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Abstract

A multi-server queueing system with synchronous differentiated working vacation policy, Bernoulli
schedule vacation interruption, and customer impatience (balking and reneging) is studied. The system
consists of ¢ servers and a finite capacity N, where customers arrive according to a Poisson process and
are served in the chronological order of their arrival. When the system becomes empty, servers wait for a
random duration before entering a type-1 working vacation, during which service is provided at a reduced
rate. If customers are present in the system at the moment of service achievement during this period, the
vacation is interrupted. With a certain probability, servers return to the regular busy period; otherwise,
they continue the working vacation. Upon completion of the working vacation, if the system is still
empty, servers can take another working vacation of shorter duration, named type-2 working vacation;
otherwise, they switch to the reqular busy period. Customer impatience is considered during both the
normal busy period and working vacations. A recursive analysis method is used to find the steady-state
probabilities of the system. Then, some important performance measures are obtained. Furthermore, an
optimal operational policy for the model is developed to minimize the total expected cost. The Grey Wolf
Optimization (GWO) meta-heuristic approach is employed to determine the optimal service rates for both
working vacations and normal busy periods. Finally, several numerical examples are provided to validate
and support the theoretical findings.

Keywords: Multi-ser ver queue, differentiated vacations, impatience, GWO algorithm, cost opti-
mization.

1. INTRODUCTION

Queueing models have gained considerable attention due to their significance in shaping and
evaluating telecommunication systems, computer systems, and production management [8} 22}
23].

The concept of a server vacation queue has gar nered extensiv e resear ch attention, primarily
due to its unique characteristic of allowing the server to utilize idle time for various tasks, such as

393


mailto:aimen.dehimi@univ-bejaia.dz
mailto:aimen.dehimi@univ-bejaia.dz

A. Dehimi, M. Boualem, A.A. Bouchentouf, S. Ziani, L. Berdjoudj RT&A, No 3 (79)
ANAL YSIS OF A FINITE-SPACE MULTI-SERVER QUEUE Volume 19, September 2024

maintenance, service industries, production and manufacturing systems, or just taking a break [7].
For example, the growing utilization of wireless cellular netw orks has led to a substantial surge
in ener gy consumption. To addr ess this issue and promote the development of ener gy-ef ficient
wir eless cellular netw orks, resear chers have introduced the concept of hiber nation or sleeping for
base stations (BS) during periods of inactivity . This appr oach is akin to the concept of a server
going on vacation, wher e the BS temporarily reduces its power consumption when there are no
active users in the network. In the classical server vacation queue, a server temporarily ceases its
service during a designated vacation period [9,[10}21]. It is important to note that some systems

are designed with the presence of an alter nate server that operates at a different, often lower,
service rate when the primar y server takes a vacation. Such a system is commonly referred to as
a working vacation queue. In most working vacation policies, the server typically returns to its
regular service rate after the vacation period ends, but only if there are customers waiting in the
system. The idea of a working vacation was initially introduced by [24], wher e they proposed

that the server does not entirely cease its operations during a vacation but continues providing

service to the queueing system at a reduced rate. This concept has paved the way for various

working vacation policies, enhancing the flexibility and efficiency of queueing system designs.

These models have been discussed by different authors [3} 4] [12][16][26].

In numer ous practical scenarios involving congestion, there are occasions when urgent events
take place during vacation. As a result, the servers must interrupt their vacation and resume work
instead of utilizing the remaining vacation time. Otherwise, such a situation incurs a substantial
cost in terms of waiting customers. The concept of vacation interruption was initially introduced
by [14]. Subsequently , [15] conducted a study on a GI/ M/ 1 queue utilizing a supplementar y
variable method. Further discussions on an M/ PH/ 1 queue, considering working vacations
and vacation interruption, can be found in [2]. For more in-depth studies, additional refer ences
include [11}[13} 17} 18], and refer ences therein.

