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Abstract 
 

In this article, decision-making models based on Z numbers were studied during the decision-making process 

under conditions of incomplete information, and a number of scientific and practical issues related to their 

application to solving the given problem were reviewed. As a result of the research, it became clear that it is not 

easy to form rational decision-making ability and make optimal decisions in conditions of uncertain, fuzzy or 

incomplete information based on existing approaches, and sometimes it is inaccurate. Thus, solving real decision-

making problems, decision analysis, and systematic analysis in economics, ecology, and other fields are 

characterized by vagueness and partial reliability of certain data. In this regard, the Z numbers proposed by 

Professor Zade have a strong effect in expressing the uncertainty due to the unique structure. 

This paper proposes a fuzzy approach for decision making based on Z-information based on exact computation 

on Z-numbers when solving decision-making problems under conditions of incomplete information. The 

approach is intended for hierarchical imprecise models. In the article, the models considered in relation to the 

research and application of decision-making models based on Z numbers are based on the processing of 

uncertain information and the use of word computing technology in decision-making. 

 

Keywords: fuzzy information, fuzzy sets, Z numbers, probability distribution, decision 

making model 

 

 

I. Introduction 
 

Fuzzy logic theory deals with the processing of information that is vague, imprecise, fuzzy, 

partially true, or has no sharp boundaries arising from perception and intelligence. Fuzzy logic 

can be applied to linguistic evaluation, decision making, and information analysis with linguistic 

evaluation. Fuzzy logic, including fuzzy sets, linguistic variables, fuzzy rules, fuzzy mathematics, 

fuzzy database queries, computational theory of intelligence, and linguistic evaluations for 

computing with words, are very useful in determining the degree of uncertainty of variables. 

In the researched problem, if the uncertainty arising during information processing is due to 

randomness, lack of information, the theory of probability, and if it is due to the inaccuracy of 

information, the theory of fuzzy logic is applied as a powerful tool. 

The presence of uncertainty and inaccuracy in the vast majority of information in decision-

making models requires greater caution and high intellectuality. Thus, it is difficult to form a 

rational decision-making ability based on imprecise, fuzzy or incomplete information [1]. 

 Currently, one of the most effective and widely analyzed research problems is the problem of 

multi-criteria decision making. As uncertainty, impreciseness and complexity exist in the studied 

environment, fuzzy sets [2] will enter as one of the widely used key issues in the decision making 

process.  
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The purpose of the research in [2] is the study of representation models of uncertain 

information and its application to management. In this study, models of description and 

processing of fuzzy, imprecise information were analyzed. Issues of qualitative analysis of the 

researched information were considered. For this purpose, models based on objective and 

subjective probability theory, interval type, 1st, 2nd type and generalized fuzzy models, hybrid 

models were analyzed when solving decision-making problems under conditions of incomplete 

information, and the problems of processing uncertain information were considered. 

Real decision-making problems in decision analysis, systematic analysis, economics, ecology and other 

fields are characterized by the vagueness and partial reliability of certain data. In recent times, the solution of a 

number of scientific and practical issues related to the research and application of decision-making models 

based on Z numbers has been considered. The considered models enable the processing of uncertain 

information and the use of word computing technology in decision-making. The concept proposed by 

Professor Zade - Z-numbers has become a center of research in fuzzy theory. Unlike previous fuzzy sets, Z 

numbers have a stronger ability to express uncertainty due to their unique structure [3,4]. 

The article [5] describes the methods of forming the uncertainty caused by the loss of information during 

the solution of a number of problems using Z numbers. To achieve this goal, the article examines how to 

convert real numbers and fuzzy numbers into Z numbers, and develops a new system of Z-linear equations. 

Two processes of Z numbers ranking methods are presented in models that can efficiently 

use uncertain decision-making data [6]. Decision making is based on the proposed Z numbers. In 

this work, first Z numbers were converted into fuzzy numbers, and then ranking method using 

sigmoid function and sign method were used to record fuzzy numbers. In the next step, the 

method is extended to related Z numbers. This method was used to prioritize items and solve 

some patterns. 

 

II. Models based on Z number theory 
 

The Z number represents both the uncertain variable and its reliability. The Z number is used 

in decision-making, risk assessment, etc. A multi-criteria fuzzy decision-making method with 

stronger potential is proposed by its application in fields. Here, the assessment of each alternative 

by evaluators for each criterion, as well as the reliability of this assessment, is described as a Z 

number [3-6]. 

Decisions should be made based on accurate information. For decisions to be useful and 

effective, information must be reliable. Therefore, it is more appropriate to use the number Z. The 

Z number is a fuzzy number that describes the reliability of the information. The number Z is 

represented by the pair Z=(A,B) with two components. The first component A is the admissible 

constraint on the acceptance of the real-valued variable X into the fuzzy set. The second 

component, B, is a measure of the reliability (certainty) of the first component. Typically, A and B 

are described in natural language. Calculation with Z numbers is considered more important [5-7]. 

For example, "İnci is excellent" (Very High, Probable). The first part, "Very High" is the assessment 

limit of Pearl's knowledge, that is, the value of A, and the second part, "Probable" is R, which is a 

measure of probability that tells how true this information is. 

Counting with Z numbers belongs to the field of counting with words (CW or CWW). This 

article introduces the concept of Z number and methods of calculation with Z numbers. The Z-

number concept has great potential in many applications, economics, decision analysis, risk 

assessment, and predictive problems based on characteristic rules of inexact functions and 

relationships. 

