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Abstract

Fixed point theory plays a crucial role in mathematical analysis, with profound applications in differential
equations, optimization, and dynamic systems. Over the years, researchers have extended classical fixed
point results to more complex structures, such as tricomplex valued metric spaces, to address problems
in multidimensional and hypercomplex settings. Despite the growing interest in tricomplex variable
spaces, existing literature on fixed point theorems within these frameworks remains limited by various
constraints. The existing literature exhibits several limitations; therefore, in this article, we utilize
the concepts of continuity and weak compatibility to establish fixed point results for a novel class of
contraction mappings by employing a sequence of mappings within a tricomplex valued metric space.
If two mappings commute at their point of coincidence, they are said to be weakly compatible. These
results not only deepen the comprehension of fixed point theory but also open up new possibilities for its
application in more intricate and varied mathematical contexts. As a result, our research progresses in the
field, providing a solid foundation for future investigations and potential uses across multiple scientific
and engineering domains.
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1. INTRODUCTION

In 1922 [1]] introduced us to the Banach contraction principle that paved the way for developing
the metric fixed-point theory. Consequently, many researchers generalize these results in different
ways [see [2], [3], [4], [51, (6], 7], [8], etc.]. In 2011 [9] introduced complex valued metric
space and proved the existence of common fixed points of a pair of mappings that satisfy
contractive conditions. Extended and improved the contraction condition of these results and
gave applications by [10]. In 2013, [11] generalized complex-valued b-metric spaces, providing the
fixed point theorem. In 2013 [12] used the EA property and proved common fixed point theorems
in complex valued metric spaces. Rational contraction in complex valued metric space and used
point-dependent control functions by [13]. In 2018 [14] introduced us to multicomplex spaces that
show the direction to the researcher to generalization of multicomplex spaces. Introduced the
notion of complex valued metric spaces [15]. Bicomplex metric space given by [16]. In 2022 [17]
proved common fixed point theorems in tricomplex valued metric spaces. By using the control
function [18] proved fixed point results in tricomplex valued metric space. In 2023 [19] worked
on bicomplex metric space with rational contractions using control functions of one variable. [see
also [20], [21] etc.].

In 1982 [22] introduced weak commutativity, a pair of self-mappings (P, Q) on a metric space
(A, Q) if Q(PQu, QPu) < Q(Qu, Pu),Vu € A. In 1986 [23] introduced compatible, if (P, Q) is
a pair of self-mappings on a metric space (A, Q) such that lim, .o Q(Ppy, Quy) = 0 whenever
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limy, 00 Ppty = limy, 00 Quy = I € A. According to [23] a pair of mappings is said to be weakly
compatible if they commute at their coincidence point. In this paper, we generalize these results
in a new type of contraction mapping by using a sequence of mappings.

2. PRELIMINARIES

In this paper, we denote the families of real, complex, bicomplex, and tricomplex numbers,
by C% C!,C? and C3 respectively. In 2018 [14] introduced us multicomplex spaces and define
bicomplex and tricomplex numbers as follows:

Bicomplex numbers:

0 = p1 + p2i1 + p3ip + pairi,
where p1,01,01,01 € C0 and independent units i; and 7, such that i% = i% = —1 and i1ip = iy
the set of bicomplex numbers define as

C? = {0 : 0 = p1 + pai1 + p3i2 + pairiz, 1,02, 03,04 € C°}

C?={0:0=01+10,,0;,0, c C'}

where @1 = p1 + p2i1 and Oy = p3 + paiy.
Tricomplex numbers:

[' = p1 + p2i1 + 312 + P4j1 + 0513 + Pej2 + P73 + Psia

Where p1, p2, 03, 01, p5,p6,p7, pg € C and i1,12, 13,14, j1, j» and j3 are independent units such that
z% = z% = 1% = 12 —1 ]1 = ]2 = ]3 1,71 = iyip = igfy, jo = f1i3 = i3i1 and, iy = iyi3 = i1ipi3. the

set of tricomplex numbers define as

C® = {T': T = o1 + pai1 + paiz + paji + psi3 + psja + 07/3 + Psis, P1, 02,03, 04, 05, P6, 07,05 € C°}

