metric
space M-metric spaces-metric space and have thoroughly and extensively examined a variety of
issues pertaining to this space from a variety of perspectives, including compatible mapping, R-
weakly computing mapping, Weak compatible mapping, CLR-Property, E.A. property, etc. and
have produced new findings on fuzzy metric space. Based on an interval valued membership
function, [25] first the idea of an interval-valued fuzzy set in 1975. By inspiring the concept of
compatible maps, [6] presented the idea of compatible maps of type (A) in metric space and
Banach space in 1993. Three different types of distances between two interval-valued fuzzy sets on
real line R were employed by [11] in 2009. Using the concept of continuous interval-valued t-norm,
it is possible to define interval-valued fuzzy metric space and describe the uncertainty of the
distance between two points in a fuzzy metric space. In 2015, [12] introduced the new notion of
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NM-fuzzy metric space, Pseudo N-fuzzy metric space and describes some of their properties and

examples. In 2020 [5] proved some fixed point theorems for asymptotically regular maps in N-
fuzzy b-metric space. [1] recently established some common fixed point solutions for mapping on
interval-valued fuzzy metric space that is occasionally weakly compatible. This was demonstrated
in 2023.

In this study, we provide solutions to equations where a function maps a point to itself. In this
research, we focus on applying diverse contractive conditions specifically in the context of
asymptotically regular mappings to achieve our objectives validate certain well-known fixed point
results for asymptotically regular mapping in interval valued N-fuzzy metric space (IVENM). Our
results generalize and extend the results of the common fixed point theorem for intimate mapping
that were published recently.

II. Basic Definitions

Definition 1[18] In a non empty set U, a mapping R,,: U = [I] is called an interval- valued fuzzy
set on U. Collection of all interval-valued fuzzy sets on U is denoted by IVF(U). if R, € IVF(U). , let
R,(x) = [R,,Ry*], Ry™ (%) <R, *(x) for all x € U, then the set R,™:U - [I]and R,*:U - [I] are
called lower fuzzy set and upper fuzzy set of R, and if R"(x) = R,*(x) then is called degenerate
fuzzy set for all x € U.

Definition 2[18]. A binary operation of the form is an interval valued tyor, is *p: [I] X [I] = [I] on
[I] such that for all 7, 7, 4 € [I] if satisfying following four conditions:

(1) Commutativity : @iye *; Vi = Vivr *1 @ jups

(2) Associativity: [@ivs *1 iyl *1 Wive = @ive *1 [Vier *1 Wivel,

(3) Monotonicity: @iyt *1 Viyf < Wiye *1 W jyr, Whenever Viye *p Wiy,

(4) Boundary condition: @iy *; 1 =iy, @ivr * 0= [w7,u*] % [0,1] = [0, »*].
Note: Each interval valued t,,, satisfies some additional boundary conditions for all 7z € [I]:
w *x 0=0*uw =0,
T =[0,1] * [u",u*] =0,
1+ u=1.
Example: (a) @ * 7 =[u".v",u".v*]; b) @ 7 =[u" Av™,ut Av?]

Definition 3[18]. Let {@;} = {[«, u{ ]},i € N* be a sequence of interval numbers in [I],
@ = [w,u*] € [1],if lim.uj =« and lim;_..u{ =u* then the sequence {7;} is convergent
tow and denoted by lim;,..7; = .

Definition 4 [1]. An interval valued ty,y *; is continuous iff it is continuous in its first component,
i.e. for each @ € [1], if lim;_,.. 7w ; =7, then
lim,.. (& *7) = (limj_.. ;¥ 7 ) =& * v, Where {@;} € [I],7 € [I].

