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Abstract

When the probability distributions for the stress (X) and strength (Y) are different members of the
power series family, the expressions of the stress-strength reliability function, R = P(X ≤ Y), are
derived. Apart from stress-strength reliability, it has applications in statistical tolerancing, measurement
of demand-supply system performance, genetic trait hereditary measure, bio-equivalence study, etc. The
Bayes’ estimates of R under squared error and Precautionary losses are derived for various combinations
of distributions of X and Y like binomial, Poisson, negative binomial, and geometric. As in practice, the
availability of prior parameters is difficult; the empirical Bayes estimation procedure has been adopted to
get their estimates from observed data. Simulation results have been reported, and estimates of posterior
risks are compared. In the context of real Soccer games, the Bayes estimates are enumerated and compared
with their classical counterparts.

Keywords: Empirical Bayes’ estimate, Estimated Posterior risk, Precautionary loss, Squared error
loss, Stress-strength reliability.

1. Introduction

It is a satisfactory fact that the strength of a manufactured product is a variable quantity. When
ascertaining the reliability of equipment or the viability of a material, it is also necessary to
consider the stress conditions of the operating environment. The uncertainty of the stressful
environment leads us to take stress as a random component. In the stress-strength model, X is
the stress applied on the unit by the operating system, and Y is the unit’s strength, which is the
in-built capacity of the unit to withstand the applied stress. No doubt, any unit can perform its
actual function if its strength is greater than the stress given to it. In this context, we consider the
reliability (R) as

R = P(X ≤ Y),

which is the probability that the unit performs its task satisfactorily. Also, we can say this is the
probability of the unit overcoming the stress. In this paper, the estimation of R when X and Y are
independently distributed but not necessarily identical follows the power-series distribution. The
quantity R has many applications, for example, statistical tolerance, measurement of demand-
supply system performance, stress-strength reliability, genetic trait hereditary measure, a study
of bio-equivalence, etc.

Several authors explore different statistical properties concerning R for several members of

RT&A, No 2 (78) 

 Volume 19, June, 2024 

138

mailto:soumikhalder987@gmail.com
mailto:dssm1@rediffmail.com
mailto:mmc.uttarpara@gmail.com


Soumik Halder, Sudhansu S. Maiti and Mriganka Mouli Chowdhury
BAYESIAN ESTIMATION OF P(X ≤ Y)

the power series distributions. A study on the various estimation methods of R when X and Y
are independently distributed geometric random variables was made by [11]. [2] worked the
Bayes estimation of it. A study on different estimations of the negative binomial distribution
was considered by [8] and [15] in the context of a system reliability estimation. [5] and [4] used
Poisson distribution to explore different estimates of R. [13] studied the application of log series
distribution.

In most of the papers, the Bayes estimate for the stress-strength problems was found for the
continuous distributions, like [16] found the estimate of R for the Gompertz case. [14] found for
Weibull distribution, [1] used type-II censoring for Rayleigh distribution for finding Bayes estimate.
[12] used exponential-Poisson distribution. [9] used generalized exponential distribution, and [7]
used inverted gamma distribution to estimate it using the Bayes method.

In the current work, we consider the Bayesian estimate of R for the stress and strength distri-
butions as general members of the power series family of distributions. Section 2 starts with the
exact expression of R for the generalized form of power series for both X and Y. The Bayesian
estimates of R for power series distributions under squared error loss and precautionary loss, as
well as some prerequisites, are discussed in section 3. The Bayesian estimates and their estimated
posterior risks for particular choices of distributions like binomial, Poisson, negative binomial,
and geometric of X and Y are discussed in section 4. Section 5 is devoted to searching estimates
of the hyper-parameters of the prior distributions and hence is engaged in finding the empirical
Bayes estimates of R. Simulation study results have been reported in section 6. An application of
R in real soccer games is discussed in section 7, where we find the R estimate with the estimated
posterior risk. Section 8 draws concluding remarks.

2. The initial set-up

Let X and Y be two random variables belonging to the power-series family of distributions, which
are defined as follows.