={T:T =91 +1i372,71,72 € C*}

where 71 = ©1 + @iy € C% and 1, = O3 + O4ir € C?
Sum and Product of tricomplex numbers:
Let two tricomplex numbers I' and A such that I' = ;1 4 i3y2 and A = §; + 1357 then

T+ A= (71 +i372) £ (61 +1302) = v1 £61 +i3(72 £62)

and

[.A = (71 +1i372)(01 +1302) = (7161 — 7202) + i3(7102 + 7201)

In the families of tricomplex numbers C3 have four idempotent elements 0,1, ¢; = HTB and

P2 = 1_713 such that ¢; + @2 = 1 and ¢1.¢2 = 0. Hence ¢4, ¢, are not trivial. Every tricomplex
numbers can be expressed as an union of @1, ¢, for example

I'=y1+i372 = (71 —i272) @1 + (71 + i272) 92

Here T is idempotent of the tricomplex numeral and I'y = (1 —i272)91 and Iy = (71 +i272) 2
are the idempotent components of the bicomplex numeral I'.

A tricomplex number I' = 71 + i37; is invertible if there exists A € C3 such that TA = 1. A
tricomplex number I' = 7 + i3, is nonsingular if |42 + 93| # 0 and singular if |y 4+ 73| = 0.
LetI' = 71 +i372 and A = J1 + i34, be tricomplex numerals. Then the partial order relation <;,
on C2 or I' <;; A if the following axioms are satisfied.
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L y1=01,72="202

2. 711 <iz 61,72 = 0;
3. 11 =101,72 <j3 62;
4. 71 <i; 01,72 <is 62;

IfT' <, Aimplies I' <;; AbutT' # A

=13
Having two tricomplex numerals T, A € C3, the following conditions hold:

L T <j A [[T]] < [[A]];
2. [T+ Al <[]+ [1A[];

3. [loT'l| = |p||IT||, where p € C°

4. ||TA|| < 2||T||||A]], If at least one of T', A nonsingular then equality holds.
5. |IT=H = [[TlI=Y i IT| # 0

T .
6. |51 = [Eh i [1a]] # 0

Assume that wy, w, € C!, where C! is the set of complex numbers that define a partial order <
on C! such that

w1 < w; if and only if Re(w;) < Re(wy) and Im(wy) < Im(w;) that is wy < wy. If any of the
following is true [9]

we will write wy < ws if wy # wyp and one of (2),(3), and (4) satisfiy. Take note of that

0 <w <wy = |wy| < |wy
w1 < wy and wy < w3 = wy < Ws.

Let A be a set that is not empty. A mapping Q: A x A — C! is considered to be congruent with
the following conditions [9]:

1. 0<Q(p,v) forall u,v € Aand Q(p,v) = 0 if and only if u = v;
2. O(pu,v) =Q(v, p), forall y,v € A;
3. Q(u,v) <Q(p,z) +Q(z,v) forall u,v,z € A.

In this case, the metric () is referred to as a complex valued metric on the set A, and the space
(A, Q) is referred to as a complex valued metric space.

Let A # 0. A mapping O : A x A — C3 is called a tricomplex-valued metric if the following
conditions are satisfied for all u,v € A [18]:

1. Q(p,v) >4, 0and Q(p,v) = 0 if and only if y = v
2. Qu,v) = v, u)
3. O(p,v) <y Qp,z) +Q(z,v), Vu,v,z€ A
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Then (A, Q)) is called tricomplex-valued metric space.
Let C® is a tricomplex number and Q : C> x C3 — C3 such that

Q(p1,02) = |p1 — p2| +i3[v1 — 12|

Where p1 = 1 +i3vq and pp = pp + izv, then (C3,Q)) is a tricomplex valued metric spaces. Let
(A, Q) is a tricomplex-valued metric space then [17]

1. A sequence {v,} is a Cauchy sequence if for all € € C> and e >, 0, there exist an integer N
such that Q(vy, vm) <i; €,Yn,m > N

2. A sequence {v,} is converges to if for all € € C* and € >;, 0 there exist an integer N such
that Q(vy,v) <;; €,¥n > N

3. tricomplex valued metric space (A, Q)) is complete if every Cauchy sequence in A converges
in A.

