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Abstract

In this study, we propose an enhanced estimator for the finite population variance in the context of
post-stratified sampling, incorporating an auxiliary variable to improve accuracy. We derive
expressions for the bias and mean square error (MSE) of the proposed estimator, providing an
approximation accurate up to the first order. The theoretical analysis highlights the conditions
under which the proposed estimator yields lower bias and reduced MSE, making it a more efficient
alternative to traditional methods. To evaluate the practical performance of this estimator, we apply
it to two real-world data sets, where our results demonstrate a marked improvement in efficiency
over existing estimators. The numerical findings confirm that, in post-stratified sampling, the
proposed estimator significantly enhances the precision of variance estimation, especially when the
auxiliary variable is highly correlated with the study variable. This work not only contributes a
more efficient estimator but also provides valuable insights into the application of auxiliary
information in post-stratified sampling designs.

Keywords: Post stratification, Auxiliary variable, Estimation, Population variance
and Mean squared error.

I. Introduction

This paper presents an enhanced estimator for population variance under post-stratification by
utilizing auxiliary information. The use of auxiliary information in survey sampling has long been
recognized for its ability to improve the efficiency of estimators for various population parameters,
such as the mean, variance, median, mode, quartiles, interquartile range, percentiles, coefficient of
variation, and proportions. Numerous methods for effectively incorporating auxiliary information
have been extensively documented in survey sampling literature. Estimators of the ratio, product,
and regression types leverage the correlation between the study variable and the auxiliary variable
to achieve better precision. In this study, the mean square error (MSE) and bias of the proposed
estimator are derived under large sample conditions, accurate to the first order of approximation.
Theoretical comparisons with existing estimators are made, and conditions are established under
which the proposed estimator is more efficient than those previously developed.
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The application of stratified random sampling (STRS) presumes that the sizes and
structure of sampling frames for each stratum are already available. Whereas the total population
size and the percentage of the unit that belongs to each stratum may be known in many existing
system, it is possible that the sample frame for every stratum is neither available or would be
costly and difficult to construct. In social surveys relevant census information, where it is
necessary to partition the heterogeneous population into different sub-groups, the sampling frame
may not be available. In such types of situations, STRS is not applicable as such. In order to resolve
these difficulties, post stratification technique is applied, in which a sample of necessary size is first
selected from the population employing simple random sampling with or without replacement,
and it is then stratified using the stratification variable

The procedure is identical to the one of stratified sampling and the only difference is that
the allocation into strata is made ex-post. The gain in precision is related to the sample size in each
stratum and (inversely) to the difference between the sample weights and the population ones. The
standard error for the post-stratified mean estimator is larger than the stratified sampling one,
because additional variability is given by the fact that the sample stratum sizes are themselves the
outcome of a random process.

Initially introduced the concept of post-stratification [1]. Later extended this work by [2]
investigating [3] classic ratio estimator in the context of post-stratification. They first considered
the sample sizes within each stratum as fixed and then accounted for variations across possible
stratum sample sizes, drawing on a result from [4]. Several researchers have made notable
contributions to the development of post-stratification techniques. Important groundwork in the
field laid by [5], followed by [6], who further advanced the methodology. Significant strides in [7]
refining the theoretical foundations, while key modifications that improved estimator efficiency
introduced by [8]. The scope of post-stratification by applying it to new contexts expanded by [9],
and [10] provided valuable insights, enhancing the understanding and application of these
methods in finite population estimation. More recently, characterized post-stratification product
and ratio-type exponential estimators by [11]. While the regression estimator has generally been
shown to outperform ratio and product estimators, this is not the case when the regression line of
the primary variable on the auxiliary variable passes through a region near the origin [12].

In the literature, seldom is known about estimation of population variance under post-
stratified sampling. A number of estimators for the limited population variance of the post-
stratified sample mean utilizing data from the auxiliary variable developed by [13], a new ratio
estimators in stratified random sampling using the information of an auxiliary attributes suggested
by [14], An exponential estimator in the stratified random sampling taking an auxiliary attribute
proposed by [15], An efficient exponential ratio estimator allows estimating the population mean
in stratified random sampling using an auxiliary variables developed by [16], memory-type ratio
and product estimators for the estimation of population variance based on exponentially weighted
moving averages (EWMA) statistic proposed by [17], the generalized estimator of population mean
using auxiliary attributes in stratified two- phase sampling introduced by [18], the estimation of
rare and clustered population mean using stratified adaptive clustered sampling proposed by [19].
The difficulty of estimating the population mean in the situation of post-stratification discussed by
[20].

