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Abstract

This study delves into the computation and evaluation of the expected Fisher information matrix
within the context of the Poisson-type I half logistic (PHL) distribution. Leveraging confidence
intervals and their associated coverage probabilities, our investigation aimed to study the
performance of information matrix by the maximum likelihood method in estimating parameters.
Our results unveiled a consistent trend: as the sample size expanded, a reduction in the length of
the confidence interval was observed, and the 95% asymptotic confidence interval’s coverage
probability aligned within the expected nominal size. This serves as a testament to the accuracy and
robustness of the information matrix’s performance within the PHL distribution framework. Also,
tested using some real data set.

Keywords: Poisson half logisticc, Maximum likelihood estimation, Fisher
information matrix, confidence interval.

1. Introduction

The information matrix in maximum likelihood estimation is crucial as it quantifies the precision
of parameter estimates, aiding in the construction of confidence intervals. It reflects the inverse of
the variance-covariance matrix of the score function, providing insights into the asymptotic
behavior of the maximum likelihood estimator.

Confidence intervals, a key component of statistical inferences, leverage the information
matrix to quantify the uncertainty surrounding parameter estimates. They offer a range of
plausible values for the parameters, enhancing the interpretability and reliability of statistical
analyses. In essence, the information matrix and confidence intervals together form integral tools
for understanding the robustness and precision of maximum likelihood estimates in statistical
inference.

In engineering, the information matrix is crucial for assessing the precision of parameter
estimates in various models. For example, in structural engineering, when estimating parameters
related to material properties or structural components, the information matrix helps engineers
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understand how well their estimates capture the underlying characteristics of the system. This is
vital for designing structures with optimal safety margins. In social science, the information matrix
is essential for understanding the reliability of parameter estimates in models describing human
behavior or societal trends. For instance, in economics, when estimating the coefficients of a model
describing consumer behavior, the information matrix helps economists gauge the precision of
their estimates, informing policy decisions.

There have been several contributions in the literature regarding the applications of the
information matrix. for example, [1] provided a discussion on deriving the information matrix for
a logistic distribution. [2] derived the asymptotic expansions of the information matrix test statistic.
Small-sample performance of the information matrix test was discussed by [3]. The performance
evaluation of track fusion with information matrix filter was studied by [4]. The approximate
Fisher information matrix to characterize the training of deep neural networks was used by [5].
The Fisher information matrix in gravitational-wave data analysis was extended by [6]. The
general expressions for the quantum Fisher information matrix with its applications to discrete
quantum imaging was provided by [7].

The rest of the paper follows: Section 2, discussed about Fisher information matrix. Section 3,
provided the expected Fisher information matrix of Poisson-type I half logistic (PHL), and some
simulation studies with real data example. Section 4, is the conclusions.

2. On the Fisher information matrix

This section elucidates the significance of Fisher information by delving into fundamental concepts
in statistics, including unbiased estimators, the information inequality (Cramer-Rao inequality),
and the asymptotic normality of maximum likelihood estimation (MLE). For details (see, [8]).

2.1. Asymptotic characteristics of MLE

To comprehend the significance of Fisher information, this section elucidates fundamental
statistics concepts, including unbiased estimators, the Cramer-Rao inequality (information
inequality), and the asymptotic normality of MLE.

Estimation in statistics involves mapping real values from observed data. Various methods
exist for estimation. Let &(y)be an estimator where ) represents the observation pattern. For

instance, a constant function that maps a specific value, irrespective of observed data, can serve as
an estimator. Evaluation of estimation methods is crucial.

Mean Square Error (MSE) is one criterion for evaluation. Assuming a random variable X; is

generated by a distribution with a probability density function P(X| &*) and true parameter Value

§ * MSE is defined as;

MSE = E| (£(2) - &%) | M

Where E(X) :J Xp(X)dx and Var(X) = J X(X— E(X))2 P(X)dX . MSE can be decomposed into
X X

the variance of the estimator and the square of the bias between the expectation of the estimator
and the true parameter value.