Definition 5 [5]. A triplet (¥, M,*) is called fuzzy metric space (FMS) if ¥ is an arbitrary set, * is a
continuous %o on [0,20] and M is a fuzzy set on X X (0, =) satisfying the following conditions :
(1) Mz, 4,0 > 0;
(2) M(x,y,t) =1 forallt >0 iff x = y;

B)M(x,%,t) = M(y, x,1);
(4 M(x, 3, +1,) =2 TM(x, 4, 1,), M(x, 4, 1,)); Vx,y,z € ¥and £,,1, > 0
(5) M(x,%,t):[0,°0) = [0,1] is continuous;

Definition 6[5]. A triplet (X, M,*) is called N-fuzzy metric space (N-FMS) if X is an arbitrary set, *
is a continuous %o, on [0,,¢] and Mis a fuzzy set on X3 x (0,%) satisfying the following
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(1) M(x,4,3,t) > 0;

(2) M(x,4,3,t) =1 forallt >0 iff x =y = z;

B)M(x,4,3,t, + 4, + t3) = M(x,x,a,%) * M(y, 4 ,a,%t,) * M(3,5,a,%3);

Vx,4,3 € Xand £,,%,,1; >0
(4) M(x, ¢, 3,%): (0,0) — [0,1] is continuous;

Definition 7[5]. A triplet (¥, Njypnm,*1) is called interval valued N-fuzzy metric space (IVFMS) if
X is an arbitrary set, *; is a continuous interval valued %oy on [I] and Nyypyy is a fuzzy set on
%3 x (0, ) satisfying the following conditions :

(1) Nwens(®, %, 2, thorm ) > g;

(2) Nyyvenm @&, %, 3, tnorm ) = 1 forall £o0 >0 iff x =y = 3;

(3) Nwenm(x, ¢, 2,8, + 1, + 3) = Nypnm(x, %, a,£7) * Niyenm (. %5, 13) *1 Nvenm (3,3, 2, 13);
Vx,4,2 € Xand £,,%,,£3 >0

(4) Nyenm®, ¢, 3,%1):[0,90] = (I] is continuous;
(5) lime,oNivenm (®, %, %, tnorm ) = 1, V2,4,2 € X, £norm > 0,
Note: Every metric can induce an interval valued N-fuzzy metric space.

Definition 8[1]. Let (X, Nyypnm,*1) is an IVENM
(a) If B> thorm > 0 then Nyypnm (%, %, 2, fnorm ) < Nivenm (x, Y, 3, ﬁ) forx, 4,z € X.
(b) A sequence {x,} in X is referred to as a Cauchy sequence if for all € > 0 and %o, > 0
then there exists any € N € Nyypnm (%, %, 2, tnorm) > 1 — €, for all x, ¢, 3, = n,.
(c) If every Cauchy sequence is convergent in (¥, Nyygym,*1) then it is complete IVENM.

Definition 9[1]. A mapping y:[I] = [I] is called an altering distance function if
(a) v is strictly decreasing and left continuous.
(b) y() =0 ifandonlyif a =1 ie. limy,_ -y = 0.

Definition 10[1]. Let two self mapping & and £ on IVFNM (X., Viypnm,*1) then compatible if
limp, .. Nyyenm (R€xp, KXy, 88Xy, Frorm ) = 1 forall £,0,m > 0 whenever a sequence {x,}in X%
provided limy_,.. §x, = lim, .. £x, = u, forallu € X.

Definition 11[1]. Let two self mapping & and £ on IVFNM (¥, Mypums,*;) and a sequence {x,} in
X then & is called asymptotically regular at a point z, € X

if limy .. Nyyenm (87 (o), 87(20), 8" (20) , £norm ) = 1, for all £,6py > 0

and also the sequence {x,} is called asymptotically regular with respect to the pair (&, £)

if limy .. Nyyenm (8(20), £(20), £(Z0) , £norm ) = 1 for all £,5rm > 0.