II. Methods

Let the population of size N that is finite and partitioned into L strata of sizes N;, N, ..., N, such
that ¥,_; N, = N. Simple random sampling without replacement (SRSWOR) is used to select a
sample of size n from the whole population. Following the method of selection from the

population, the number of units falling under the ht" stratum is indicated. Let ny, be the size of the
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sample falling in the h'" stratum such that Yj_, n, = n, here, it is expected that n is large enough

so that the probability of n; being zero is too low. Let y,; and x; are the observed values of y and x
respectively on the i*" unit of the h*" stratum. Let y, = 12?_"1 Y and X, = 12?_’11 Xp; represent the
np <= np <=
sample means corresponding to the population means ¥, = NLZ?;’H yp; and X, = NiZfl:"l xp; of the
h h

study variable (y) and auxiliary variable (x) respectively in the h*" stratum.

2 __1 ym = 32 2 _ np = \2 ;
Let sy, = — Yicini = ¥n)* andsg, = nh—12i=1(x’”' — Xp)°represent the sample variances
corresponding to th lati i s2, =Ly (. — ¥,)2andS%, = —— 3N (xp; — Xp)?
p g to the population variances Sy, = ==, 2, (Vni — Y o = i Gy — X

Np—-1
of the study variable (x) and auxiliary variable (x) respectively in the h*" stratum. Also, ¢y, =

S;—h, and Cyy, = S;‘—" represent the sample coefficient of variation corresponding to the population
h h

. . . Syh S . Syxh
coefficient of variation Cy, =2* and Cy, == respectively. Let 7y, = —>— represent the
Yp Xn SyhSxh
. .. . . . .. Syxh
sample correlation coefficient corresponding to the population correlation coefficient py., = - £ ’;
yhoxh

between their respective subscripts in the h*" stratum.

Further s, = #Z?jl(ym — yn)(xp — Xp) represents  the  sample  covariance

corresponding to population variance S, = m ! Z?le(ym- — Y) (i — X)) , the study variable (y)

n—1

and auxiliary variable (x).
52h ~ Szh e g .
Let 055 = Yhoy Wi == and 6%, = Xj-, Wi == represent the post-stratified population and
Np Np

sample variances of y, where w;, = % is the h'" stratum weight respectively. Ignoring the finite

population correction factor to make calculations easier in post-stratified sampling

The variance of the estimator 6, is provided as

L W};}
Var(62,) = Z S5 Chaoon = D 1
h=1 N
Np
Ursh 1 v\ v \S
where Arsen = ——p— and frsn = 7 i = V)" (xni — Xn)
200nM020n h i=1

A post-stratified regression estimator 6§st(reg) for the finite population variance of the

post-stratified sample mean utilizing data from the study's auxiliary variables developed [13] as:
L

R Wi 5
G;st(reg) = Z E [(th + qJZZOh(SJ?h - S)%h)] (2)
h=1
Where #,,0, is the sample regression coefficient of y on x with corresponding population

SZp(Azz0n-1) ,
=2"="" — in h'" stratum.
SxnAos0n—1)

. A2 . .
The variance of G, (reg) is given by

regression coefficient ¥,,qp,

L
A~ Wi;l' (AZZOh - 1)
Var(o-z?st(reg)) = Z n_iS;h(/hOOh - 1) (3)

~ (Roson — 1
— (Aoaon — 1)
A conventional ratio estimator 6.4 for the finite population variance of the post-

stratified sample mean utilizing data from the study's auxiliary variables developed by [13] as:
L

. Wi Sen
Ghuttrary = ). T <(5y2n 7 (4)

h=1 Sxh

The Bias of 63“(””_) up to the first order of approximation, is given as
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Bias(6, St(rat)) Z Szh(/1040h D — (A20n— 1)

The MSE of G (rqr) up to the first order of approximation, is given by
L

Wy
Varég, pst(rat) — Z n_35;h (Asoon — 1) + (Agaon — 1) —2(Az20n — 1) (5)
h
h=1
The new efficient type estimator of population variance developed [21] as follows:
L a
~ W Sth 8(s2n — Sin)
Opst(as) = Z i [2 - <5Lz expi—5— (6)
he1 b xh xh xh
Where a and § are unknown constants whose values are to be determined such that the MSE of the
proposed estimator is minimum.

