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Abstract

The Lindley distribution has been useful for fitting lifetime data. In recent times, several authors
studied the extension of the original Lindley distribution. In this paper, we introduced the two general
classes of distributions, which include all earlier versions of Lindley distributions. These general classes
are characterized using conditional expectations of order statistics. Further, there results are applied
to characterize several known distributions like Lindley, X-Lindley, power Lindley, Lindley-Pareto,
Ailamujia, power Ailamujia, Lindley-Weibull, length-biased exponential, inverse Lindley, inverse power
Lindley and inverted length biased exponential distributions.
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1. INTRODUCTION

Lindley distribution is a combination of exponential and gamma distributions. The one parameter
Lindley distribution, initially introduced by [1]]. This distribution has been made extensively
due to its practical applications, ease of implementation, and suitability for modelling lifetime
data. Characterization of distribution plays a crucial role in understanding the behaviour of
the distributions. The theoretical aspect of probability distributions is the core and significant
concept of statistics, as it is the basis for various statistical models. There are several meth-
ods to characterize the probability distributions. Some are the moment-generating function,
entropy function, conditional expectation, recurrence relation, etc. The literature is rich with
studies focusing on characterization via conditional expectations. For instance, [2] characterized
a generalized class of distributions using the conditional expectation of order statistics, while
[3] explored conditioning on pairs of order statistics. Franco and Ruiz [4] gave some general
results of characterization based conditional expectation of adjacent order statistics, whereas
[5] studied the characterizations based on conditional expectations of the doubled truncated
distribution. Balasubramanian and Dey [6] characterized both absolutely continuous random
variables and discrete random variables using conditional expectation. Su and Huang [7] obtained
a relationship between failure and conditional expectations, along with characterization results
based on conditional expectations. Khan and Abouammoh [§] extended the results of [2] to
cases where the conditional order statistic may not be adjacent. Moreover, [9] characterized
distributions through linear regression of non-adjacent generalized order statistics. Gupta and
Ahsanullah [10] developed characterization results based on the conditional expectation of a
function of non-adjacent order statistics. Noor and Athar [15] characterized two general classes
of distributions through conditional expectation of power of difference of two record statistics.
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Ahsanullah et al. [17] established some new characterization results of continuous distributions
by truncated moments, while [21] established characterization results for two general forms of
distributions by truncated moments. Furthermore, [22] examined characterization results based
on conditional expectations of function of random variables when truncation is from both the
left and right sides, whereas [24] developed characterization results for three general classes of
continuous distributions using double truncated moments.

In this paper, we present two generalized classes of distributions, which include several known
distributions such as the one-parameter Lindley, X-Lindley, power Lindley, Lindley pareto, Aila-
mujia, power Ailamujia, Lindley-Weibull, length-biased exponential distribution, and others. We
aim to characterize these classes through conditional expectations of order statistics, contributing
to the ongoing research in statistical distribution characterization. This approach not only enriches
the theoretical understanding of these distributions but also enhances their applicability in various
fields.

1.1. Conditional Distribution of Order Statistics

Let X;,i=1,2,3,...,n be the independent and continuous random variables (r.vs.) having
probability density function (pdf) f(x) and cumulative distribution function (cdf) F(x). Let
X1p < Xoip < -+ < Xy be the corresponding order statistics. Then, the conditional distribution
of Xs., given X,., = x is given by

(n—r)! (F(y) —F(x)* " 11— F(y)"~*) f(y)

G=r—1)i(n—s) A—F@)) X<y @
and the conditional pdf of X, given X5, =y, 1 <r <s <m,is
(s —1)! (F(x))""(F(y) — F(X))S_Hf(X),x <y )

(r=1Ds—r—1)! (F(y))!
See [12].

1.2. Proposed Generalized Classes of Distributions

The Lindley distribution has been useful for its simplicity and ability to model lifetime data
effectively. Ghitany ef al. [11] investigated the properties of the one-parameter Lindley distribution
and demonstrated its flexibility in fitting lifetime data better than the exponential distribution.
Their work highlighted the practical utility of the Lindley distribution in real-world applications.
Ghitany et al. [13] extended the Lindley distribution to a two-parameter form, enhancing its
flexibility and fitting ability. Moreover, [14] introduced the two-parameter extension, offering
additional parameters to capture more complex data behaviors. Further, [20] introduced a new
two-parameter version of the Lindley distribution, which showed an improvement to fit skewed
real data compared to the inverse Lindley distribution, introduced by [16]. In this paper, we
introduced two generalized classes of distributions, named Haseeb generalized Lindley (HGL)
and Haseeb Generalized inverse Lindley (HGIL) class of distributions. These generalized classes
include all the distributions belonging to Lindley and inverse Lindley families.