In the past two decades, there has been a significant focus on the subject of impatient
customers within queueing theory. This resear ch area has proven to be intriguing and challenging,
particularly in the context of globalization, hospital emer gency rooms handling critical patients,
and other relevant domains. As a result, the topic of queueing models with server vacations and
impatient customers has gar nered significant attention in the literatur e 1[5} 18 [20} [25].

The main aim of this work is to conduct an analytical and optimization analysis of a finite
capacity queue with multi-ser ver and impatient customers (balking and reneging behaviors), in-
corporating vacation interruption and differentiated working vacations. The suggested queueing
model presents promising applications across diverse sectors, including call centers, telecommu-
nications and manufacturing, wher e servers can experience periods of downtime. In this resear ch,
the steady-state probabilities of queue length when servers are in working vacations period (type-1
and type-2), and in normal busy period are investigated using the recursiv e analysis ap proach.
Several important perfor mance measur es are derived from these probabilities. Optimization in
queueing systems is crucial in practical applications. In this study, the optimization problem
tackled is complex and challenging, as the objectiv e function is nonlinear on the service rates. To
addr ess this issue, the GWO algorithm is emplo yed to deter mine the optimal service rates for
both working vacations and normal busy periods, aiming to minimize the expected total cost.
The GWO algorithm is known for its high perfor mance in both unconstrained and constrained
problems [19]. It has shown competitiv e results compar ed to well-established heuristics in swarm
intelligence. Notably , the application of the GWO algorithm in queueing theory is relativ ely scarce
in the existing literatur e. The present work can be consider ed as an extension to the resear ch in
reported [6], wher e the steady-state distributions were investigated in the case of a single server.
By applying the GWO algorithm and considering the multi-ser ver case, this paper contributes
to the understanding and analysis of the consider ed model. Finally, numerical examples are
presented to evaluate the behavior and perfor mance of the proposed queueing system. These
numerical results provide insights and support our findings.

The structur e of the paper is as follows: Section 2 provides a detailed description of the
queueing model being studied. In Section 3, we deriv e the steady-state distributions of queue
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sizes during different server periods, including working vacation and normal busy periods.
Section 4 gives explicit formulas for different perfor mance measur es of the queueing model.
Moving on to Section 5, we analyze the effect of various system parameters on the perfor mance
measur es through graphics. In Section 6, we addr ess an optimization problem related to service
rates using the GWO algorithm and present numerical results. Finally, section 7 gives a general
conclusion and perspectiv es.

2. OVERVIEW AND ANALYSIS OF THE PROPOSED FRAMEWORK

We investigate an M/ M/ ¢/ K queue with impatience, operating under the differentiated working
vacations along with vacation interruption. The fundamental assumptions under pinning this
queueing system are outlined as:

o Customers enter the system in line with a Poisson process characterized by a rate of a.

o The time during a normal busy period of each server follows an exponential distribution
and is denoted by service rate p;.

o Customers are served in accordance with FCES (First-Come-First-S erved) discipline and the
capacity of the system is consider ed to be finite, say K.

o The time during working vacations of each server follows an exponential distribution and is
denoted by service rate py (p2 < py).

o The queueing system under consideration involves multiple servers, denoted by c, when
the system has no customers the servers wait for a random duration of time befor e leaving
collectiv ely for type-1 working vacation. Subsequently , When the servers return from their
working vacation and find the system non-empty, they change their service rate from p,
to y; and a normal busy period starts. If the servers return to find an empty queue, they
immediately leave for another working vacation.

o The waiting time for the servers follows an exponential distribution with rate A.

o Following the completion of the waiting time duration, they begin an initial type-1 working
vacation exponentially distribute d with parameter ®;. Once they return from the initial type-
1 working vacation, if there are no customers in the queue, they transition to type-2 vacation
which follows an exponential distributions characterized by parameter @,. Other wise, they
return to the normal busy period and start serving customers in the queue.

o Upon a customer ’s arrival during the vacation period, within this phase. Upon completing
a service, if there are customers in the queue, the servers follow the Bernoulli distribution.
They may opt to interrupt the vacation and move to the normal busy period, a choice
deter mined by the probability denoted as p’. Alter natively, the servers may choose to
continue the vacation, a decision made with the complementar y probability f=1— . Itis
crucial to note that the vacation service rate exclusiv ely applies to the first arriving customer
during the working vacation period.