P(X = x) =
a(x)αx

f (α)
, x = 0, 1, ... α > 0 and f (α) =

∞

∑
x=0

a(x)αx. (1)

P(Y = y) =
b(y)βy

g(β)
, y = 0, 1, ... β > 0 and g(β) =

∞

∑
x=0

b(y)βy. (2)

The stress-strength reliability R is given by

R = P(X ≤ Y) =
1

f (α)g(β)

∞

∑
y=0

{ y

∑
x=0

a(x)αx
}

b(y)βy. (3)

Let x1, x2, . . . , xn1 be a sample of size n1 from the distribution of X and y1, y2, . . . , yn2 be a
sample of size n2 from that of Y. Then, the likelihood function is

L(α, β|x, y) =
n1

∏
i=1

P(X = xi)
n2

∏
j=1

P(Y = yj)

=
α∑

n1
i=1 xi

f n1(α)

n1

∏
i=1

a(xi)
β∑

n2
j=1 yj

gn2(β)

n2

∏
j=1

b(yj)

= αtx{ f (α)}−n1
n1

∏
i=1

a(xi)βty{g(β)}−n2
n2

∏
j=1

b(yj)

= L(α|x)L(β|y),
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where tx = ∑n1
i=1 xi, ty = ∑n2

j=1 yj.
The joint posterior density function of α, β corresponding to prior distributions h(α), k(β) is

∏ (α, β|tx, ty) =
L(α, β|tx, ty)h(α)k(β)∫ ∞

0

∫ ∞
0 L(α, β|tx, ty)h(α)k(β)dαdβ

=
L(α|tx)h(α)∫ ∞

0 L(α|tx)h(α)dα
.

L(β|ty)k(β)∫ ∞
0 L(β|ty)k(β)

.

3. Bayes estimation of R for power-series distributions

The main objective of this section is to find Bayes’ estimates of R, the stress-strength reliability.
We have considered two different loss functions, and the Bayes estimates corresponding to each
loss function are given for the general cases. The joint distributions, the prior distributions of
the parameters, and some preliminaries, which are required to find the Bayes estimates of the
different combinations of the power-series model, are discussed.

3.1. The Bayes Estimates under different loss functions

The squared error loss (SEL) and Pre-cautionary loss (PL) functions have been considered. If d is
the estimate of the parameter θ, the SEL is given by

L(d, θ) = (d − θ)2. (4)

Under the SEL, the posterior mean is the Bayes estimate of the parameter θ and is denoted by

d = θ̂ = E(θ).

The Posterior risk, in this case, is

PRSEL = E(θ2)− E2(θ).

The PL is defined as

L(θ, d) =
(d − θ)2

d
.

The Bayes estimate under the PL is defined as

d = θ̂ =
√

E(θ2).

The Posterior risk, in this case, is

PRPL = 2[
√

E(θ2)− E(θ)].

So, the Bayes estimate of R under the SEL is given by

R̂SEL = E(R|tx, ty)

=
∫ ∞

0

∫ ∞

0

∞

∑
y=0

y

∑
x=0

a(x)b(y)αxβy

f (α)g(β) ∏(α, β|tx, ty)dαdβ

=
∞

∑
y=0

y

∑
x=0

∫ ∞
0

a(x)αx

f (α) L(α)h(α)dα∫ ∞
0 L(α)h(α)dα

∫ ∞
0

b(y)βy

g(β)
L(β)k(β)dβ∫ ∞

0 L(β)k(β)dβ
, (5)
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and the same under the PL is R̂PL =
√

E(R2|tx, ty), where

E(R2|tx, ty) =
∫ ∞

0

∫ ∞

0
[

∞

∑
y=0

y

∑
x=0

a(x)b(y)αxβy

f (α)g(β)
]2 ∏(α, β|tx, ty)dαdβ

=
∫ ∞

0

∫ ∞

0

∞

∑
y=0

y

∑
x=0

a2(x)α2x

f 2(α)

b2(y)β2y

g2(β) ∏(α, β|tx, ty)dαdβ +

∫ ∞

0

∫ ∞

0

∞

∑
yj=0

yj

∑
xi=0

∞

∑
yl=0

yl

∑
xk=0

a(xi)a(xk)α
xi+xk

f 2(α)

b(yj)b(yl)βyj+yl

g2(β) ∏(α, β|tx, ty)dαdβ.