1.2.1 Haseeb Generalized Lindley (HGL) Class of Distributions

Let X € («,B) be a r.v. having pdf f(x) and cdf F(x), then X is said to follow HGL class of
distribution, if cdf is given as

F(x) =1— (b4 ah(x))e "™, x € (a, B) 3)
and the corresponding pdf is
f(x) = {c(b+ ah(x)) — a}i (x)e "), x € (a, ) )
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Table 1: Sub-model of HGL class of distribution

Distribution F(x) a b ¢ h(x)
One Parameter Lindley - (1+ iex)e’ex ;0,x >0 % 1 0 x
X-Lindley —(1+ g5p)e 6,2 >0 a1 0
Power Lindley — (1+ &5)e0,x>0 2 1 6"
Lindley Pareto 1- (fj;;ii T 0050 K Lg (2)F
Power Ailamujia —(1+ 9xﬁ) .95 0,x>0 6 1 0xP
Lindley-Weibull -1+ 1+9 ) —0ex)f .0 9,8 > 0,x >0 2 16 (ax)f
Length-Biased Exponential 1 — (1 + )e 7;0>0,x>0 % 1 % X

1.2.2 Haseeb Generalized Inverse Lindley (HGIL) Class of Distributions

Let f(x) and F(x) be the pdf and cdf of a continuous r.v. X respectively, then X is said to follow
HGIL class of distribution, if its cdf is given by

F(x) = (b+ah(x))e "™, x € (a, ) )
and corresponding pdf is

f(x) = {a —c(b+ah(x)) }e~ "N (x),x € (a,p) (6)

Table 2: Sub-model of HGIL class of distribution

Distribution F(x) a b ¢ h(x)
Inverse Lindley 1+ ﬁ)e_g'() >0,x>0 % 1 6 %
Inverse Power Lindley (1 -+ (1+%) )e W,0 > 0,x >0 D 1 6 L
Inverted LBE (14 &)e 8,0 > 0,x >0 5 1 3 1

2. CHARACTERIZATION RESULTS

Theorem 1. Let X be the continuous r.v. having cdf F(x) and pdf f(x). Suppose F(x) is defined
for all x € (&, B), with boundary conditions F(«) =0 and F(B) =1, then for 1<r <r+1 <n

e ]n_rr[ —-r+1, el )(b—i—ah( )]

E[h(Xyi1:0) | Xrn = x] = gr+1\r(x) = h(x) + [1 —F(x) [c(n — r)]n 1 Y

if and only if forn —r >0

1—F(x) = (b4 ah(x))e "™, x e (a, B). 8)

where, h(x) is a continuous and differentiable function of x on («,8), a # 0 and I'(n,x) =
/. xoo u"~le~"du be the upper incomplete gamma function.

Proof. Necessary part: In view of (T, we have

(X 1) X = 2] = e [ ) (0 F) "
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Integrating right hand side of the above expression by parts, then we get

1 P / n—r ,—c(n—r
= h(x) + W/ W (y) (b + ah(y))* e gy
1
=h(x) + (I—F(x))"7 x I(x) ©)

where,

I(x) — /X‘B h/(y)(b+ah(y))n—re—c(n—r)h(y)dy'

Let, t = b+ ah(y), implies dt = ah’(y)dy, then we have

eC(}’l*V)h o0 c(n—r)t
I(x) = p / e T dt
t

c(n—r)t
a

, then

Again, substitute u =

c(n—r)b
e a

a n—r e
_ n—r+1-1_—u
I(x) = c(n—r) X L(” — ,)] ﬂ(n—r)(bﬂzh(x)) u e du

a

c(n—r)b

-k [ e, D k) (10)
Now, substitute in (9) to prove the necessary part.
Sufficient part: From (7), we have
- - (acf )
(1= F(x))" "grqapp(x) = (1 = F(x))" "h(x) + i X /C(nr)(iﬂh(x)) u" e tdu. (11)

Differentiating both sides of w.r.t. x, then we have
a1 () (A = F()"" = (n = 1)y () (1= F(x))" "1 f(x) = W (x)(1 - F(x))""  (12)
— (1= 1)) (1 — F())" () — el ()
Also, we have