III. Main Results

Theorem 1: Let §X— X be a self mapping of a complete IVFNM (X, Niypnmo*1) and y be the
altering distance function then satisfying the following conditions:
Y(NB @, 5@, §©), £rorm))
< b, 0[min{y(N(e, @ F(@), £norm ), ¥(N(0, 0, F(0), £norm ))}]
+bw[{r(N(e, & F(@), tnorm ))- ¥(N(0, 0, F(0), £norm ) }]
+ b [{]}”(N(Q; Q %(Q), Thorm )) + V(N(O_' g, %(0)' Thorm )) }]
+ b, [{¥(N(e @ F(0), £norm ) + Y(N(F(Q), F(@), 0, norm )) ]
+ bs]}”(N(Q' Q,0, tnorm ))
Where Vo0 €X and%,om > 0,b; =b; (0,0) 20,i=1,2..5are such that for some arbitrarily
fixed A, > 0,0 <A, < 1,
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b, +b, <A; and (by +2b,+bs) <A, and 6,w:R" - R* are continuous functions at 0 and
0(0) = w(0) = 0. If § is asymptotically regular at some point g, € X then has a unique fixed point
inX.

Proof: Let a sequences {g,} in X where gy € X and 0,41 = §(ey), foralln =0,
Now ifn >0, g,4; = @, then g, is a fixed point of §. suppose gn+1 # @, then to prove {o,} is a
Cauchy’s sequence in X .
Suppose to the contrary 3,0 <€ < 1,%,orm > 0 and two sequences {u,} and {v,} such that
u, >v, >n,
Nivenm (Qun' Quy’ Ovyys Fnorm ) <1-¥,
NIVFNM(Qun—lﬁ Qu,-1,CQvpy_q» Thorm ) >1-€
NIVFNM(Qun—ll Qu,—1/ Qvn'tnorm) >1-€,vneNU{0}..... (a)
Now we have
1-e= NIVFNM (Qun' Qun' Qvn' tnorm ) 2 NIVFNM(Qun' Qun' Qun—lt tnorm )
*1 Nivenm (Qun: Qups Qup—1s Frorm ) *1 Nivenm (Qvn: Qvp Qup-1 Tnorm )
1—€2 limyo.. Nyvenm (Quy Quyyr Qv Enorm ) = (1 %1 1 # 1—€) (Since § asymptotically regular at
Qo)
= limy, ¢ Niypnm (Qun' Quy Qv Lnorm ) =1-€..... (b)
Again,
NIVFNM (Qunr Qun' Qvn—1: tnorm ) =
NIVFNM(Qunr Quy Qv Fnorm ) *1 Nivenm (Qun' Quy» Ovyys Frorm ) *1 Nivenm (Qvn_1' Ov,_y» Qv Frorm )
1iInn—mo NIVFNM (Qun' Quy,» Qv 1) Zhorm ) >1-€ ... (C)
By putting ¢ = @,,-1, 0 = @,,_, intheorem (3.1) then we have,

¥ (N(&(up-1): F(Qup=1)- (- ) Erorm ) )

< b, [min { (N(Qu,-1, Qup-1, F(@uy-1): fnorm ) ) ¥ (N(@uy-1- up-1 F(@up-1): fnorm )) J]
+ 50 [{1 (N(Quy-1- Quy-1 F(@up-1): £norm ) ) - ¥ (N(@vy-1, Qun-1 F(vy-1): £norm ) ) }]

+ b [{7 (N(@uy-1- @uy-1 F(@uy1): £norm ) ) + ¥ (N(@up-1 €vy=1, F(@vy=1): £norm ) ) }|

+ by [{7 (N(@uy-1- @uy-1 F(@uy-1): fnorm ) ) + ¥ (N(B(@uy-1), F(@uy-1): Qupys norm ) }|

+ bslV (N(Qun—l' Qun—lt Qvn—lt tnorm ))
Since ¥ asymptotically regular at g,.