(6)

The estimated posterior risks of Bayes estimate of R under SEL and PL are P̂RSEL = Ê(R2|tx, ty)−
Ê2(R|tx, ty) and P̂RPL = 2[

√
Ê(R2|tx, ty)− Ê(R|tx, ty)], respectively.

3.2. Some particular distributions and joint distributions

Four different distributions have been considered; all belong to the power-series family. These
are binomial (m,p), Poisson (λ), negative binomial (r,η), and geometric (µ) distributions. Let
z1,z2,. . . ,zn be a sample from the distribution of Z. Then, tz=∑n

i=0 zi be the complete sufficient
statistic for estimating the distribution parameter. The probability mass function (pmf) of different
distributions and their joint distributions for a sample of size n are shown in Table 1.

Table 1: The pmfs of the different distributions and their joint distributions

Distribution (Z) pmf, P(Z=z) Joint distribution
Bin(m,p) P(Z=z)=(m

p)pz(1 − p)m−z ptz(1 − p)mn−tz

Poisson(λ) P(Z=z)= e−λλz

z!
e−nλλtz

∏n
i=1 zi !

Negative binomial (r, η) P(Z=z)=(r+z−1
z )ηz(1 − η)r ηtz(1 − η)nr

Geometric (µ) P(Z=z)=µz(1 − µ) µtz(1 − µ)n

3.3. Prior distributions and their probability distribution functions

Each distribution characteristic depends on the value of the single parameter it evolves. The
parameter itself follows a distribution. The probability distribution function (pdf) of the prior
parameters and some forms related to the posterior distribution of the parameters have been
found, and presented in Table 2.

Table 2: The pdfs of the prior parameters and some forms related to the posterior distribution

Distribution Prior distribution pdf of prior dist Terms required for posterior dist

Bin(m,p) Beta(α, β) pα−1(1−p)β−1

B(α,β) Ibin(m, p)= ptz+α−1(1−p)mn−tz+β−1

B(tz+α,mn−tz+β)

Poisson(λ) Gamma(γ, δ) δγe−γλλδ−1

Γδ Ipois(λ)=
(n+γ)(tz+δ)e−(n+γ)λλtz+δ−1

Γ(tz+δ)

Neg bin (r, η) Beta(c,d) ηc−1(1−η)d−1

B(c,d) Ineg(η)=
ηtz+c−1(1−η)nr+d−1

B(tz+c,nr+d)

Geometric (µ) Beta(a,b) µa−1(1−µ)b−1

B(a,b) Igeo(µ)=
µtz+a−1(1−µ)n+b−1

B(tz+a,n+b)

3.4. Some preliminaries

The expression of R is given in 3. The expression for Bayes estimates under SEL and PL are
shown in 5 and 6, respectively. To find the explicit forms, we require some terms defined in this
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section and presented in Tables 3 and 4. These are to be used for finding E(R) and E(R2).

Table 3: Prerequisite for finding E(R) and E(R2)

Distribution Terms related to E(R) (Rdist) Terms for R2 (zi = zk) (Rsqdist)

Bin(m,p) (m
z )

B(tz+z+α,m(n+1)−tz−z+β)
B(tz+α,mn−tz+β) (m

z )
2 B(2z+tz+α,2m−2z+n1m−tz+β)

B(tz+α,mn1−tz+β)

Poisson(λ) (n+γ)(tz+δ)

z!Γ(tz+δ)
Γ(tz+z+δ)

(n+γ+1)(tz+z+δ)

(n2+γ)(tz+δ)Γ2z+tz+δ

(2+n2+δ)(2z+tz+δ)Γtz+δ

Negative binomial (r, η) (r+z−1
z ) B(tz+z+c,nr+r+d)