The Bias of 655, 5) up to the first order of approximation, is given as

W , Qa+68)2a+4d-2) Q2a +6)
yh (Aos0n — —

Bias(ﬁpzst(aﬁ)) = Z FS 3 - 2 (A220n — 1)
The MSE of 67 pst(a,s) UP to the first order of approximation, is given as
L
A Wy (A220n — 1)?
MSE(Gszt(reg)) = Z _35;/}h(/1400h -1)- 1y ™)
= Ny (Aoson — 1)
A new ratio type estimator under post-stratified sampling developed [20] as follows:
L
A Wi Sxn = Sz
Gt = ). S [k + (1 = k)exp {W (8)
h=1 xh xh

The Bias of 62 St(k) up to the first order of approximation, is given by

Bi ~2 — Wh 2

ias(G5se) = ), 7 Son g(/1040h -DA-k) -5 ~ azon — DA~ K)
h=1 "

The MSE of (& (Azst(k)) up to the first order of approximation, is given by

(AZZOh - 1)

(loson — D ©)

4—
h

MSE( st(reg)) z 3 h(/1400h - 1) -2
ny

III. Proposed Estimator

In the line with the direction of study carried out by [22], we proposed an improved estimator for
estimating the finite population variance under the method of post stratified sampling. The bias
and MSE of the existing and proposed estimator are derived up to the first order of approximation.
The performance of the proposed estimator is the best as compared to existing counterparts in

terms of efficiency.

2

d Wh Szh - Szh

PN X X

a-z?st(YS) = Z . [thS;h + th(sagh - S)%h)] exp <—52 — 2 ) (10)
he1 xh xh

Where K;, and K,; are unknown constants whose values are to be determined such that
the MSE of the proposed estimator is minimum.
For examining the large sample characteristics of the developed estimator, G ys) We

define the random variables up to the first order of approximation as:
sjz,h = th(l + &), sZ, = S2,(1+ &) suchthat E(e,,) = E(ey,) =0
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Also,
o1 o1 1
E(esn) = — (Agoon — 1), E(ezn) = — (Aoaon — 1) and E(ezp84n) = — (Az00n — 1)
np np np
When we use the values of above terms in eq. (10), we have

L
a2 _ WZ 2
Opst(vs) = ™ [(thS w1+ &21) — KopSiy — SH (1 + 84)1))] exp
h=1
Now expanding the right hand side along with the exponential term of the above equation

S — Sen (1 + &40
Sen = Sin(1 + €4p)

up to the first degree of approximation, we

. w2 1 3
O_gst(YS) ~ Z — [(Kmsfh(l + &2n) — KonSin — Sin (1 + 54h))] <1 ~ 5 & + §ffh) (11)
Pl

Subtracting th from both sides of (11), we obtain

1
( pst(YS) — yh) Z [( + K1h5§h + K1h5y2h52h - §K1h5y2h54h

2 1 2 3 2 2 1 2 2
— K3nSxn€an — szsynSZh&m + §K1h5yn54h - EKZthh&m - th) (12)

By applying expectation on both sides of eq. (12), we get the Bias of 6. ys) as

L
 a Wi

Bias(Gpe(vs)) = Z Tz [(th
h=1 "

3 1 1
+ KinS5n {1 + g(lowh -1 - > (A330n — 1D + EKZhsygh(Aozl-Oh - 1)})] (13)

Equation (12) can be squared on both sides we get,

’:l- 4 1 2 4 1
MSE (6, st(YS)) Z 2 n + KinSyn + Ki3Sy, (/1400h - ZthSyhn_ (Aoson — 1)
2 o4 1
+ K3nSyn n_ (Aoaon — 1) +— K1n (lzzoh —1)% + 2K, Sy
h

4 1 6 2 ¢4 2 2 1
— 2K1pSyn — (Ao20n — 1) + 5 K3 Syn — (/1040h = 1) + KonSynSyn — (Aoaon — 1)
np 8 np np
2 ¢4 1 6 2 ¢4 1 2 ¢4 1
— K{nSyn — (A220n — 1) + 5 K{nSyn — (Roson — 1) + Ki3Syp — (Aa20n — 1
ny, 8 ny ny,
2 2 1
— 2K1n KonSynSy h_(/1220h -1

+ KfpSyn (/1040h 1y (14)

In the above equation, Ky, and K,j are unknown constants whose values are to be
determined such that the MSE of the proposed estimator is minimum and their optimal values are
obtained by differentiating partially equation (14) with respect to K;p, and K, and then equating

to zero as:

aMSE(t(ys)/nh)

=0
ath
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K _ (ﬂowh - 1) [ 8 — (Aoaon — 1 ]
thopt 8 (Aos0n = 1) + (Aoson — 1D (Aoaon — 1) — (Az20n — 1)?
OMSE(tusy/mn) _

9Ky, B
2
K = Syh [4(ﬂzzoh —1)% = (Agaon — 1)(A220n — D? + (Aoaon — 1)]
zhovt 8592511 (Aoaon — 1) + (Aoson — D(Aoaon — 1) — (Az20n — D?

