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Abstract 

Voltage transformers are rarely subjected to periodic inspection and testing while in operation, 

which is the reason for the difference between actual transformation ratios and their rated values. 

The frequency characteristics of voltage transformers are checked neither. Therefore, there can be 

large errors in the case of non-sinusoidal supply voltage. Existing studies on the study of voltage 

transformer faults reflect the results of the study of the equivalent circuit based on traditional 

lumped-parameter circuits. However, it should be noted that for high-frequency circuits and at the 

same time from the point of view of taking into account the structure of the windings, increasing 

the accuracy of the research results is an urgent issue. The case of non-sinusoidal supply voltage is 

of great scientific interest in this regard. Therefore, considering the voltage transformer as a 

distributed-parameter circuit, its fault under non-sinusoidal supply voltage was investigated and 

studied. This work explores errors of voltage transformers in the presence of non-sinusoidal voltage. 

To this end, a mathematical model of the transformation ratio is built considering the equivalent 

circuit of transformer as a distributed-parameter circuit. 

Keywords: power quality, voltage transformer, lumped-parameter circuit, 

distributed- parameter circuit, non-sinusoidal voltage, transformation ratio 

I. Introduction

One of the main requirements, which are imposed in power supply systems of industrial 

enterprises on results of experimental studies on metering electricity and monitoring its quality is 

the reliability of the results, i.e. correspondence of calculated and measured parameters to their 

real values. The reliability of calculation and measurement results depends both on the error of 

calculation methods (methodological error) and the error of information and measuring tools 

(measurement error). These issues are crucial when metering electricity to assess the distortion of 

the current and voltage curves [1-5]. GOST (State Standard) 3341-2013 establishes permissible error 
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standards for measurements of power quality indicators. This standard is ±10% for the total 

harmonic distortion and ±5% - for the harmonic factor of the n-th harmonic components [4–7]. 

The reliability of calculations of non-sinusoidality indicators based on instantaneous voltage 

(current) values and measurement results can be objectively assessed by comparing these 

indicators with their real values. In actuality, however, there is unknown information about 

amplitudes and phase shifts of individual harmonic voltage (current) components. At the same 

time, all instruments and computer systems for measuring power quality indicators are separated 

from the high-voltage network through voltage and current measuring transformers. The main 

difficulty encountered is that the voltage and current measuring transformers operating in 

substations are sources of measurement error themselves [8-12]. These errors are mainly due to the 

following factors: 

• A transformer accuracy class;

• A mismatch between transformation ratio and its nominal value;

• A lack of information about transformation ratio for high harmonics.

The first two above-listed factors can be eliminated by initial testing and, if necessary, by

replacing instrument transformers, whereas the third factor requires additional special research. 

High harmonic voltage (current) distorts the transformation ratios of measuring transformers, 

which also increases measurement errors. It must be borne in mind that inductive voltage 

transformers may experience resonance phenomena at frequencies above 1 kHz (harmonic 20 and 

higher), which is also an additional source of error [13-16]. 

Voltage transformers (VT) are rarely inspected and tested during operation, which leads to 

the discrepancy between real transformation ratios and their nominal values [17], [18-20]. In 

addition, it is also important to know the frequency characteristics of VT to assess the impact of the 

harmonic factors of the n -th harmonic components and the total harmonic distortion on VT 

transformation ratio. These VT characteristics have not been fully investigated. Therefore, the VT 

errors may exceed their permissible values not only for high but also for the fundamental 

harmonic voltage (current). As a result, the readings of measuring and metering instruments can 

be significantly distorted. 

In the context of the above assumptions, the study on the VT frequency characteristics with a 

focus on the distortion of the supply voltage curve is a pressing issue. 

II. Mathematical model of the transformation ratio for a VT lumped-parameter

circuit 

Some works address the assessment of the errors of instrument transformers in the electricity 

metering system [13], [16]. The error of the VT transformation ratio under a non-sinusoidal voltage 

is examined in [3], [4]. The VT equivalent circuit is considered as a lumped-parameter circuit. The 

following formula is obtained for the transformation ratio of the n -th harmonic (Figure 1): 

Hn

nn

mnmn

nn

mn

n
nt

Z

ZZ

ZZ

ZZ

Z

Z
K

′
′++

′
++=′ 21211

, 1 ,  (1) 

where, mnn ZZ ;1 are the complex impedance of the primary winding and magnetization for the n -

th  harmonic, respectively; nZ2  
is the complex impedance of the secondary winding connected to 

the primary winding; HnZ ′ is the complex load impedance for the n -th harmonic ( 40,2=n ).

The study of VT transformation ratio considering voltage harmonic components based on the 
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VT lumped-parameter circuit indicates that in this case, large VT errors arise and it is impossible to 

use formulas (1) above the 13th harmonic. As a result, the information delivered when measuring 

distortion indicators and metering electricity in high-voltage circuits is incorrect. 

Figure 1: Equivalent circuit of VT with lumped parameters 

III. Mathematical model of the transformation ratio for a VT distributed-parameter

circuit. 

To accurately determine the VT transformation ratio for high harmonics when dealing with a non-

sinusoidal supply voltage, it is crucial to consider high voltage and high frequency circuits as 

distributed-parameter circuits. This means modeling VT under high frequencies and voltages as a 

transmission line with distributed parameters. This aspect of voltage transformers was not studied 

or was studied insufficiently. Therefore, comprehensive studies of VTs are required for high 

harmonic voltage with VT modeled as an element with distributed parameters. 

The VT distributed-parameter circuit is shown in Figure 2. 