Lemma 1. A sequence {v,} in a tricomplex-valued metric space (A, Q}) converges to v if and only
if [|Q(vy,v)|] — 0 as limit v — oo [18].

Lemma 2. A sequence {v,} in a tricomplex-valued metric space (A, Q) is Cauchy if and only if

QVn, Vitm ) || — 0 as limit v — oo [18].

3. MaIN REsuLTS

Theorem 1. Let (A, Q)) be a tricomplex valued metric space and P, Q be the self mappings and
A" and B" are self mappings in A, such that for all u,v € A

1. P(A) C B*(A) and Q(A) C A™(A);
2. (A",P) and (B", Q) are commuting Pairs;
3. (A",P) and (B", Q) are commuting;

4. If O(Qu, A™u) + Q(Pu, B*v) + Q(B"v, A" ) # 0 then the following holds

ot 0 2 [ SN O Q)
+06, max {Q(A"u, B"v), Q(A"u, Pu), Q(B"v, Pu) }
+63 {Q(B"v, Quv) + Q(Qv, A"u) + Q(Pu,B"v)}
Q(Qu, B"v)Q)(Pu, A" )
04 { Q(0v, A1) + Q(Py, B'v) + Q(Bv, Ampr) }
+65 max {Q(A"u, Pu), Q(B"v, Qu), Q(A"u, B"v), Q(Pu, Qu)}

Where 61 + 6, + 203 + 94 + 95 < 1. For all u,v € A. Then A", B", P and Q have a unique
common fixed point.

Proof. Let jiy € A, since P(A) C B"(A) and Q(A) C A™(A) define for all n > 0 the sequence
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{vn} € Aby vy 41 = Py = B" 11 and vyip = Qpyy1 = A" ppyo then,

Q(Vit1,Vnr2) = Q(Ppn, Qpny1)
<i b {Q(Anﬂmpﬂn) + QB ppy1, Qb 1) QA" i, Priy) }
1+ Q(Ppn, Qpnt1)

+62 max { QU A"y, B" iy y1), QA" i, Ptin), Q(B" pny1, Piin) }
+03 {Q(B" pnv1, Quin+1) + QQpnv1, A"pin) + Q(Ppn, B ni1)}
vy { Q(Qpni1, B"pni1) A(Ppin, A pin) }

Q(Qpn+1, A"n) + QUPpin, B"fps1) + QB Hnia, A pin)
+d5 max {Q(A" pn, Ppn ), QUB" i1, Qpin ), QA" i, B" pp11), Q(Ppin, Qi) }
<. 5 { (Vn, Vug1) + Qg1 Var2) QVa, V1) }

=h 1+ OQVit1, Vnt2)

+02 max {Q(vu, Viny1), QWn, Vg 1), QWi g1, Var1) }
+03 {Q(Vi41, Vnr2) + QVns2, Vi) + Q(Vas1, Vag1) }
+(54{ Q12 V1) Q(Vny 1, Vn) }

QVng2, V) + QWng1, Vng1) + QVng1, V)
+05 max {Q(vi, Viy1), QVnt1, V1), QWi V1), OV 1, Vng1) }

= [|QWnt1, vt 2) || < |61 [11QVn, v )] + [02][|Q Wi, i 1) [ 4 183 Q (v, Vi) ||
+104]|[Q(vn, var1) | + 105][|Q(vn, Vi) ]
< |((51 4+ 0y + 93+ 04 + (55)|||Q(1/n,1/n+1)||

Now, || Q(vit1, Vi) < (61 462+ 83 + 84+ 65) || Q(vn, vt )|

Similarly,
Q(Vi13,Vura) = Q(Pns2, Qbnta)
5 {Q(A”un+z,Pun+z) + Q(B"pnt3, Qtn+3) QUA  tus2, Phini2) }
= 1+ Q(Ppny2, Qtinys)
+0 max {Q (A" Hys2, B" pni3), QA Mns2, Ppini2), QB Hny3, Ppini2) }