Focusing on unbiased estimators with zero bias (E(gg( x)—&F) = 0), the variance of the
estimator becomes crucial. The Cramer-Rao inequality establishes a lower bound for the variance

of an unbiased estimator & :
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Var(&) = (2)

F(c*)
where is the Fisher information. An efficient estimator achieves this lower bound. For
unidimensional parameters, the inverse of the Fisher information sets a bound on the estimator’s
lower variance.
Returning to the Maximum Likelihood (ML) estimator, ML exhibits desirable properties, including

asymptotic normality and asymptotic efficiency. In regularity conditions, the ML estimator &

satisfies:

N M)

This implies that the ML estimator asymptotically follows a normal distribution with the mean
being the true parameter value and the variance (covariance matrix) being the inverse of the Fisher
information.

In summary, the asymptotic efficiency of the ML estimator, characterized by the variance
being the inverse of the Fisher information, makes it the best choice from the Mean Square Error
perspective, given the restriction to unbiased estimators. This property, known as asymptotic
efficiency, allows psychology researchers to optimize not only the estimation method but also
experimental design and stimuli for variance reduction (increasing Fisher information) in their
studies.

2.2 Definition of the Fisher Information Matrix

Let &= (fl, vy (,‘Zk) represent k-dimensional parameters. The Fisher information matrix for the i-th

participant (or trial) concerning parameter £ is defined as
T
s s (4)
F =E|| =—logL ' —IlogL .
($) M&: og L(<]| y.)j(&: og L(&] y.)j J
where i log |_(§| y,) isa K x1 column vector, and T denotes the transpose operation. In other
o& '

words, F, (&) isa KxK matrix. The (m, n) element of the Fisher information matrix is given by

5 5 o .
F()mn =E L&: log L(&| y;) 52 log L(<]y, )J . The expectation is over dependent variables y,

m n

assuming the model P(Y;)is true. The Fisher information depends on parameter values & and
stimuli (as well as the model). Although conventionally, the stimuli symbol is omitted in the Fisher
information matrix representation, it’s important to note that the Fisher information is dependent
on experimental design and stimuli.

Additionally, when the true model is known, the following equation holds:

(s 5 (52 5)
E(é)—EMaf log L(] yi)](&: log L(] yi)] J— E[&fz log L(fyi)]

This means that researchers can calculate the Fisher information matrix using either the square of
the score function or the second derivatives of the log-likelihood function. The choice between
methods depends on the characteristics of the models. In the definition using second derivatives,
the (m, n) element of the Fisher information matrix is given by
52
F =—E| ——logL(]y, ©)
|(§)(m,n) Lé‘gm&gn g (é:| yl)J
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3. The Fisher Information Matrix of PHL

Here, we derive the expected Fisher information matrix of the Poisson half logistic distribution,
and applied it to study the confidence interval of the maximum likelihood estimators using
simulation studies and real data example.

3.1 On the PHL

The Poisson half logistic (PHL) distribution was introduced by [9], using the convolution of half
logistic (HL) and Poisson distributions. The PHL was applied to right censored data in [9]. The
probability density, and cumulative distribution are respectively given by;

f00 = 2acne-e [ L )
(e;“ —l) (1+ e"”)
and
An)
e ®)

e* -1
Where & >0 and ﬂeR—{O}.

The quantile function of the PHL distribution can be used to obtain a random data distributed

according to CHLP(Q, A): if U is a uniform (0, 1), then,

x zl{m{l In(u(e —1)+1)J,n{1+ In(u(e’ 4)”)“ ©)

o A A

is a random variable distributed PHL.

There have been several contributions regarding the HL distribution, one can see,
complementary Poisson generalized half logistic [10], generalized half-logistic Poisson [11],
extension of the generalized half logistic [12], estimation of the reliability of a stress-strength
system from Poisson half logistic distribution [13], type I half-logistic family [14], new extended
cosine generalized half logistic [15], for more details see, [16].