The reduced MSE of 62 Pst(vs) at the optimum values of Ky, and Ky, is obtained as

MSE(azpst(YS))min
L , 64 {(A400n — 1) (Aoaon — 1) = (Aazon — D} = (Aogon — 1?
_ Z (%) g4 —16(Aoson = D{(Agson — D(Aoson — 1) — (Aazon — D?}

4 Y 64{(Aggon — 1) + (Agson — D) (Aggon — 1) — (Aaz0n — 12}

(15)

IV. Efficiency Comparison

The developed estimator has been theoretically compared to the competing estimators of the
population variance. As a result, when (1), (3), (5), (7), (9), (11) and (17) are compared, it is clear
that the suggested estimator & 2 pst(vs), would be more efficient than [13] usual unbiased
estimatorG? pg;, [13] regression estimator 62 Pst(reg), [13] regression estimator & 2 pst(rat), [21]
efficient type estimator 672 Pst(a,5) » [20] new ratio type estimator & 2 Pst(k)-

1. By taking eq. (1) and (15), we get

{var (6%pse) — MSE (6 pserrs)) . }>0 (16)

min

6% pst if Z( > yhl(/homl 1)
|

64 {(1400}1 - 1) (’1040h - 1) - (’1220h - 1)2} - (AO4Oh - 1)3
_ _16(/1040h — 1){(/104% — 1) (’1040h — 1) — (/1220}1 — 1)2} >0
64{(/104011 - 1) + (/1040}1 - 1) (’1040h - 1) - (/1220}1 - 1)2} J
|

2. By taking eq. (3) and (15), we get

{var (6% pst(req) ) — MSE (67 pst(ys))min} >0 (17)
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52 (A20n — 1)?
Pst(reg) if : Z ( ) yh | (Lgon — 1) — m

64 {(Aao0n — 1) (oaon — 1) — (Ayz0n — 1?3 = (Aggon — 1°
—16(Aoson = D{(Aoaon = 1) (Aoaon = 1) = (App0n — 1)*}

- >0
64{(Aoson — 1) + (aon — 1) (Roaon = 1) = (A0, — 1?3 J
3. By taking eq. (5) and (15), we get
{Var( 2Pst(rat)) MSE (a-zPst(YS))min} >0 (18)
52 2 [Quoon = 1) + (gaon — 1)
PSt(reg) b z < )S ~2(Az20n — 1)
64 {(Aaoon — 1) (Aoaon — 1) = (Razon — 1D} = (Rgaor — 1?
~16(Aoson = D{(Aoson = 1) (Aoson = 1) = (pp0n — 1)*} >0
- 2
64{(As0n = 1) + (gson = 1) (Aoaon = 1) = (Apz0n — 1)?} J
4. By taking eq. (7) and (15), we get
5. {Var (6% pse(a,s)) — MSE (8% pseys)) . }>0 (19)

min

6? pst(a,8) U Z( ) yhl(hom 1)—%
|

64 {(/1400h - 1)()‘040}1 - 1) - (lzzoh - 1)2} - (’1040h - 1)3
_ _16(/104011 — 1){(/1040}1 — 1) (/1040}1 — 1) — (/1220/1 — 1)2} >0
64{(/1040h - 1) + (’1040h - 1) (/1040}1 - 1) - (/1220/1 - 1)2}

Iy

5. By taking eq. (9) and (15), we get

{var (6% pseqr)) — MSE (8% porqys)) . }>0 (20)

min
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L
~ . Wy (Aa20n — 1)
6% pse(as) if Z <n_2) Syl Qagon — 1) — 2 Cosn —1)
he1 h 040h

|
64 {(1400h - 1) (/1040h - 1) - (/1220h - 1)2} - (AO4Oh - 1)3

—16(Aoson — D{(Aoson — D(Aoson — 1) — (Aa20n — 1D?} >0
64{(Aos0n — 1) + (Aoson — D (Aoson — 1) — (A220n — 1)?}

]

As the conditions (16)-(20) are always satisfied, it is inferred that the proposed estimator is
more efficient than the other existing estimators under all cases in theory.