+53 {Q(Bnl’ln+3/ Qﬂn+3) + Q(Qﬂn+31A ]’li’l-‘rZ) + Q(PVVH-Z/ B ,un+3 }

+54{ Q(Qpn i3, B 1 3) QU Ppng2, A% iny2) }
Q(Qpn+3, A'pns2) + QP2 B pnss) + Q(B"ppy3, A% pyi2)

+65s max { QA" w2, Phini2), Q(B" i3, Quns2), QA" 2, B" tni3), QU(Ppin 2, Qini2) }

<. 5 { Qnt2,Vnt3) + QVi+3, V) QWant2, Vit }
=h 1+ OQVny3, Vara)

+02 max {Q(vy12, Viu13), QWnt2,Vnt3), QWi g3, Vat3) }
+03 {QU(Vn+3, Vnta) + QVita, Vn2) + Q(Vat3, Vnts) }

16, { QVn+4,Vn+3)Q(Vn+3, Vni2) }
Q(Vygar Vns2) + QUng3, Vng3) + Q(Vigs, Vng2)
+05 max {Q(Vy42, Vug3), QVng3, Vug3), Q(Vng2, Vig3), Q(Vngs, Vny3)

= ||QVn43, Vnya) | < 011QWng2, Viy3)l | + 02/ |Q(Vig2, Vg 3) || + 33| | (Vi g2, Vi y3) |
+04|[Q(vi+2, Vnt3)| | + 05 [Q(Vnr2, Vi) ]
< (01 + 0 + 03 + 04 + 05) || QU (Vir2, Vs 3) ||

Now, ||Q(Vats, vira)|| < (814 62+ 83 4 04+ 65)[|O(Vi 2, Vg3 |
Preceding in this way we get
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[ Qvi, V1) < (01 + 02 + 03 + 04 + 35) [ | Qv —1, V) ||
= |[Qvn, var1) || < 0[|Q(vi—1,vn)||
Where (5251 +52+53—|—54—|—55) <1
1QWn, vnt1) || < 81Q(va—1, v
< O*||Q (Va2 vn 1
< 8[| (vi-3,Vn2
- < 0" (vo, v

~— — ~— —

Now Vk > n, we have,

19k, va)l| < 6"[1Q(vo, v1)l| + 6" (vo, vi)| + 8" 21Q(vo, v) ] + - . + 65 H[Q(vo, 1)

= ||Q vk, v || < (8" + "1 +0"72 + 8[| Q(vo, v1) |

= || (v, v | < 5510, 1)

as 6 < 1 then limy ;00 ||Q(vg, v)|| = 0

Hence {v,} is a Cauchy sequence. Since A is complete then v, and its subsequences
{Ppink, {B" 1011}, {Qptus1} and {A"p, 2} also converges to w

limy 0 vy = limy 00 Pty = limy 00 B 1 = limy 00 Q1 = limy 00 A"py 0 = w

Let there exist w* € A such that v, — w* as n — o0, and Pw* = A"wx = B"w* = Qw* = w
(A", P) and (B", Q) are weakly compatible, then they commute at their coincidence point.
Therefore

Pw = PA"wx = A"Pw*x = A"w and B"w = B"Qwx* = QB"w+* = Qw

Now we show that Pw = Qw then we have

Q(A"w, Pw) + Q(B"pp11, Qpini1) U A"w, Pw) }

(P, Q) <5 61 { T+ (P, Qp 1)
+6, max {Q(A"w, B"y11), Q(A"w, Pw),
+63 {Q(Bnﬂn—&-lr Qﬂn—&-l) + Q(QV}’H—]I A'w )

B"pn 41, Pw)}
Pw,B"ppy1)}

af O(Pp 1, B s 1) 0P, A) |
Q(Qpnt1, A"w) + Q(Pw, By 1) + QB 1, AMw)