¥ (N(Quy Quy Qv Erorm ) )
< b, [min {y (N(Quy-1, Quy-1, @v Enorm ) ) ¥ (N(@uy_y» @vy_yr Qv Frorm ) |
+ 5,60 [{7 (N(@up-1, €up -1 @up Enorm ) ) - ¥ (N(@up-1 @1 0wy Fnorm ) ) }]
+ by {7 (N(@up-1: Cup-1Qups Enorm ) ) + 7 (N(@vy1: €vy 1, €vyy Frnorm )) ]
+ b [{77 (N(Quy-1- @uy-1: @y Enorm ) ) + ¥ (N(uy Qus Qug—1s Fnorm )) ]

+ bSV (N(Qun—lr Qun—li Qvn—ll tnorm ))
Letting n - o0 and applying (a), (b) and (c) and altering distance
y(1—€) < b;8[min{y (1), ¥(1) }] + byw[{y(D). (D) }] + bs[{y (D) + y(D) }]
+b,[{r(1-€) + y(1-€) }] + bsy(1-€)
y(1—€) < 2b,y(1—€) + bsy(1—€) < y(1-€)
This is a contradiction.
Thus {e,} is a Cauchy’s sequence in X. since complete IVENM (X, Npym,*) then 3, p €
X such that g, — p.
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r(NG(en), F@n) F®), trorm )
< ble[min{y(N(Qn' @n, %(Qn)' tnorm ))' ]V(N(p' b, %(p), tnorm )) }]
+ b, 0[{¥(N(en, en F(en), tnorm ))- ¥ (NP, P, (P, £norm)) }]
+ b3 [{¥(N(en en F(@n), Fnorm ) + ¥(N(P, P, F(P), £norm ) J]
+ by [{r(N(en en F(P), fnorm ) + ¥(N(F(en), F(en), FD), fnorm)) }]
+ by (N(p, p, F(@n) £norm )
Y(N(@n+1 Cns1 FD), Fnorm )
< b 8[min{y(N(en, en, Cn+1: Fnorm)), ¥ (N (D, P, F(D), £norm ) ]
+ by w[{¥(N(en, @ @ns1: Fnorm ))- ¥ (N, b, F(D), £norm ) }]
+ b3 [{V(N(Qn' Cny Cn+1s tnorm )) + V(N(p' p, %(p)ﬁ tnorm )) }]
+ b4 [{V(N(Qn' @n, %(p)' tnorm )) + V(N(Qrﬁl' On+1, %(p)' ’tnorm )) }]
+ bs]}”(N(p' b, %(p). tnorm ))
Letting n — oo then we have,
limy(N(p, p, §(P), £norm )
< b3 lim ¥ (N(p, p, (), £norm ) + 2bs limy (N(p, p, F(P), £norm )
+ bs lim y(N(p, p, §(P), £norm )
ALHJOV(N(p' p, %(p), tnorm )) < (b3 + 2b4 + b5)rlli_r)£10y(N(p, b, %(p), tnorm ))
{1 = (b3 + 2b, + by)}im ¥ (N(p, p, F(P), £orm ) < 0.
ALHJOV(N(p' P, F(P), tnorm )) <0, [since {1 — (b3 + 2b, + b5)} < 1]
= limy(N(p, p, §(P), £norm)) = 0 = F(p) = p.
If u be the another fixed point of & in X. then
(NG (W), W), FP), £norm )
< by 8[min{y(N(u, u, F(), £rorm ), ¥ (N, b, F(P), £norm ))}]
+ by w[{y(N(u, u, W, £norm))- ¥ (N, P, D), £norm ) }]
+ bs [{V(N(u' u, F(W), £norm )) + ]V(N(p' P, F(P), £norm )) }]
+ b, [{V(N(u' u, %(p)' thorm )) + V(N(%(u)' %(u)' P Tnorm ))}] + bsy(N(u, U, P, £norm ))
= ]V(N (u,u, P, fnorm ))
<b, [{V(N(u' W, P, Zhorm )) + V(N(u' W, P, Tnorm ))}] + bSV(N(u: W, P, Zhorm ))
= ¥(N(W W, p, #orm ) < 2bs¥(N(W, 0, P, #1orm ) + bs¥(N(W, U, P, £orm ))
= (N, u, P, fnorm ) < (2bs + bs)¥(N(W, U, p, #rorm )
=>{1- (2b4 + bs)}y(N(u' U, P, thorm )) <0.
= y(N(u, U, P, Fnorm )) =0.
Su=np.
Example: Let IVENM (X, Nyypam,*) and X = [0,1] and a interval valued N-fuzzy set on X3 X
(0,0) to [0,1] defined by Nyypnm(®, %, 2, fnorm) = :

t+[Ix—z|+]y—z|]