« Upon customer arrival, a decision is made based on the following probabilities: The
customer opts to either join the queue with a probability denoted as  or decide not to and
balk, with the complementar y probability expressed as l/J;( =1 — ¢;. This decision-making
process occurs when there are already k customers ahead in the queue, where c <k < K.
It is important to note that the probabilities 1 satisfy the conditions 0 < ¢, < ¢ <1,
c<k<K—1ty=1,., 9.1 =1, and gg = 0.

o During the normal busy period or either type-1 or type-2 working vacations, customers are
governed by impatience timers: Ty, Tj, or T, respectiv ely. These timers follow exponential
distributions with parameters g, ¢;, and ¢,. In practical terms, if a customer ’s service
doesn’t commence befor e the timer expir es, they will abandon the queue (renege), and their
retur n is not anticipated.

The variables introduced are mutually independent.
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2.1. Real-w orld implementation of the model

The consider ed queueing system finds practical application in technical softw are product support
centers. Customers seeking assistance with technical issues contact the support center, arriving
randomly over time according to a Poisson process (x). During regular operating hours, support
agents attend to customers, with service times following an exponential distribution at rate ;.
when there is no call in the system, the support agents are allowed to remain in an inactiv e state
for a random period (waiting time). After that, support agents enter type-1 working vacation,
wher e service capacity decreases to y,. Upon return from a working vacation, if there are non-
calls, agents transition to a type-2 working vacation. At the time during both type-1 and type-2
working vacation modes, if some calls are present in the system, the support agents can continue
operating with probability B or they will switch to the normal busy period with probability
,B/ =1— B and be processed immediately (working vacation interruption). Calls decide whether
to join the queue with probability @ and 1 — ¢ denotes the probability that they decide to balk
when there are n > c incoming calls in front of them in the system. Additionally , during various
operational phases, customers are subject to impatience timers (Ty, T;, T), abandoning the queue
if service doesn’t commence before timer expiration (reneging).

3. EXAMINATION OF THE PROBABILITIES IN A STEADY-STATE

We consider the bi-variate process (S(t), L(t))(;>0), wher e L(¢) is the number of customers in the
system at time f, and S(t) defines the state of the servers at time f and takes one of three values,
such as S(f) = 0 : when the servers are in normal busy period at time ¢, and S(t) = 1 (resp.
S(t) = 2): when the servers are in type-1 (resp. in type-2) working vacation period at time f.
The joint probability Pj; = tli_)n;oP{S(t) = j, L(t) = k, (j,k) € Q}, denote the steady-
state probabilities of the system. Figure [I| shows the transition diagram of the consider ed
model. Next, to avoid overloading mathematical expr essions, the following notations are used:

0, k=01, 1> k=1,
ck=19 KBua 2<k<c—1, @u=1 ku+(k—1)&, 2<k<q
B k>c o+ (k—1)&%, k>c+1,
Has k= 1,

Gk =19 kBuj+(k—1)¢, 2<k<c—1,
cBuaj+ (k—1)¢;, k>c

Using the principle of balance equations

(a+A)Poy = 1Py, k=0, (1)
(& +kpy + (k—1)¢o)Pox = aPor—1 + ((k+ 1)1 + ko) Pogs1 + PrPig 2)
+(k+1)B'UaPrpy1 + PaPoy, 1 <k<c—1,
(ape +cpy + (¢ — 1)Go) Po,c = (cp1 +¢8o)Pocy1 +aPoc1 + D1 Py 3)
+cB UaPrcy1 + PoPoc + B UuaPacy,

(atp +cpr + (k—1)8o) Po = a1 Pox—1 + (cp1 + ko) Po i1 + P1Pyg (4)
+cB UaPr g1 + PoPog 4+ cfpaPogir, c+1<k<K—1,