+d5 max {Q(A"w, Pw), Q(B" yy41, Qw), Q(A"w, B uy41), Q(Pw, Q) }

O
O

O(Pw, Pw) + Q(Vy41, Vn12)Q(Pw, Pw
= Q(Pw,vp42) <jy (51{ ( ) (V1 Vn2) O )}

14+ Q(Pw, vy42)
+6, max {Q(Pw, vy 41), Q(Pw, Pw), Q(vy41, Pw)}
+03 {Q V11, Vut2) + Qvu12, Pw) + Q(Pw, vyy1) }
{ Ot12, V)P, Pu) }
+d4
QVpy2, Pw) + Q(Pw, vy 1) + Q(vy11, Pw)
+65 max {Q(Pw, Pw), Q(vy41, Pw), Q(Pw, vy41), Q(Pw, Pw)}

If we take n — oo, then we have

— O(Pw,w) <j, & {Q(Pw,Pw) + Q(w,w)Q(Pw,Pw)}

14+ Q(Pw, w)
+6, max {Q(Pw, w), Q(Pw, Pw), Q(w, Pw) }
+03 {Qw, w) + Q(w, Pw) + Q(Pw, w)}
O(w, w)Q(Pw, Pw)
04 { Q(w, Pw) + Q(Pw, w) + Q(w, Pw) }
+65 max {Q(Pw, Pw), Q(w, Pw), Q(Pw, w), Q(Pw, Pw)}
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s (10(Pw, )| < ] [0(Pw, )| + 285/ [P, )| + 51O P, )|

= ||Q(Pw, w)|| < (62 + 203 + 65)||Q(Pw, w) |

= ||Q(Pw, w)|| < (62 + 203 + 65)||Q(Pw, w)]|

This is contradiction that (&, + 2d3 + J5) < 1 therefore Pw = w and A"w = Pw = A"w = w.
Now we will prove that Qw = w, putting 4 = v = w then we have

O(Pw, Qw) <j, & {Q(Anw, Pw>1++0((2€3;5, 82;
+d, max {Q(A"w, B"w), Q(A"w, Pw), Q(B"w, Pw) }
+33 {Q(B"w, Qw) + O(Qu, A"w) + Q(Pw, B"w) }
Q(Qw, B"w)Q)(Pw, A"w)
04 { Q(Qw, A"w) + Q(Pw, B'w) + Q(B"w, A'w) }
+d5 max {Q(A"w, Pw), Q(B"w, Qw), A (A" w, B"w), Q(Pw, Qw) }

Q(A"w, Pw) }

Taking n — oo we get

Qo) =, 1 {10000 Q)

+6, max {Q(w, Qw), Qw, w), Q(Quw, w)}

+03 {Q(Qw, Qw) + Q(Quw, w) + O(w, Qw) }

o] g Qe
Q(Qu, w) + O(w, Qw) + Q(Quw, w)

+65 max {Q(w, w), A(Qw, Qw), Yw, Qw), Q(w, Qw) }

= O(w, Q) <j; $0(w, Qw) + 2530w, Qw) + 550w, Qw)

= [|Q(w, Qw)|| < (82 + 205 + 55)||Q(w, Qu)|

Then

= ||Q(w, Qw)|| < (62 + 203 + 35)||Q(w, Qw)|| Which is again a contradiction. Therefore
Qw = w and B"w = Qw = B"w = w.

Uniqueness of fixed point

Let wp be another fixed point of P, Q, A", B" then we have

Q(A"w, Pw) 4+ Q(B"wy, Quo)Q(A"w, Pw)
<.
Q(Pa], Q(UO) —13 51 { 1 + Q(PCU, Qwo)
+6, max {Q(A"w, B"wy), Q(A"w, Pw), Q(B"wy, Pw) }
+63 {QY(B"wp, Qup) + Q(Quy, A"w) + Q(Pw, B"wy) }
Q(Quwy, B"wy) QY (Pw, A™w)
+64
Q(Quy, A"w) + Q(Pw, B'wy) + Q(B"wy, A'w)
+65 max {Q(A"w, Pw), Q(B"wp, Qw), V(A" w, B wy), Q(Pw, Qw) }