Figure 2: The VT distributed-parameter circuit. 

As is known from the theory of electrical engineering, high-voltage and high-frequency 

circuits must factor in the wave nature of power transmission. In this case, to analyze the power 

transmission process, a line with length l  is represented as a distributed-parameter circuit, where 

each element with an infinitesimal length dx has active resistance r0dx, inductive reactance x0dx, 

conductance g0dx, and capacitance c0dx, i.e., all parameters in the diagram in Fig. 1 are reduced to 

sections of infinitesimal length dx. Therefore, we can write the following equalities: 
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where 0r is the linear active resistance of the line; 0L is circuit inductance; 0c capacitance between 

turns of windings; 0g is conductance between the turns. 

We assume that the VT parameters (active resistance and inductance, capacitance and 

conductance) are distributed evenly along the line. 

In the long lines, at a frequency of 50 Hz, active and reactive currents do not remain constant. 

This, in turn, causes the voltage to change along the line. Therefore, by writing differential 

equations expressing the electrical state of a line with distributed parameters, in which voltage 

with a non-sinusoidal law of change is applied to the terminals, and solving these equations, one 

can determine the patterns of voltage and current distribution along the line. 

Based on Figure 1, we can write the corresponding equations. To do this, the balance 

equations are written down for each element dx 
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This equation can be written as follows 
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Let us divide both sides of the equation by dx. Then we have 
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From here we arrive at 
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Accordingly, the following can be written for the second equation of system (3) 
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Thus, we have the following systems of partial differential equations: 
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In the case of non-sinusoidal voltage U and current I , they can be expanded into a Fourier 

series 
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where )(1, xfU mn = and )(2, xfI mn = . Let us obtain partial derivatives from equations (7)
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Substituting equations (7) and (8) into (6), we obtain 
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It is known that 0)exp( ≠jnmt . The sign of the sum is not considered. In this case, for the n-th 

harmonic voltage and current, the following expressions can be written: 
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From here, we obtain: 
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Considering that 000 ZLjnr =+ ω  and 000 Ycjng =+ ω , we have the following systems of

equations: 
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Equation (10) is a telegraph equation obtained for the n-th harmonic voltage and current 
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according to a VT distributed-parameter circuit and an applied non-sinusoidal supply voltage. We 

solve equation (10). To do this, we obtain the derivative of the first equation and take it into 

account in the second equation. Then we write 

dx
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Denoting Pdxd = , we obtain the characteristic equation
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From equation (12), we obtain the following expression 
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As is known, solution to (12) will be in the form 
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In the case of an open circuit at the end of the transformer, we have 02 =i , and since the VT
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Calculating the derivative from equation (14) and substituting it into (16) we have: 
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Substituting (17) into (15), we get: 
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Given the obtained expressions for the integral constants nA ,1 and nA ,2  in (14), we have: 
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Let us determine the VT transformation ratio for the n-th harmonic: 

( )lPch
U

U
K

lmn

mn

nt 0

,,

0,,

, == (21) 

To obtain a more explicit formula, we simplify the expression of the hyperbolic cosine: 
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Thus, we arrive at: 
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The hyperbolic cosine argument is complex and therefore we can write ( ) ( )nn jbachlPch +=0 . 

After the transformation, we obtain 
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The VT transformation ratio for the n-th harmonic voltage (current) is finally expressed as 

follows: 
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Thus, under a non-sinusoidal supply voltage, the VT transformation ratio for the n -th 

harmonic voltage components can be estimated by formulas (22) – (24) expressed with distributed 

parameters. As can be seen from these formulas, the expressions are simple and this simplifies the 

computational procedures.  

IV. Modeling results

Calculations were carried out to estimate the transformation ratios for the voltage transformer 

of type MOM-6, using the obtained formulas (22) – (24). The calculation results are shown in 

Figure 3. Comparative curves )(, nfK nt = obtained using formulas (1) and (22) show that when 

estimating the VT transformation ratio using formulas (22) - (24), which are obtained using a VT 

distributed-parameter circuit, the error of the measuring instruments is significantly reduced, and 

the accuracy of the electricity metering instruments is increased. 

As follows from Figure 3, when using formula (1) (curve 1), significant distortions occur at 

15>n , and when using formula (2) (curve 2), the error up to the 27th harmonic inclusive can be

considered acceptable. At 27>n , the error is tens of percent.
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Figure 3: VT transformation ratio curves for high harmonics 

Figure 4 shows the curve of a change in the relative error of the VT transformation ratio 

calculated using formulas (1) and (24) depending on the number of harmonics. The comparative 

analysis of the error indicates that at 11>n , the calculation error is more than tens of percent.

Figure 4: The curve of a change in the relative error in determining the VT transformation ratio 

Therefore, it is essential to conduct additional research to ensure the reliability of 

measurements when using instrument transducers. 

Conclusion 

1. A mathematical model of the transformation ratio is obtained based on a distributed-

parameter circuit for the voltage transformer used in the electricity metering system in the 

presence of harmonic distortion of the supply voltage, which allows boosting the reliability of the 

calculation and measurement results. 

2. The obtained comparative curves suggest that when estimating transformer ratios for the

harmonic components of the supply voltage using formulas obtained using a distributed-

parameter circuit, the error in the measuring instruments is significantly decreased and the 

accuracy of the electricity metering instruments is increased. A comparative analysis of the voltage 

transformer error shows that at 11>n , the error in calculation and measurement can amount to

more than tens of percent. 
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3. These findings emphasize the importance of conducting further research to ensure the

reliability of measurements using instrument transducers based on instrument transformers. 
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