, for all x,y,z € X and =*; is
minimum %4, define F: X — X by

-, x€[-,1
6 2

Let 8(u) =+vu and w(v)=v? uveR"

FEx) = g’XE[O’%] and y(a) =1-— 0,1
=1 1 | y() = a, o €[0,1].

1
—_—, i

Alsoletb; (g,6) = la — ol, b, (2,0) = [g? — 62|, by (,0) = {lx—yl Y
0, x=y

Then all the conditions of theorem 3.1 verified. Hence & has a

1-bsz (g,0)
b, (@, 0) = b (0, 0) = |22,

unique fixed point.

Theorem 2: Let §, £X— X be a complete IVFNM (X, Nyypnm,*1) and ¢ be the altering distance
function. If ¥ &£ is asymptotically regular at a point gy € X both satisfy the inequality (1).
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Moreover, if
Y(N(&(@), (@), £(0), tnorm))
< A[V(N(Q, 9,0, tnorm )) + V(N(Q: Q, %(Q)' tnorm )) + IV(N(O" o, L(O’), tnorm ))]
Where Vo,0 € X,A < 1.Then § and £has a unique common fixed point in X .

Proof: By above theorem both § and % have unique fixed point say u and v respectively.then it’s
satisfied above inequality:

Y (N(F W), FW), LIV, £norm )

< )\[V(N(u' W, V, thorm )) + V(N(u' u, F(W), £norm )) + W(N(V’ v, L(V), tnorm ))]

Y(N(W WV, £omm ) < Ay (N w, v, £norm ) + (N w0 £ )) + Y (N, V.V, e )]
By definition of altering distance

(N(u' W, V, thorm )) < }\(N(u' W, V, thorm ))

(1= )NV, fnorm)) <0

(N(w,u, v, £horm ) < 0, (since A < 1)
= u = v. Hence § and Zhave unique fixed point.

Theorem 3: Let FX— X be a complete IVENM (X, Niypym,*1) and y be the altering distance
function. If § is asymptotically regular at a point gy € X. then satisfying the conditions:
Y(N@& (@), &), F(0), norm))
< aMin[y(N(e ¢ 6, thorm ), ¥ (N(F(@), §(@), € tnorm ), ¥(NF (@), F(), 0, £norm )]
+p Min[}”(N(Q, 0,0, %norm ))' ‘J]V(N(%(O_)' &(0), 0, tnorm ))' W(N(Q' e, &(0), thorm ))]
Where V,0 € X,th0rm >0 ,0,p>0 such that a + <1.Then § have a unique
common fixed point in X .