Taking limit n — oo

Q(w, w) + Q(wo, wo) QY w, w)
Qe wo) <is 1 { 1+ Q(cg, afZ) }
+6, max {Q(w, wy), Ww, w), Q(wp, w)}
+63 {Q(wo, wo) + Q(wp, w) + Q(w, wp) }
Q(wo, wy)Q(w, w)
+o4 {Q(wo,a)) + O(w, wp) + O (wp, w) }
+65 max {Q(w, w), Q(wy, w), A(w, wp), Ww,w)}
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= [|Q(w, wo)|| < 6|, wo)| +285][Q(ew, wo) || + 5w, wo)|

= |[Q(w, wo) || < (82 + 285 + J5) || (w, wo) |

= [|Q(w, wo)|| < (82 + 285 + 85)[|Q(w, wo) ||

Which is again contradiction therefore w = wy is a unique common fixed point of P, Q, A" and
B" |
Theorem 2. Let (A, Q)) be a tricomplex valued metric space and P, Q be the self mappings and
A" and B" are self mappings in A, such that for all y,v € A

. P(A) C B"(A) and Q(A) C A™(A);

—

2. (A", P) are compatible, A" or P is continuous and (B", Q) are weakly compatible;
3. (B",Q) are compatible, B" or Q is continuous and (A", P) are weakly compatible;
4

. For all p,v € A and yu # v we have

< B )|
46 max {Q(A™u, B"v), Q(A"u, Pu), Q(B"v, Pu)}
+05 {Q(B"v, Qu) + Q(Qv, A"p) + Q(Pu, B"v)}
+34 { Qv B')O Py, A'pi) }
Q(Qv, A"u) + Q(Pu, B"v) + Q(B"™v, A"u)
+05max {Q(A"u, Pu), Q(B"v, Qu), Q(A™u, B"v), QO(Pu, Qu)}

Where 61 + 62 + 263 + 84 + 05 < 1. For all y,v € A. Then A", B", P and Q have a unique
common fixed point.

Proof. By theorem (I) {v,} is a Cauchy sequence and A is complete, then sequence {v,}
converge to w and subsequences { Py}, {B"uy+1}, {Qpns1} and {A"u, 42} also converges to w.

= g, e = Jimg, P = L, Bt = g, Az = iy, Qbes = @
Since (A", P) are compatible, let P is continuous then we have

lim A"Plyyp = Jim PA"py 12 = Pw ()

Now putting 4 = yy42,v = py41 we have

Q(An,unJrZ; P,”nJrZ) + Q(Bnﬂn-&-l/ QV"'H)Q(A”V”JJ, PV”+2) }
Q(Puy 2, <i 0
(Ppnt2, Qint1) <iy 01 { 14+ Q(Pppt2, Qpnit)

+62 max {Q(A w12, B"pn11), QA nt2, Phns2), QUB" pny1, Ppni2) }
+03 {Q(B" pn1, Qpint1) + Q(Qpn1, A" nv2) + Q(Ppnt2, B" pns1) }

+64 { Q(Q:”ﬂ+1/ Bn,”nJrl)Q(PV?lJer Anl/‘n+2) }
Q(Qpny1, A'pny2) + Q(Pp, B 1) + Q(B " pyy1, A% i2)

+05 max { QA" py+2, Pitns2), QUB" pnt1, Qptns2), Q(A w2, B" 1), Q(Phin+2, Qun+2)
Taking limit n — oo and using (1) and (2), we get

= Q(Pw,w) <, & {Q(w’w) + O(w, w)O(w, w) }

1+ Q(w,w)
+d, max {Q(w, w), YWw,w), Aw,w)}
+03 {Qw,w) + Q(w,w) + Q(w,w)}
Qw, w)Q(w, w)
04 {Q(w,w) + Q(w, w) + Q(w, w) }
+d5 max {Q(w, w), YW w,w), Aw,w), YWw,w)}
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= ||Q(Pw,w)|| <0
= ||Q(Pw, w)|| < 0. Therefore Pw = w.
Now again putting 4 = w and v = y, 1 we have