(cur + (K —=1)¢0)Po.x = apg_1Pox—1 + P1Prx + P2Poks (5)

(a +D@1)Pyy = APy + 2Py, k=0, (6)

(a4 kpz + (k= 1)81 + P1)Prg = aPrj—y + ((k+ 1)z +kG1)Prsr, 1 <k<c—1, (7)

(atpe +cpr + (¢ = 1)8 + D) Py = aPy oy + (cBpz + ¢C1)Prciis (8)

(e +cpa + (k—=1)G1 + P1)Pr g = a1 Py + (cBpa +k&1)Prjprc+1 <k<K—1, (9)
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Figure 1: State transition rate diagram
(cpy + (K —1)¢y) +®)Prx = apg 1 Pr g1, (10)
aPyog = 1Py + paPrys k=0, (11)
(& +Fkpy + (k—=1)G2 + Dy)Po = APy iy + ((k+1)Bpa +kG2) P, 1 <k<c—1, (12)
(e + cpz + (¢ = 1)82) + D) Py e = aPy g + (cPpa 4 ¢C2) Py, (13)
(@ +cpa + (k= 1)G2) + P2)Poy = athp_1 Py—y + (cBpa +k&2)Prjrrc+1 <k <K—1,
(14)
(cpa + (K=1)C, + @) Pk = atpg_1Prg—1, (15)
The normalizing condition is
K
Y (Pox+Pr+Poy) = 1. (16)
k=0

Now, we present the solution of the equations above in the following theor em.

Theorem 1. The probabilities describing the system size in different operational periods, namely
the type-2 working vacation period (P,y), type-1 working vacation period (P;j), and normal busy
period (Py), in the steady-state are respectiv ely expressed as follows:

K

-1
Py = 0Pk = 6 (Z(Qk + @16, + Orwy — l"k)> , k=0,1,2,.., K. (17)
k=0
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and
K —1
Pk = <Z(9k+®1(5k+®2wk—rk)> . (24)
k=0

Proof. The stationar y probabilities, denoted as Py, Py, and Py, are deter mined using
equations - , expressed in terms of P, k. To calculate P,;, we use a recursiv e appr oach to
solv e equations ~ (15). This leads us to deriv e expr essions and (20).

For P;, we find it to be equal to ©,6;P; g, with J; defined by . Utilizing equation , we
obtain equations and (22).

By solving equations - (5), we can express Py in terms of both Py g and P, k. Further, with
the assistance of equation (6), we deduce Py as a function of P, g, as given in (19).

Finally , we ensur e that these probabilities satisfy the normalization condition (see equation

(16)), which leads us to equation (24). [ ]

4. METRICS OF SYSTEM PERFORMANCE

> The probabilities associated with different server states—nor mal busy period, type-1 working

vacation, and type-2 working vacation-ar e defined as follows:
K K

K
Py, = Py ) (@ — Tg), Pyo1 = @1 Pk Y & Pyor = Pox Y bk
k=0 k=0 k=0

> The probabilities of the servers being idle during the busy period (P;;) and actively working
during the normal busy period (Py;) are expressed as follows:

Py = (©ywg —Ty)Poyk.

K K
Pyp=1— [PZ,K <(®2w0 —To)+01 ) 6+ ), Qkﬂ . (25)

k=0 k=0
> The expressions for the expected number of customers in the system (L;) and in the queue
(Lg) are defined as follo ws:

K
Ls =Dk [2(®2kwk — kT + ©O1ké; + k6;) | . (26)
k=0
K
Ly =Pk [Z(@z (k—c)wg — (k=) + Oy (k— ) + (k— C)Gk)‘| . (27)
k=c

> The expression for E.s (expected number of customers served per time unit) is given by:

c—1 c—1 K K
Ees = Pox |19 Y ke — iy Y kT + 1Oy Y wie —cpy Y rk}
n=c

c—1 c—1 K K
+DP x| 1201 Z kép + 125) Z ko0, + C]lz@l Z O + CHy Z Ok | -
k=1 k=1 k=c k=c