Proof : Let a sequences {g,} in X where @, € X and 0p4; = F(y), foralln > 0,
Now ifn >0, g,4; = 0, then g, is a fixed point of §. suppose gn+1 # 0, then to prove {o,} is a
Cauchy’s sequence in X.
Letm,n € NuU {0}
r(N(&(en) F(en), F(m), tnorm )
<a Min[y(N(Qn' @n Cm» tnorm )), V(N(%(Qn)ﬁ %(Qn)' @n, tnorm ))' ]V(N(%(Qn)ﬁ %(Qn)' OCm» tnorm ))]
+ B Min[y(N(en, ens Cms Enorm ) ¥(N(F(@m), F(@m)» @ms Enorm ) ¥ (N(@n, €ns F(@m), Enorm )]
Since § is asymptotically regular at a point g, € X taking n,m — oo then
liInn,m—mo V(N(%(Qn)ﬁ %(Qn)' g(gm)' horm )) =0
and limn,m—»m(N(%(Qn)' %(Qn)ﬁ %(Qm)' Thorm )) =1
Thus {g,} is a Cauchy’s sequence in X. since IVFNM (X, Niypnm,*1) complete
then 3, p € X such that g, = p(say).
Y(N@(en), F(en), ), £norm))
< a Min[y(N(en, en, P fnorm )), ¥ (N(F(en), F(2n), €ns Znorm )), ¥ (N(F(2n), F(n), P, fnorm )|
+ B Min[y(N(en, €ns Ps £norm ), ¥(N(F (D), F(D), P, £norm ), ¥(N(@n, 20 FP), £norm )]
V(N(Qrwl' Cn+1» %(p), tnorm ))
<a Min[y(N(Qn' Qn' p' tnorm ))' ]V(N(Qrwl' Qn+1' Qn' tnorm )), ]V(N(Qrwlﬁ Qn+1' p' tnorm ))]
+ B Min[y(N(en, 2n, P, £norm )), ¥ (N (D), F(P), P, #norm ), ¥ (N(@n» €0y F(D), Fnorm )]
= lin‘ln—mo V(N(Qrwlﬁ Qn+1' i§(p), tnorm )) =0.
= y(N@& D), &®), P, fnorm)) = 0.
=) =p.
Hence p is the unique fixed point.

Theorem 4: Let a complete IVENM (X, Nyypnm,*1) and y be the altering distance function and § and
L be two commutative self mappings on X such that
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V(N(%(Q)' %(Q)' %(0—)' horm ))
< 4 [r(N(£(@), £(0), £(0), £norm ) + Aoy (N(£(), £(0), F(0), norm )
+ V(N(L(O—)' L(0),F(0), tnorm ))]
Where V0,0 € X, £tporm >0 andA;: R - [D).4; >0, A, < 1.
Moreover, if

(i) & Zis asymptotically regular at a point g, € X.

(i) (X)) € L(X).

(iif) F(X) or L(X) is a complete subspace of X.
Then § and Zhas a unique common fixed pointin X .

Proof: Since §(X) € L(X). Let a sequence {g,} in X where gy, € X and g,1 = F(0n) = L(Qn+1),
n € NU {0}, for alln > 0, and also §, #are asymptotically regular at a point g, € X.
limy(N(gn, 8nr 81 Enorm)) = 0
Then to prove {g,} is a Cauchy’s sequence in X .
Suppose to the contrary 3,0 < € < 1,%p0rm > 0 and two sequences {u,} and {v,} such that
u, > v, >n,
NIVFNM(Qun'Qun'Qvntnorm) <1-€¢,
NIVFNM(Qun—ll Qup -1, Ovy_y Fnorm ) >1-€
Nivenm (Quy -1, Quy -1, Qv tnorm ) > 1—€, Vn € NU {0}..... (a)
Following concept applied in theorem 3.4 then we can show that
limp, 6 Nivenm (Qun' Quy Cvp Trorm ) =1-¢,
Now

¥ (N(&(2un) F(2un)- B(2v,): £norm )
A [V (N(L(Qun)' [’(Qun)' [’(Qvn)' tnorm ))
+ 207 (N(£(eun ) £(0uy) F(evn ) rorm )
b (N (00,). 52 £(2vs). oo )|
¥ (N(up+1> Bup+1s Bugsts Enorm )
A [V (N(L(Qun)' [’(Qun)' [’(Qvn)' fnorm )) +Xy (N(L(Qun)' [’(Qun)' %(Qvn)' tnorm ))
b (NGB 20 £, o))