Grapl0) = e [ 1= P iy

or

[e°]

&r1)r(¥) (1 = F(x))"" = (n — 1) / h(y) (1= F(y)" " f(y)dy (13)

X

Now, differentiate both the sides of w.rt. x to get

8r1)y (¥) (1= F(x))" ™" = (1 = 1)gp )y (x) (1 = F(x))" " f(x) = —(n = r)h(x) x (14)
(1—F(x)" " ().
Now on comparison of with (T4), we get

(1—F(x))"™" = (b+ah(x))" e~ c=rh)
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or
In(1 —F(x)) =In(b+ ah(x)) — ch(x)
Differentiating both sides of the above expression w.r.t. x, we get

f(x) ah’(x) _ ch/(x)

1-F(x)  b+ah(x)

or
B b+ ah(x)
VFO) = wo et ana) ) ™)
or
f) gy Al (%)
T O e (13)
Now integrating both sides of (15), leads to the sufficiency part. ]

Corollary 1. Under the similar conditions as stated in Theorem

c(b+ah(x)) +a
c2(b+ah(x)) °

Proof. Corollary can be proved by substituting » = n — 1 in (7). n

E[h(x)|X > x] = h(x) + (16)

Theorem 2. Let X be the continuous r.v. having cdf F(x) and pdf f(x). Suppose F(x) is defined
over x € (w,8), with boundary conditions F(a«) =0 and F(f) =1. Thenfor1 <r<r+1<mn

be/a 17"
X Xetn] = g2 () = ) = | L (1, 2o abe) ), a2
if and only if
F(x) = [b+ah(x)]e"®); x € (a, B), (18)

where, h(x) is a continuous and differentiable function of x on («, ) and a # 0 and y(a,x) =
fox u~le~"du be the lower incomplete gamma function.

Proof. To prove necessary part, in view of (2), we have

r

E(h(Xr:n)‘Xr+1:n = x) = W

| HF Wy,

I(x), (19)

where,

Let t = b+ ah(y), which implies dt = ah’(y)dy. Then

1 rbe 'b+ah(x) rct
/ te a.

I(x) = EeT A
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Again suppose u = "t | then we get
1 [aebe/a]" rc
I(x) = rc[ ” } 7(T+1,;(b+ah(x))). (20)
Now, substitute into and simplify, this proves the necessary parts.
To prove sufficiency part, in view of (17), we have
1 [aebe/a]" rc
Bira () = h(x) = 2| "] 2t 1, o an )
or
1 aebc/” 7 rc(b+;lh(x))
F g (0) = F) = | 5| [ e @
Differentiate both the sides of w.r.t x,
PE N (2) ()41 (%) + &)1y (1) F (%) = W () (x) = (b +ah(x)) e ™" (x)+ (22)
rE" (%) f(x)h(x).
Again
810 = o [ HOF ) f )y
rlr+1 Fy(x) i
or
X
P ®gipa(x) =7 [ h)F ) fw)dy @)
Now differentiate both sides of w.r.t x, then we get
PE () f ()8 41 (%) + FT ()840 (%) = rh(x)F' 1 (x) f (x) (24
Now after comparing with (24), we have
F'(x) = (b+ ah(x)) e ™)
Taking log on both the sides of above expression, we have
rInF(x) = rin(b + ah(x)) — rch(x) (25)
Differentiating (25) w.r.t. x, we get
flo) _ all(x)
F) ~ bran W) (26)
Hence, the cdf as given in (18). |
Corollary 2. For the condition as stated in TheoremPJand r =1,
c(b+ah(x))
c(b+ah(x))+a—ae  a
E X<x|= 27
0l < 2] = hia) + L)L @)
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3. APPLICATIONS

3.1. Applications of Characterization Theorem
Lindley Distribution

Corollary 3. Let X be a continuous r.v. with cdf F(x) and pdf f(x). Further, suppose that E(X)
exists. Then

Im—r+1,(n—r)(1+60+6x)]

E(Xyi1:n| X = x) = x + O(n — r)n=r+1(1 + 0 + Ox)n—re—(n—r)(1+6+6x)”

(28)

if and only if

F(x)=1— (1 + x)e"x,-e >0,x > 0. (29)

6
1+06
; _ _0 — —
Proof. To prove the necessary part, we compare with , and get a = 175,b = 1,h(x) =
x,c = 6. Now, in view of (7) we get (28).