3.2 The expected Fisher Information Matrix of PHL

The maximum likelihood of & and A can be obtain numerically by simultaneously solving (11)
and (12) when set equal to zero using mathematical packages such as nlminb in R-software. Let a

T
vector of parameter be ® = (Ot ) ﬂ,) , then the total log likelihood function of the PHL is given by

log(I(e4)) =nlog2+nlog A +nloga —ay x, —nlog(e* —1)
= (10)

23 (1 )mz[glj_iﬁ ﬂ

The first partial derivative of 10g(I(a@A1)) that is dlog 2(a, A)/0a and dlog £(a, N)/OA are

computed as;

Slog(@ 1)) _n sy oy Xe™ 55 (11)
Sar a Z Z Z1(1+e 5 )
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slog(l(e,4)) _n__ne*t  JI(l-e™ (12)
oA A e -1 F\ll+e @

For a very large sample we apply the usual approximation that the MLEs of the CHLP can be
approximated as bivariate normal with mean zero and variance covariance matrix |71(0£, 1),

where | (@, A)is the expected information matrix. Alternatively, we can use J - (a, A) ) evaluated

at & and @ to construct the asymptotic variance - covariance matrix of the MLEs.
Where,

6%logl  &5%logl

e ) :( 52|og(l(a.ﬂ»Tj: sa®  Sadh (13)

S(a, )6(ax, A) o%logl  &S%logl

Sadd OA?
Thus, we compute the element of the ](O(, )\) as
S’log(I(a,4)) _ n_ ne
oA? A (e — 1)2
S%log(I(ex, A)) _> N, xe s
SaSA T (e —1)

S%log(I(«x, A)) n N, x’e %% N, x’e % n, o xZe %
= _?_2gm—2zgm+ 22,;(“(3—%)3

To construct the asymptotic distribution for the maximum likelihood estimate we consider the
following Lemma and Theorem.

Lemma1.For KeR and 0,6 € N, let

—ax

© —a(k+1)x A(l:_:iJ
£(k,q,0) = [ 222 - ixl ——dx (14)
o (ef —1)(1+e )

Then,

o o (—j—0-2)(~1) A _
é(k,qﬁ):(e%_ z[ I J%Bo,p(,ﬂ,mwﬂ) (15)

Where B b (.,.) is a partial derivative of a beta function with respect to p.
ﬂ[l—e“’xJ
1+e ™

expansion to (1+ e )(') . Finally, some algebraic transformation of u = (1— e X ) and obtain the

Proof. By expanding the exponential expression € then applying generalized binomial

integral.

Theorem 1. The maximum likelihood estimators (07” ) ﬂjn ) of (a, ﬂ) are consistent estimators and

R ~ T
\/ﬁ (a'n —a,/ln —ﬂ,) is asymptotically normal with mean vector 0 and the variance covariance

2
matrix | , where | = _E " logl and the elements of the Fisher information matrix
S(a,)o(a, )"

I are;

2 A
E o (|Og| (Za, /1)) _ iz + ﬂe . (16)

o A% (e" -1

2

g &Aogl @A) | _ 511 2 (17)
ool

309



Ibrahim Abdullahi, Aminu Suleiman Mohammed, Sani Musa RT&A, No 2 (78)

THE EXPECTED FISHER INFORMATION MATRIX OF PHL MODEL Volume 19, June, 2024
2
g S2doglle ) ) _ 1 | 5e0,2,2) 4+ 24801 2,3) - 2482, 2,3) (18)
SaSA lo4

Where £(.,.,.)is given in Lemma 1.
Forr=1, 2, let (:) = (0?, E)T be the estimates of ® , and @r be the r" component of ® . Then, a

100(1- €)% asymptotic confidence interval for ©, is given
ACI r— ((:)rwe/z jrr,ér +We/2‘\’ jrr, ) (19)

Where @r is the r'" component of ©) ) jrr is the (T, r)"‘ diagonal elements of f_l, and W, is

the quantile 1 — €/2 of the standard normal distribution.

3.3 Simulation study

In this part, we evaluate the Information matrix through the confidence interval and its coverage
probability, by the performance of the maximum likelihood estimates using simulation study. We
generate 10,000 samples from the PHL («, 1), each of sample sizes n=20, 50,...,300 using some

selected valuesof & >0 and L e R— {O} )

The resulting simulations are displayed in Figures 1, 2,3 and 4. The result shows that the method of
maximum likelihood performed consistently and length of the confidence interval decrease as
sample size increase, also, the coverage probability (PC) of the 95% asymptotic confidence interval
is within the nominal size, showing how accurate the information matrix performed. Below is the
simulation algorithm.