Zade introduced the concept of Z-numbers to describe vague information in a generalized 

form. A Z-number is a pair of fuzzy numbers )
~

,
~

( BA . Here, A
~

 is the value of a variable, and B
~

represents an idea closely related to a certain concept, such as certainty, confidence, reliability, 

degree of accuracy, and probability. Let's look at an example: Which number is more accurate for 
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the highest age limit among people in the country: (about 100, true) or (about 90, very true). The 

main field of application of the proposed number theory Z will be word computing technology. 

In modern activity models, for example, socio-economic, technical-medical models, it is very 

difficult to solve decision-making problems without taking into account the intuitions of the 

decision-maker. It is known that in classical decision-making models, probability values are 

required to be accurately described. In most real-world cases, this is impossible to achieve. In 

reality, especially in economics, information is subjective and imprecise. There are many 

approaches that describe the imprecision of relevant probabilistic information: classical numbers 

(level 0, for example, 1.9-17); interval numbers (level 1, for example, temperature from 20 to 25); 

random number (level 2, for example, male height is normally distributed around 1m 85cm); fuzzy 

number (level 2, eg its moral weight is "too great"); finally, Z-numbers (level 3, for example, the 

price of crude oil on the world market will be "high", the belief is "great"). One of these approaches 

is used for hierarchical imprecise models [3-7]. These models are used to account for second-order 

uncertainty that describes real problems. According to this approach, the opinion of the expert 

about the imprecise probabilities is estimated imprecisely. 

       

III. Methods of solving the decision-making problem based on Z-numbers 
 

It should be noted that in recent decision-making models, optimal decisions are made based 

on Z-numbers. Because Z is a fuzzy number that describes the reliability of information. Therefore, 

it is considered more appropriate to use the Z number. Lutfi Zade proposed some operations 

using the expansion principle for computation with Z-numbers.Diskret ədədlər üzrə arifmetik 

əməliyyatların ümumi strukturu. 

For example, 1 1 1( , )Z A B  and 2 2 2( , )Z A B are discrete Z-numbers that describe information 

about the characteristics of the random and variable. It is possible to perform various analytical 

calculations on Z-numbers as well as on fuzzy numbers [9-11]. 

 

12 1 2 , { , , , /}Z Z Z                                                                                  (1) 

 

First, 12 1 2Z Z Z     is calculated: 

 

1 2 1 2 1 2( , )Z Z A A R R                                                                              (2) 

 

Here we describe the discrete probability distributions with R1 and R2: 
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Restrictions on probability distributions (4): 
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is given. Here, the composition 12 1 2p p p  is the convolution of 1 2R R  , { , , , /}    . 

The 'true' probability distributions 
1Rp  and 

2Rp  for 1 1 1( , )Z A B  və 2 2 2( , )Z A B  are not 

precisely known. Known information is given in the form of fuzzy constraints. That is, 
 

11
1 1 1

1

( ) ( )
n

k R kA
k

x p x B dir


 ,        
22

2 2 2

1

( ) ( )
n

k R kA
k

x p x B dir


  

 

 This is described in terms of membership functions: 
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                            (6)   

 

It means that there are fuzzy sets of probability distributions 
1Rp  and 

2Rp  with membership 

functions.  
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                                                      (7)       

                  

Then, since 1B  and 2B  are discrete, the values of     

 

( )
j

jlB
b ,  

supp ,jl jb B 1,2; 1,...,j l n                                                       (8) 

 

µ can be found by solving a series of linear programming problems: 
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                                                                          (9)       

 

We recognize that the "true" probability distributions p1 and p2 are not exact. There are fuzzy 

constraints µp1 and µp2 of p1 and p2 generated only by B1 and B2. 

During the solution of the linear programming problem, we calculate the membership 

degrees µpj (xj ), j=1,2. Consider finding the membership degrees µp1 and µp2 of the distributions p1 

and p2. It is calculated according to the formula 
 

                                         (  )     (∑    (   )  (   )
  
   ) 

 

using the known values of A1 and p1. 

For the solution of the jp  th problem, each 1,...,l n index is denoted by jl jp p . The 

membership degree of p is calculated as (10): 

1

( ) ( ) ( )
j j j

n

p j k j kB A
k

p u p u  


 
  

 
 , 1,2j  .                                             (10) 
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The probability distributions 1lp  and 2lp bring the fuzzy set to the fuzzy set 
2

12 , 1,..., ,sp s l  and their membership functions are described as (11): 

12 1 2 1 212 , 1 2( ) max [ ( ) ( )]p p p p pp p p    , 12 1 2p p p                                           (11) 

Here the sign “ ”  is a min operator. 

According to (12) in the next step  

                       12 1 2A A A                                                                            (12)                     
 

the fuzzy price is calculated: 

       
12

12 12( ) ( ) ( )
A

w

P A p w w                                                                   (13) 

In the last step,  

        12( )P A 12 12( )P A b                                                                              (14) 

we calculate the probability measure b12, where 12p is known. However, we only know the fuzzy 

constraint described by the probability function. 

Thus, 12( )P A is a B12 fuzzy set with 
12B

 membership function: 

1212
12 12( ) sup( ( ))

ss p sB
b p 

, 12
12 12 ( ) ( )s s k kA

k

b p x x                                            (15) 

Consequently, Z12 is calculated as: 

12 1 2Z Z Z  , { , , , /}     12 12 12( , )Z A B  

Figure 1. shows the probability measure indicating that the knowledge assessment threshold 

is correct on a 10-point scale (A). 

     

Figure 1: Results of summing discrete Z-numbers 

 

IV. Result 
 

This article presents an approach for Z-information based decision making based on exact 

computation on Z-numbers under conditions of incomplete information. This approach is based 

on finding a probability measure by applying arithmetic operations on discrete Z-numbers that 

describe information about the properties of random variables X1 and X2. This approach is widely 

used in solving management issues in the field of economics. 
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