To prove the sufficiency part, using (I5), we get

0
f(x) { 0 }
S e (30)
1—F(x) 1+ £
Now, integrate both the sides of (30), which leads to the cdf given in (29). ]

Similar result was obtained by [18].

Remark 1: In view of Corollary [I} we get the characterization result for truncated moment. That
is
2460+ 0x

> )=x4 — 77
EXIX 2 %) =x+ 50 5 ov)

The similar result was also obtained by [19].

X-Lindley Distribution

Corollary 4. Under the conditions as stated in Corollary

Tn—r+1,(n—7r)((1+6)>+6x))

E(Xy 41| Xpin = x) = x + 0((1 4 0)2 + 0x)n—re—(Ox+(1+0)%)(n=r) (3 — pyn—r+1"

@1

if and only if

F(x)=1-— (1 + x>e_9x,9 >0,x > 0. (32)

(1+06)?

Proof. First, we shall prove the necessary part. On comparison of with (8), we get

a = UJ#LG)Z,ZJ = 1,¢c = 6,h(x) = x. Now, in view of (ﬁ), we get . Hence, the necessary

part is true.

To prove sufficient part, in view of we have

fo {9_104?9*}. (33)
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This implies the cdf of X-Lindley distribution as given in (32). |

Remark 2: In view of Corollary [l we have

(14+60)2+6x+1
O[(1+6)2+6x]

E(X|X>x)=x+ (34)

This characterizing result was also obtained by [23]].

Power Lindley Distribution
Corollary 5. Let X be a continuous r.v having cdf F(x) and pdf f(x). Let E(X") exists, then

In—r+1,(n—r)(1+0+0x")]

o _ IR 4
E(XF 10| Xrm = x) = 2% + O(n — r)n—r+le=(n=r)(1+0x*+6) (1 4 § 4 gxa)n—r’ (35)
if and only if
Fix)=1-(1+ O )et 950250 (36)
1 +9 7 7 .
Proof. Necessary part: By comparing with (8) we get
a= 1%,17 =1,c=0,h(x) = x*. Now on application of @), we get .
Sufficient part: In view of (15), we have
fax®—1
: f(;;) — {a@x"‘_l _ 1+99 - }/ (37)
— F(x) 1+ 7gx
which gives cdf of power Lindley distribution as given in (36). |

Remark 3: The result for characterization based on truncated moment can be seen in view of
Corollary [T as below:

2460+ 0x"
> — o _—
E(X|x>x)=x +1—|—9+9x"‘

Lindley Pareto Distribution

Corollary 6. Under the similar condition as given in Corollary [5}

xP—aP
P [(a+ GxP)e%H“]”—’F[n —r 41, Do)

P — y) = 4
E(Xr+1:n|X”3” - x) ="+ 9(71 _ r)n7r+1 : ’ (38)
if and only if
((Xp +x”9) _9(£_1)
F == 1-—-—7 oF .
() (1+0)a? (39)
Proof. Corollary [f] can be proved on the lines of Corollary [} n

Remark 4: The characterization result for truncated moment can be obtained on application of
Corollary

(af + 0xP) (2P 4 OxP)
0

E(XPIX>x)=xF +

420



Haseeb Athar, Mohd. Amir RT&A, No 1 (82)
CHARACTERIZATION OF SOME GENERALIZED DISTRIBUTIONS Volume 20, March 2025

Power Ailamujia Distribution

Corollary 7. Let X be a continuous r.v. having pdf f(x) and cdf F(x), then

8 v B Tn—r+1,(n—r)(1+6xP)]
E(Xr—i_l:n‘xr:n =H=+ (n —r)n=r+19(1 4 Gxﬁ)nfre—(n—r)éxﬁﬂ ’ (40)
if and only if
F(x)=1— (1+6xP)e ;0 > 0,x > 0. 1)

Proof. Necessary part: On comparing of with , we geta=c=0,b=1,h(x) = xP. Now
on application of (7), we get [@0).

To prove sufficient part, In view of (15), we have

f(x) g1 P!
——— =10 - . 42
1—F(x) px 1+ 0xP (42)
Now integrate both the sides of w.r.t. x to get (#1). ]

Remark 5: For f = 1 in (40). we get the result for Ailamujia distribution.