Taking n — oo and using above facts then we have
ry(1—€) < M [y(1-€)] < y(1—€) a contradiction. Hence {g,} is a Cauchy’s sequence in X.
Since L(X)is a complete subspace of X then 3,heL(X) such that
lim,_,., g, = h and also for some z € X then L(z) = h.
Now
Y(NF (@), F@), gns1 tnorm)) = Y(N(F (@), F(2), F(&n), Fnorm )
=\ []V(N(L(Z)' L(z), £(gn), tnorm )) + }\Z]V(N(%(Z)ﬁ §(2), L(2), tnorm ))
+ ¥ (NG (8n), F(8n), £(€n)s Fnorm )]
Asn — oo
V(N(%(Z): (@), h, thorm ))
=M []V(N(h, hh, £10rm )) + )\ZV(NGF(Z)' (), h, thorm )) + V(N(h: hh, £0rm ))]
Y(N@&(@), @), h, tnorm)) < M [y (N(F(2), F(2), h, £norm )]
= (1 =42 Y(N@F@), F@),h, tnorm ) < 0
= y(N&(@), @), h, thorm)) = 0
=>g(z) =h
= &(z) =h =L(z) . i.e. h isa coincident point of F and L.
Now put o = §(z) and 6 =z
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y (N(F(F@), F(F@), 5@, £norm )
< [y (N(L(E@), £L(E@), L&), toom )
+ 227 (N(F(F@), F(E@), £(F@), tnorm ) ) + ¥(NGF(@), §(2), L), tnorm)))]
y (NEE®@), 3(5@), 5@, norm )
= [y (N(F(£@), (£@), L@, £norm )

+ 227 (N(F(F@), F(F@), F(£@), £norm ) ) + Y(NG (@), §(2), L), tnorm)))]
(since FL=LF)
r (NEE@), 3(F@), §@), from )
= [r (NFE®@), 3(5@), F@, norm )
+ 227 (N(F(F@), F(F@), F(E@), tnorm ) ) + (NG @), §2), F@), £norm )|
= (1-2)7 (NB(F@), §(F@), §@), faom ) ) = 0
=7 (NEE®),5(3®), 5@, toorm)) = 0
=7 (NBE®) F(5®), 5, taorm ) = 0
> F(3F@) = ()
Hence &(§(2)) = &(z)

In similar manner we can show L(L(Z)) =L(z) =h.

Thus h is unique common fixed point of § and Zin X.
Uniqueness easily can be shown.

Corollary: Let a complete IVFNM (X, Niypym,*1) and y be the altering distance function and § and
L be two self mappings on X such that
V(N(%(Q)' %(Q)' %(0—)' Thorm ))
=\ []V(N(%(Q), &(@), £(@), fnorm )) + DV(N(%(O'), §(0), L(0), tnorm ))]
+ 2 [¥(N(F(@), §(2), £(0), £norm)) + ¥(N(L(@), £L(0), L(0), £norm )]
+ 237 (N3 (0), §(0), £(@), £norm))
Where V0,0 €X,%horm >0 and Ay >0, A5, <1, A + 27, +23; < 1.
Moreover, if
(iv) (&, L) is asymptotically regular at a pointg, and commutes with each
others.
(v) F(X) or L(X) is a complete subspace of X and Range(¥) S Range(L).
Then § and Zhas a unique common fixed pointin X .

Example: Let IVFNM (X, Niypnm,*1) and X = {1,2,3,4,5} and a interval valued N-fuzzy set on
X3 % (0,00) defined by Nyyenm(®, %, %, £norm ) = : , for all x,y,z € X and %,orm > 0.

t+{|x—z|+|y—zl]
then (X, Npnm *1) is complete interval valued N-fuzzy space w.r.t #,o.m T(a, b)= min(a ,b), a
be[01]. Lety(a) =1 —a and define & L: X - X by F(1) =F2)=2,§B) =4 =F05)=1
and £(1) = £(2) = 2,L(3) = L(4) = L(5) = 1. then § and Zsatisfy theorem 3.3 and § and ZLhas a
unique common fixed point in X.

IV. Conclusion

In this research, we verify certain well-known fixed point conclusions using asymptotically regular
mappings in interval valued fuzzy N-metric space (IVFMN). Our results generalize and extend the
results of the common fixed point theorem for interval valued fuzzy N-metric space (IVFMN),
which were published recently. For future research, these findings can be applied to solve fuzzy
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differential equations and integral equations, which will be of great assistance to the researchers.
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