B(tz+c,nr+d) (r+z−1
y )

2 B(2z+tz+c,2r+n2r+d)
B(tz+c,n2r+d)

Geometric (µ) B(tz+z+a,n+1+b)
B(tz+a,n+b)

B(tz+2z+a,n2+b+2)
B(tz+a,n2+b)

Table 4: Prerequisite for finding E(R) and E(R2)

Distribution Terms for R2 (zj ̸= zk) (Rcovdist)

Bin(m,p) (m
zi
)(m

zj
)

B(zi+zj+tz+α,2n−zi−zj+n1m−tz+β)

B(tz+α,mn1−tz+β)

Poisson(λ)
(n2+γ)(tz+δ)Γ(zi+zj+tz+δ)

(2+n2+δ)
(zi+zj+tz+δ)

Γtz+δ

Negative binomial (r,η) (r+zi−1
zi

)(r+zj−1
zj

)
B(zi+zj+tz+c,2r+n2r+d)

B(tz+c,n2r+d)

Geometric(µ)
B(tz+zi+zj+a,n2+b+2)

B(tz+a,n2+b)

4. Theoretical expression of R for different stress-strength models

The theoretical expressions of R for general power series stress-strength models have been derived
earlier. Such expressions are of theoretical interest because specific members of the power series
family are used for modeling stress and/or strength. Being restricted to the family of power series
distributions, we provide simplified expressions of such quantities for several stress and strength
distribution choices. This section found the posterior distributions for different combinations of
the parameters attached to the different distributions. In each subsection, we have mentioned
the pmfs of the random variables used for stress and strength, the prior distributions of the
parameters involved in the pmfs, the joint posterior distribution of the parameters, the E(R|tx, ty)
and E(R2|tx, ty) that are required for the Bayes estimates R̂.

4.1. X and Y both follow binomial distributions

Let X∼binomial(m1, p1) and Y∼binomial(m2, p2), where p1 ∼beta(α1, β1) and p2 ∼beta(α2, β2).
The joint prior distribution of p1 and p2 is

π(p1, p2) = g(p1).h(p2).

The posterior distribution of p1 and p2 is given by

∏(p1, p2|tx, ty) = Ibin(m1, p1)Ibin(m2, p2). (7)

The Bayes estimate under SEL is given by

R̂SEL = E(RBB|tx, ty)

=
∫ 1

0

∫ 1

0

m2

∑
y=0

min(y,m1)

∑
x=0

(
m1

x

)
px

1(1 − p1)
m1−x

(
m2

y

)
py

2(1 − p2)
m2−y ∏(p1, p2|tx, ty)dp1dp2

=
m2

∑
y=0

min(y,m1)

∑
x=0

Rbin(m1, p1)Rbin(m2, p2). (8)
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The Bayes estimate under PL is R̂PL=
√

E(R2), where E(R2) is given by

E(R2
BB|tx, ty) =

∫ 1

0

∫ 1

0

[ m2

∑
y=0

min(y,m1)

∑
x=0

(
m1

x

)
px

1(1 − p1)
m1−x

(
m2

y

)
py

2(1 − p2)
m2−y

]2

×∏(p1, p2|tx, ty)dp1dp2

=
m2

∑
y=0

min(y,m1)

∑
x=0

Rsqbin(m1, p1)Rsqbin(m2, p2)

+
m2

∑
yj=0

min(yj ,m1)

∑
xi=0

m2

∑
yl=0

min(yl ,m1)

∑
xk=0

Rcovbin(m1, p1)Rcovbin(m2, p2).

The estimated posterior risks are as follows.

P̂RSEL = Ê(R2
BB)− Ê2(RBB).

P̂RPL = 2
(√

Ê(R2
BB)− Ê(RBB)

)
.

4.2. X and Y both follow Poisson distributions

Let X∼Poisson(λ1) and Y∼Poisson(λ2), where λ1 ∼Gamma(γ1, δ1) and λ2 ∼Gamma(γ2, δ2).
The joint prior distribution of λ1 and λ2 is

π(λ1, λ2) = g(λ1).h(λ2).