In—r+1,(n—r)(1+ 0x)]
9(1 4 gx)n—re—(n—r)(1+9x)<n _ r)n—r—i—l '

E(Xr+1:n|Xr:n = x) =x+ (43)

Further, the characterization based on truncated can be obtained using as below:

24 0xP

EXPIX>x)=xP+
(XX 2 x) ="+ G0
Lindley-Weibull Distribution

Corollary 8. Let X be the continuous r.v having pdf f(x) and cdf F(x), and E(X¥) exist, then

Tn—r+1,(n—r)(1+6+6(ax)P)]
9“/5(1 404+ g(lxx)ﬁ)nfr(n _ r)nfrJrlef(nfr)(l+9+9(rxx)ﬁ)

E(XP | X = %) = 2P + , (44)

if and only if

Flx)=1-—(1+ 6 (ax)P e 0@y B,6>0,x>0. (45)
146
Proof. Corollary [§|can be proved easily on the lines of Corollary [/} |

Remark 6: The result for characterization using truncated moments based on Corollary [1|is given
as

2+ 60+ 0(ax)P
0aP(1+ 0+ 60(ax)P)

E(XP|X > x) = xP +

Length-Biased Exponential (LBE) Distribution
Corollary 9. Let X be the continuous r.v. having pdf f(x) and cdf F(x), and E(X) exist, then

0 \""Mrn—r+1, 04
E(Xy 10| Xpn = x) = x + < ) | i)c+9( ) ’ (46)
n—r ((0+x)e” o )=
if and only if
p(x):1_<1+;>e§;9>o,x>o. 47)
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Proof. To prove necessary part we compare of (47) with (8) and get

=¢,b=1,h(x) = x. Now using @), we get .

a =

S

To prove sufficient part, in view of , we have,

=

1—-F(x) 6 1
which gives the cdf as given in (7). ]

+
IR

Remark 7: The result for characterization using truncated moment can be seen using as:

x 4+ 20
x40

EX|[x>x)=x+
Similarly several other distributions that belong to this class can be characterized.
3.2. Applications of characterization Theorem

Inverse Lindley Distribution

Corollary 10. Let X be a continuous r.v. having cdf F(x) and E(X!) < oo, then

0+x(1+6) r
_ _ 1 xe  x {0 +x(1+6
E(Xp [ Xrp1m = x) =271 = e {r{G%—x(l—f—G)}} v(r+1, M)/ (49)
if and only if
6 1
F<X): <1+1_i_9x)€2,'9>0,x>0. (50)

Proof. First we shall prove the necessary part. On comparison of with (18), we get
a = %,b = 1,c = 0,h(x) = % Now in view of , we get . Hence the necessary

part is true.

To prove sufficient part, from (26), we have

+— (51)

which give cdf as given in (50). [ |

Remark 8: The characterization result for truncated moment can be obtained on application of
Corollary [9|as below:

0+x(1+6)

0+x(24+0—e * )

EXIX < x) ="+ g e

Inverse power Lindley Distribution

Corollary 11. Let X be a continuous r.v. having cdf F(x) and E(X %) exists, then

0+x%(1+6) v
1 xte T r
- _ I o o
E(XYZH‘XV-FLn _x) =X 7’6 |:7’{x“(1+0)+9} ’)/(1"1‘1, xa (9+x (1+0)))I (52)
if and only if
0 1\ _e
F(x) = <1+1+()x‘">e @ n,0>0,x > 0. (53)
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Proof. Corollary can be proved on the lines of Corollary n

Remark 9: Under the similar condition as stated under Corollary [11] the result for truncated
moment is given as

» L O ar(24 0
BXIX s x) =" — o))
Inverted LBE Distribution
Corollary 12. Under the conditions as stated in Corollary
B X = 1) = 27 = (1, (L), 69
if and only if
F(x) = (1+61x)e_91x,9>0,x>0. (55)

Proof. Proof is straight forward.
[ ]

Remark 10: The characterization result for truncated moment using Corollary [J]is given as:

1+6x

O(1+x(0+1—ewx ))
1+ 6x ’

EXUYX<x)=x"14

4. CONCLUSION

In this study, we defined the HGL and HGIL classes of distributions, and characterized these
using the conditional expectation of adjacent order statistics. This approach has demonstrated
efficiency in differentiating the characteristics of the HGL and HGIL classes of distributions.
Moreover, we obtained characterization results for right and left truncated moments for HGL
and HGIL classes of distributions. Further, main results are applied to characterize several well
known continuous distributions, such as the one-parameter Lindley, X-Lindley, power Lindley,
Lindley Pareto, Ailamujia, power Ailamujia, Lindley-Weibull, and length-biased exponential. Our
findings unify the earlier results obtained in the literature.
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