Q(A"w, Pw) + Q(B"uy1, Qupyi1 ) Q(A"w, Pw

+d, max {Q(A"w, B"uyi1), Q(A"w, Pw), Q(B" 11, Pw)}
3 {Q(B" 11, Qhtnr1) + QA(Qhtnr1, A"w) + Q(Pw, B'p 1) }

i { QUQptn i1, B 1) (P, A"0) }
Q(Q;Mn+1, Anw) —+ Q(Pw, Bn?"n-&-l) + Q(Bnl‘n-i-l/Anw)
+d5 max {Q(A"w, Pw), Q(B" yy41, Qw), Q(A"w, B uy41), Q(Pw, Q) }

Let n — oo and using (I) and (@), we have

= O(w,w) <i, 61 {Q(A”w,w) + Q(w, w)Q(A"w, Pw) }

14+ Q(w,w)
+d, max {Q(A"w, w), Q(A"w,w), Q(w,w)}
+03 {Qw, w) + Q(w, A"w) + Q(w,w) }
Qw, w)Q(w, A’w)
04 {Q(w,A” )+ Q(w, w) + Q(w, Atw) }
+d5 max {Q(A"w, w), A(w, w), VUA"w,w), QA (w,

w)}

= (01 + 02 + 03 + 95)| | QU A"w, w)[| > 0

= ||Q(A"w, w)|| > 0. Therefore A"w = w

Since P(A) C B"(A), there exist w* € A such that Pw = B"wx. Now to prove B"wx = Quwx*
putting y = w and v = wx* we get

O(A"w, Pw) + Q(B"wx*, Quw*)Q(A"w, Pw
Qo) 20 AP £ Qoo )|
+6, max {Q(A"w, B"wx), Q(A"w, Pw), Q)
+63 {Q(B"wx, Qux) + Q(Qux*, Aw) + Q
4, { Q(Quwx, B"wx*)Q(Pw, A"w) }
Q(Qux, A'w) + Q(Pw, B"wx) + Q(B"w*, A"w)
+d5 max {Q(A"w, Pw), Q(B"wx, Qw), Q(A"w, B"wx), Q(Pw, Qw)}

B"wx, Pw)}
Pw, B"wx)}

(
(

Here given that Pw = w = B"w. Then we get

+8 max {Q(w, w), Ww, w), Ww,w)}

+63 {Q(w, Q) + Q(Qux, w) + Q(w,w)}
Q(Qu*, w)Q(w, w)

+o {Q(Qw*,w) +Q(w,w) + O(w,w) }

+d5 max {Q(w, w), Yw, Qw), Q(w, w), Ww, Qw)}

= ||Q(w, Qwx)
= ||Q(w, Q)
= Quwx =w

Since B'w* and Q are weakly compatible then we have B"w = B"Qwx* = Qw. Therefore w is a

263||O(w, Q) || + 65| [ (w, Q)|
(203 + 85) || (w, Qe
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coincidence point of B and P. Now to prove Qw = w, putting 1 = w and v = w we get

AP, Qu) <, 6 { AL LSBT
+d, max {Q(A"w, B"w), Q(A"w, Pw), Q(B"w, Pw) }
+03 {Q(B"w, Qw) + O(Qw, A"w) + Q(Pw, B"w)}
Q(Qu, B"w)Q(Pw, A"w)
04 { Q(Quw, A"w) + Q(Pw, B*'w) + Q(B"w, A'w) }
+65 max {Q(A"w, Pw), Q(B"w, Qw), O (A" w, B"w), Q(Pw, Qw) }

Q(A"w, Pw)}

= O(w, Qw) <, 6 { Q(w, w) + Q(w, Qw)Nw, w) }

1+ Q(w, Qw)
w,w),Q(w,w), Yw,w)}
+Q(Qw,w) + Q(w,w)}
Q(Qu, w)N(w, w) }

+06, max {Q

(
+63 {Q(w, Qw)

+o4 { Q(Qu,w) + Yw, w) + Q(w, w)
+65 max {Q(w, w), Yw, Qw), A(w, w), W w, Qw)}

253]| 0w, Qu)|| + 85/ | (w, Qu) |
(203 + 35) || Aw, Qu)|

Uniqueness of fixed point
Let wp be another fixed point of P, Q, A", B"* then we have