V. Empirical Study

5. Numerical Analysis
We will take into account the data set to assess the efficiency of the suggested estimators. The
characteristics of the population are described as below:
Population 1:
Let y is the output and x is the fixed capital of 80 factories [23]. The data have classified arbitrarily
into four strata as x < 500,500 < x <1000, 1000 < x <2000, and x>2000, respectively.

y: Output
x: Fixed capital

Table 1(a): Statistical Description of the Population:

Constants | N, ny, Y, Xy Son Asoon | Aoson | Azz0n
Stratum I 20 11 3006.55 | 65.90 572819.20 | 3.45 1.55 1.49
Stratum II 31 18 4687.62 | 141.90 | 433681.58 | 1.56 3.09 1.73
Stratum III 13 8 6496.23 | 392.38 | 162104.69 | 1.98 1.49 1.56
Stratum IV | 16 8 7795.31 | 74950 | 426528.63 | 2.35 191 2.05

Population 2:

we use the data concerning the number of teachers as study variable and the number of students
as auxiliary variable in both primary and secondary schools for 923 districts at six regions (as 1:
Marmara 2: Agean 3: Mediterranean 4: Central Anatolia 5: Black Sea 6: East and Southeast
Anatolia) in Turkey (Source: Ministry of Education, Republic of Turkey).

Y: number of teachers

X: Number of students
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Table 2(a): Statistical Description of the Population:
Constants | N, | n, Y, Xn Syn Asoon Aoson Az20n
Stratum I 127 | 31 | 703.740 | 20804.59 | 781163.9 | 3.94783 | 6.251589 | 3.720488
Stratum II | 117 | 21 | 413.000 | 9211.79 | 415924.8 | 17.33181 | 19.35622 | 18.35209
Stratum III | 103 | 29 | 573.174 | 14309.30 | 1068054 | 15.87136 | 16.3073 | 16.09088
Stratum IV | 170 | 38 | 424.664 | 9478.85 | 657047.8 | 13.60375 | 11.67999 | 11.65605
Stratum V | 205 | 22 | 267.029 | 5569.94 | 162936.9 | 22.31908 | 23.14865 | 22.30021
Stratum VI | 201 | 39 | 393.840 | 12997.59 | 506549 | 21.49882 | 24.26014 | 21.79386

Table 3: Conditional values of different estimators using real data sets:

Conditional values Population I Population II
Conditional values I 2964740.76 628422.27
Conditional values II 1651010.71 29677.75
Conditional values III 2308528.95 41662.86
Conditional values IV 1254126.31 29677.75
Conditional values V 1651010.71 224246.86
Conditional values VI 6579180.77 706578.08

Table 4: Bias values of different estimators using real data sets:

Estimators Population I | Population II
O(pst) - -
Ugst(Reg) - -
aﬁst(Rat) 248.85 111.00
oﬁst(aﬁ) -6154.30 -124519.90
aﬁstm -6392.45 -218847.51
aﬁst(k) -104.74 1024.01
aﬁst(ys) 247404838.9 4.92057E+19

Table 1(b): MSE and PRE of suggested estimator in relation to 62 pg,

No. 1 2 3 4 5 6 7
Estimators U(zpst) szst(Reg) Ugst(Rat) Ugst(r) O_gst(a,S) Uzzst(k) o 12>st(y5)

MSE 3574695.71 | 2260965.66 | 2918483.90 | 1864081.26 | 2260965.66 | 7189135.72 | 609954.95

PRE 100.00 157.40 121.28 191.77 157.40 49.72 586.06
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Table 2(b): MSE and PRE of suggested estimator in relation to 62 pg,

No. 1 2 3 4 5 6 7

. 2 2 2 2 2 2 2
Estimators O(pst) Opst(Reg) | OPst(Rat) | OPst(a,6) Opst(T) Opst(k) Opsi(vs)

MSE 651146.08 | 52401.56 | 64386.67 | 52401.56 | 246970.67 | 729301.89 | 22723.81

PRE 100.00 1242.61 1011.31 1242.61 263.65 89.28 2865.48

Where
Var 6'2p5t)

PRE =
MSE (8° pse(ry)

x 100 : i = Re,Rat,(a,8),T,and k.

VI. Conclusion

The population variance of the research variable can be effectively estimated using auxiliary
data through an improved estimator under post-stratification. The proposed single and combined
classes of estimators, such as bias and mean square error (MSE), are derived approximately to the
first order of accuracy. Under specific efficiency conditions, the recommended estimator
significantly outperforms existing separate and combined estimators. Additionally, empirical
research is conducted using both artificially generated symmetric and asymmetric populations, as
well as real-world data, to validate the theoretical findings. The results demonstrate that the
proposed estimator is more efficient, with a lower MSE and higher percentage relative efficiency
(PRE) than the alternatives. This study provides clear evidence supporting the robustness and
practicality of the suggested estimator in experimental surveys. Given its superior performance,
we strongly recommend its adoption over traditional estimators for post-stratification variance
estimation. The integration of theoretical and empirical analyses makes this research highly
credible, insightful, and impactful for statistical applications.
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