> The expr essions for the expected waiting time of customers in the system (W) and in the
queue (Wj) are given by:

Ws = e and Wq = T where A = A — B;. (29)
> The expected reneging rate:
K K
Ry = Pog | Y2 (€0@s(k — ey — Eolk— DI+ 610, (k— 1)) +8& Y. (k— D& | . 60)
k=1 k=1
> The expected balking rate:
K
B, = IXPZ,K l2(®2¢ka - lpkrk + @11/1](5]( + wkek)] . (31)
k=c
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5. N UMERICAL RESULTS

This section presents various numerical examples to illustrate the influence of different parameters,
including «a,®y, ¢o, P2, ¢, C1, K, {2, on the perfor mance metrics of the queueing model (P, Pypas
Pyn, Pig, By, Ry, Ecs, Ls, Lg, Ws, A/). To do this, we use the probability of non-balking defined as:

k
Yr=1-¢.

e Scenario 1: We fix « = 0.01 : .01 : 5, [3/ =03, P =115 &, =138,y =07, ¢ = 1.1, {; = 1.5.
We consider the following cases:

—Case 1:py =25 =1, A=03, c=[1;23;4], K=10.

— Case 2: 4 =25, yp =1, A=03, c =3, K=[10;15;20; 25].

e Scenario 2: We fix &1 = 0.01 : .01 : 2.5, a =2, y; = 2.5, yp =1, A =03, &, = 1.8, c = 3,
K = 10. We study the following cases :

— Case 1: & = [0.6;0.9;1.2;1.5], & = 1.1, & = 1.5, B =0.3.

— Case 2: & =07, & =[081.1;1417], & =15 g =03.

— Case 3:8,=07, & =11, & = [1.5182.1;24], B =03.

e Scenario 3: We fix ®; = 0.01 : .01 : 3, x =2, yy = 2.5, pp =1, A =03, & = 1.15, c = 3, K = 10.
We study the following cases :

— Case 1: & = [0.6;0.9;1.2;1.5], & = 1.1, & = 1.5, f =0.3.
— Case 2: 8o =07, & =[0811;1417], & =15 B =03.

— Case 3: 80 =07, & =11, & = [1.51821;24], f =03.

45
—c=1
4| ——c =
—c=3
35 ——c =4
3l
L 250
ol
15F
b
05f
0 i
0 1 2 3 4 5
«
(@) (b)

Figure 2: B, and E; vs. « for different values of c

Discussion of Results

> Effect of w (arrival rate): Along with the increasing value of «, several factors are significantly
affected. The system size increases, leading to an augmentation in the probability of working
during the normal busy period Pyy,. Additionally , the average balking B, (see Figur es
and , mean number of served customer E (see Figure , mean number of customers
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Figure 4: B, and Py, vs. ®, for different values of ¢y
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— =14
1.955 : : _ ==& =17
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o1
(a) (b)

Figure 5: R, and A" vs. ®, for different values of &,

in the queue L; (see Figur e all increase. Conversely, the probabilities Py, Pyyp and Py
decrease As a result, the average waiting time of a customers in the system decreases. This
can be attributed to the effectiv e arrival rate A’ increasing faster than the mean number of
customers in the system (Ls).

> Effect of ¢ (number of servers): There is clear evidence that as the parameter c increases, the
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(@ (b)

Figure 6: R, and Es vs. O, for different values of ¢,

0.03 , , , , 0.44 . . .
—& =06 —& =06
0.028 |—%& =109 0431 —&=0.
— =12
0.026 —& =15

0.5 1 15 2 25 3 . .
o, D,

(@ (b)

Figure 7: B, and W vs. @, for different values of ¢,

o, o,

(@) (b)

Figure 8: R; and L, vs. ®, for different values of {;

quantity L, decreases. Moreover, a larger number of servers leads to a higher number of
customers being served (see Figure, there by resulting in a reduced average balking rate

(cf. Figur e [2a).