Q(A"w, Pw) + Q(B"wy, Quo)Q(A"w, Pw)
<.
(P, Qo) <1, { (e
+6, max {Q(A"w, B"wy), Q(A"w, Pw), Q(B"wy, Pw) }
+83 {Q(B"wy, Qup) + Q(Quwy, A"w) + Q(Pw, B"wy) }
Q(Quwy, B"wy) QY (Pw, A™w)
+64
Q(Quwy, A"w) + Q(Pw, B'wy) + Q(B"wy, A"w)
+65 max {Q(A"w, Pw), Q(B"wp, Qw), A (A"w, B wy), Q(Pw, Qw) }

Taking limit n — oo

Q(w, w) + Q(wy, wo) QA w, w)
O{w,wo) <is 1 { T Qw o) }
+6, max {Q(w, wy), Ww, w), Q(wp, w)}
+83 {Q(wo, wo) + Qwp, w) + Qw, wo) }
Q(wo, wo) Yw, w)
0 ) o)+ ) )
+65 max {Q(w, w), Qwy, w), A(w, wp), Ww,w)}

= [[Q(w, wo)|| < 6|[Q(w, wo) | +205][Q(w, wo) || + I5]|Q(w, wo) ||
= [|Q(w, wo)|| < (82 4205 + 05)||Q(w, wp)]|
— 10w, wo)|| < (5 + 205 + 52) |, o)
Which is contradiction since (J, + 293 + d5) < 1 therefore w = wy is a unique common fixed point
of P,Q,A™ and B" [ |

| <
| <

Corollary 1. Let (A, Q) be a tricomplex valued metric space and P, Q, A, B are self mappings in
A, such that for all u,v € A
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P(A) C B(A) and Q(A) C A(A);

2. (A,P) and (B, Q) are commuting Pairs;

3. (A,P) and (B, Q) are commuting;

4. If Q(Qv, Ap) + Q(Pu, Bv) + Q(Bv, Au) # 0 then the following holds

Q(Au, P Q(Bv, Q(Au, P
Q(Pu, Q) <j, (51{ (A y)li()((PZ,QQVV)) a y)}

+6 max {Q(Au, Bv), Q(Au, Pu), Q(Bv, Pu)}
+63 {Q)(Bv, Qv) + Q(Qv, Apu) + Q(Pu, Bv)}

Q(Qv, BY)Q(Pu, Ap)
+04 {Q(QV,AH) T Q(P],l, Bv) + Q(By, AP‘) }

+65 max {Q(Ap, Pu), Q(Bv, Qu), Q(Ap, Bv), Q(Pu, Qu)}

Where 61 + 07 + 203 +04 + 05 < 1. For all y,v € A. Then P,Q, A and B have a unique
common fixed point.

Corollary 2. Let (A, Q) be a tricomplex valued metric space and P, Q, A, B are self mappings in
A, such that for all y,v € A

—_

P(A) C B(A) and Q(A) C A(A);

2. (A, P) are compatible, A or P is continuous and (B, Q) are weakly compatible;
3. (B, Q) are compatible, B or Q is continuous and (A, P) are weakly compatible;
4

. Forall y,v € A and u # v we have

+06, max {QQ(Au, Bv), Q(Ap, Pu), Q(Bv, Pu)}
+65 {Q(Bv, Qu) + Q(Qv, An) + Q(Py, Bv)}
Q(Qv, Bv)Q(Py, Ap)
+44 {Q(QV, Ap)+ Q(Pu, Bv) + Q(Bv, Ap) }
+d5 max {Q(Ap, Pu), Q(Bv, Qu), Q(Au, Bv), Q(Pu, Qu) }

Where 61 + 6y + 203+ 64+ 65 < 1. For all y,v € A. Then P,Q, A and B have a unique
common fixed point.

4. CONCLUSION

In this paper, we proved generalizations of fixed-point theorems in tricomplex-valued metric space
for the sequence of mappings with rational type contraction and using commuting, compatible
and weakly compatible pairs. our contributions have enhanced the field of tricomplex valued
metric spaces.
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