1. Choose the sample size n, replication number M,

2. Choose the values of parameters ¢ and A4,

3. Generate random Pi ~ Uniform(0, 1) distribution,i=1, 2,3, ---, n,

4. Generate random Xi,i=1,2,3, * * * n, from (3),

5. Calculate the MLEs from the simulated data,

6. Compute the expected information matrix

7. Compute the 95% asymptotic confidence interval for ®=(a,4) using

ACI r = (®rWe/2 irr,®r + WE/Z \’ ]rr, )' r =1’ 2
8. Compute the length of ACI

9. Repeat steps 2-4, M times.
10. Compute the average ACI and coverage probability (CP)

o
\ o -
< - S =
e \ ) . TT A — w - b - i e -
= o=1.0, 2=1.0, P i e S
3 g  — \\ ) <:-<' g —_— 7 —
<3 Wl <3 —
= s ~ia | =
g " iy, 5
o
T T I T I T T I T T T T
50 100 1560 200 250 300 50 100 150 200 250 300
n n

Figure 1: Plots of the estimated average length of ACL and CP for the simulated data for a = 1.0 and A=1.0
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Figure 2: Plots of the estimated average length of ACL and CP for the simulated data for a« =2.5 and A=2.5
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Figure 3: Plots of the estimated average length of ACL and CP for the simulated data for a = 0.8 and A= 0.9
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Figure 4:Plots of the estimated average length of ACL and CP for the simulated data for a = 0.5 and A=3.5

3.4 Application to Real Dataset

This subsection consists of illustration of the PHL expected information matrix to obtain
confidence interval for the parameters using a real data with good fit by KS (Kolmogorov Smirnov)
test statistic. The data set is given by [17] the data set are the 100 observations on breaking stress of
carbon fibers (in Gba): The data set analyzed are: 194, 3.7, 2.74, 2.73, 2.5, 3.6, 3.11, 3.27, 2.87, 1.47,
3.11,4.42,2.41,3.19, 3.22, 1.69, 3.28, 3.09, 1.87, 3.15, 4.9, 3.75, 2.43, 2.95, 2.97, 3.39, 2.96, 2.53,2.67, 2.93,
3.22, 3.39, 2.81, 4.2, 3.33, 2.55, 3.31, 3.31, 2.85, 2.56, 3.56, 3.15, 2.35, 2.55, 2.59,2.38, 2.81, 2.77, 2.17,
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2.83,1.92, 1.41, 3.68, 2.97, 1.36, 0.98, 2.76, 4.91, 3.68, 1.84, 1.59, 3.19,1.57, 0.81, 5.56, 1.73, 1.59, 2, 1.22,
1.12,1.71, 2.17, 1.17, 5.08, 2.48, 1.18, 3.51, 2.17, 1.69,1.25, 4.38, 1.84, 0.39, 3.68, 2.48, 0.85, 1.61, 2.79,
4.7,2.03,1.8,1.57,1.08,2.03,1.61,2.12,1.89, 2.88, 2.82, 2.05, 3.65.

We estimated the parameters by maximum likelihood and tested the good fit by KS test as & =
1.2004, [ =7.2595, with KS = 0.0823. The asymptotic Fisher information matrix is computed and

the asymptotic confidence intervals are computed to verify the performance of the derived
information matrix as ACla= (1.0391, 1.3618) and ACIA= (4.8419, 9.6772). The confidence
intervals are very good indicating the accuracy of the computed information matrix. Figure 5
shows the plot of the fitted PHL density and cumulative distribution function showing the good
fit.

401.9967 —21.3447 and |- 0.00677717 0.08078816
—21.3447  1.7906 0.08078816 1.52152823

04
08

— PHL
. — PHL

Density
02
cdf
04

0
0o

0 1 2 3 4

=
[=
I
N -
-
O
m -

X X

Figure 5: Plots of the estimated density and cumulative distribution function of PHL

4. Conclusion

In this study, we computed and assessed the expected information matrix for the PHL distribution,
utilizing confidence intervals and their coverage probabilities. Our findings underscore the
consistent performance of the maximum likelihood method, showcasing: as sample size increased,
the confidence interval length consistently decreased. Moreover, the 95% asymptotic confidence
interval’ s coverage probability (PC) remained within the expected nominal size, affirming the
accuracy and reliability of the information matrix’s performance.
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