> Effect of K (system capacity): The system’s large capacity of the parameter K encourages more
customers to join the queue, hoping to be served, which leads to a decrease in the average
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Figure 9: R, and A’ vs. ®, for different values of &,

value Bj (see Figur e[3a). Further more, as the systems capacity increases, the average number
of customers in the queue also increases (cf. Figur e[3b). Thus, there is a significant increase
in the mean waiting time for customers.

> Effect of working vacation rates (®;): By increasing the working vacations rates ¢;, (i = 1, 2),
the system tends to transition quickly to the normal busy period (see Figure wher e
customers are served much faster (see Figure @ This leads to a decrease in the mean
waiting time of the customers (cf. Figure[7b). Then, the system becomes rapidly empty.
Consequently , the average value B, decreases (see Figures and [7a), which implies a
growth in effective arrivals (cf. Figur es and [9b). Moreover, higher working vacation rates

correspond to, lower average reneging rate (see Figur es and [9b), resulting in

smaller mean number of customers in the queue L, (cf. Figure .

> Effect of parameters (o, ¢1, and ¢, (impatience rates) : Increasing impatience rates, whether
during busy normal period or working vacations period, results in increased average value

R; (see Figur es and as well as increased mean number Es (cf. Figure @

Additionally , higher impatien ce rates lead to, a decrease in the average value W; (see Figure
. Consequently , due to this impatience, there is a decrease in the number of customers
both Ls and L, (cf. Figure . This results in a reduced average balking rate and an

increased effective arrival rate (see Figur es and [9b).

6. COST OPTIMIZATION

6.1. Cost model

In this section, we propose a model for the costs incurred in our queueing model. In this context,
we start by defining the total expected cost per unit of time of the system as:

Y(P‘bﬂz) = CynPuwn + CigPiy + va(Pwvl + Pwvz) + Cqu + GRy + CpBy + Cﬂlcyl + Cﬂzcyz:
wher e,

o Cyn (resp. Cjz) denotes the cost per unit time when the servers are working (resp. idle)
during normal busy period,

o Cuyp (resp. Cj) is the cost per unit time when the servers are on type-1 or type-2 working
vacation period (resp. when a customer joins the queue and waits for service),

o C; (resp. Cp)is the cost per unit time when a customer reneges (resp. balks),
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» Cy, (resp. Cy,) denotes the cost per service per unit time during normal busy period (resp.
during type-1 or type-2 working vacation period).

6.2. Grey Wolf Optimizer

The GWO algorithm is one of the recent advancements in swarm intelligence optimization (see
[19]). Is inspir ed by grey wolves in natur e, which search for the optimal way to hunt prey. The
GWO algorithm uses the same mechanism found in nature, wher e it follows the hierar chy of the
pack to organize the different roles in the pack of wolves. In addition, the GWO algorithm is
promising for complex optimization problems. This meta-heuristic algorithm -efficiently explor es
the sear ch space and converges to the optimal solution by simulating the hunting behavior of grey
wolves. Its simplicity , versatility and proven success make it an invaluable tool for resear chers
in a variety of fields. We use this novel technique to globally search (1, ;) until the minimum
value of Y(py, u) is achie ved.

6.3. Numerical Cost Optimum

The main goal is to identify optimal service rates p; and i in order to minimize the expected cost
function. Because optimization problems are complex and highly non-linear , they are challenging
to solv e analytically . However, we can utilize appr opriate nonlinear optimization techniques to
deter mine the optimal solutions in the cost model. In this case, we fix the parameters and employ
the grey wolf optimization algorithm to sear ch for the optimal values (u7,u) for the service rates.
The optimization problem can be written as:

0 Y (1,
min (p1> 2)

I’tl - VZ > 0)
s.t Ha >0,

(1, p2) € RZ.

The objectiv e is to evaluate the cost function Y in accordance to parameters p; and y, to
minimize the total expected cost incurred by the system using Grey Wolf Optimizer .

Figure 10: Y (1, ) vs. py and p,
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Figur e [10] effectiv ely visualizes the convexity of the objectiv e function Y according to service rates
uy and py.

Then, in what follows, the optimal solutions are given by applying the GWO meta-heuristic
for various system parameters. To do this, we fix the parameters as: C; = 45, Cjy = 20, Cyyp = 30,
Cy = 40, C, = 35, C = 25, Cy, = 10, Cy, = 5.

Table 1: The optimal (7, u3) and Y* (7, u; ) for various values of « and K, when « = 8 : 1: 10, A = 0.5,
B =05, & =04, =08, K=1[2024;28],c =3, =067 =09, = 14

K w 1 1 Y* (Ui, p3)
8 3.2914 0.4088 214.5547
20 9 3.6627 0.4387 232.1802
10 4.0280 0.4648 249.4850
8 3.3526 0.4278 215.1095
24 9 3.7278 0.4581 232.7175
10 4.0999 0.4857 249.9891
8 3.3939 0.4384 216.5381
28 9 3.7759 0.4713 233.1391
10 4.1548 0.5005 250.3924

Table 2: The optimal (ui, u;) and Y* (7, u3) for various values of A when x =9, A =02 :02:
0.8, 8 =04, D =04, P, =08, K=24,c=3,8 =06, =09,& = 14.

A I 1 Y* (U1, p3)
0.2 3.7858 0.2393 228.1624
0.4 3.7433 0.3986 231.5360
0.6 3.7129 0.5071 233.7100
0.8 3.6941 0.5948 235.3126

Table 3: The optimal (u?, i) and Y* (%, %) for various values of B, when a = 9, A =05, ' =03 :
02:09, ®; =04, P, =08, K=24,c=3,8 =06,& =09, = 14

B 1 1 Y* (U1, p3)
0.3 3.6668 0.5143 235.5446
0.5 3.7264 0.4575 232.7175
0.7 3.7621 0.4140 230.9342
0.9 3.7850 0.3798 229.6789

- From Table |1} it can be clearly seen that the optimum expected cost Y*(uj,5) exhibits a
significant increase as the values of the arrival rate « and finite capacity K increases.

- From Table 2| can be obser ved that as A, value increases, the minimum expected cost increases.
This obser vation clearly indicates that increasing the waiting rate of servers is an expensiv e
endea vor.

- From Table |3} when interruption probability (‘B/) increases, the minimum expected cost decr eases.
So, a higher interruption probability positiv ely affects the overall expected cost of the system.
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7. CONCLUSION

This paper focused on the analysis of a finite-space multi-ser ver queue wher e customers exhibit
impatience under a synchr onous differentiated working vacation policy. Specifically , the customers
are assumed to be impatient during the normal busy period, as well as during type-1 and type-2
working vacations. The main goal of the analysis is to deter mine the steady-state probabilities of
the system size under different server states, including the normal busy period and the working
vacations (type-1 and type-2). This is achieved through the application of recursiv e analysis
techniques. We derived important system perfor mance measur es that provide valuable insights
into the behavior and efficiency of the consider ed multi-ser ver queueing system.

A GWO algorithm is perfor med to deter mine the optimal service rates for both working
vacations and normal busy periods aiming to minimize the expected total cost. The problem at
hand is formulated as a nonlinear optimization problem, and several numerical examples are
provided to illustrate the effectiveness of the proposed approach. The focus of the analysis is on
conducting a cost optimization study, wher e the effect of different system parameters and cost
elements is investigated. The numerical examples and cost optimization analysis presented in
this study shed light on the significance of system parameters and cost elements in queueing
systems. Overall, this study contributes to the understan ding and optimization of queueing
systems, highlighting the potential advantages of cost optimization techniques in various real-life
and industrial settings.

The model discussed in the paper can be extended to handle more complex scenarios,
such as an unreliable multi-ser ver queue with heter ogeneous customers, which introduces
additional complexity to the problem. While this extension increases the dimension of the
problem significantly . It is also possible to relax the exponential assumptions by considering
phase-type distributions for service times.
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