The posterior distribution of λ1 and λ2 is given by

∏(λ1, λ2|tx, ty) = Ipois(λ1)Ipois(λ2).

Hence, under the SEL

E(RPP|tx, ty) =
∫ 1

0

∫ 1

0

m2

∑
y=0

y

∑
x=0

e−λ1λx
1

x!
e−λ2λ

y
2

y! ∏(λ1, λ2|tx, ty)dλ1dλ2

=
m2

∑
y=0

y

∑
x=0

Rpois(λ1)Rpois(λ2),

and under the PL

E(R2
PP|tx, ty) =

∫ 1

0

∫ 1

0

[ m2

∑
y=0

y

∑
x=0

e−λ1λx
1

x!
e−λ2λ

y
2

y!

]2

∏(λ1, λ2|tx, ty)dλ1dλ2

=
m2

∑
y=0

y

∑
x=0

Rsqpois(λ1)Rsqpois(λ2) +
m2

∑
yj=0

yj

∑
xi=0

m2

∑
yl=0

yl

∑
xk=0

Rcovpois(λ1)Rcovpois(λ2).

4.3. X and Y both follow negative binomial distributions

Let X∼negative binomial(r1,η1) and Y∼negative binomial(r2,η2), where η1 ∼beta(c1, d1) and
η2 ∼beta(c2, d2).
The joint prior distribution of η1 and η2 is

π(η1, η2) = g(η1).h(η2).

The posterior distribution of η1 and η2 is given by

∏(η1, η2|tx, ty) = Ineg(η1)Ineg(η2).
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Therefore, under SEL

E(RNN |tx, ty) =
∫ 1

0

∫ 1

0

∞

∑
y=0

y

∑
x=0

(
r1 + x − 1

x

)
ηx

1 (1 − η1)
r
1

(
r2 + y − 1

y

)
η

y
2(1 − η2)

r
2

×∏(η1, η2|tx, ty)dη1dη2

=
∞

∑
y=0

y

∑
x=0

Rneg(η1)Rneg(η2),

and under PL

E(R2
NN |tx, ty) =

∫ 1

0

∫ 1

0

[ ∞

∑
y=0

y

∑
x=0

(
r1 + x − 1

x

)
ηx

1 (1 − η1)
r
1

(
r2 + y − 1

y

)
η

y
2(1 − η2)

r
2

]2

×∏(η1, η2|tx, ty)dη1dη2

=
∞

∑
y=0

y

∑
x=0

Rsqneg(η1)Rsqneg(η2) +
∞

∑
yj=0

yj

∑
xi=0

∞

∑
yl=0

yl

∑
xk=0

Rcovneg(η1)Rcovneg(η2).

4.4. X and Y both follow geometric distributions

Let X∼geometric(µ1) and Y∼geometric(µ2), where µ1 ∼beta(a1, b1) and µ2 ∼beta(c2, d2).
The joint prior distribution of µ1 and µ2 is

π(µ1, µ2) = g(µ1).h(µ2).

The posterior distribution of µ1 and µ2 is given by,

∏(µ1, µ2|tx, ty) = Igeo(µ1)Igeo(µ2).

Therefore, under SEL

E(RGG|tx, ty) =
∫ 1

0

∫ 1

0

∞

∑
y=0

y

∑
x=0

µx
1(1 − µ1)µ

y
2(1 − µ2)∏(µ1, µ2|tx, ty)dµ1dµ2

=
∞

∑
y=0

y

∑
x=0

Rgeo(µ1)Rgeo(µ2),

and under PL

E(R2
GG|tx, ty) =

∫ 1

0

∫ 1

0

[ ∞

∑
y=0

y

∑
x=0

µx
1(1 − µ1)µ

y
2(1 − µ2)

]2

∏(µ1, µ2|tx, ty)dµ1dµ2

=
∞

∑
y=0

y

∑
x=0

Rsqgeo(µ1)Rsqgeo(µ2) +
∞

∑
yj=0

yj

∑
xi=0

∞

∑
yl=0

yl

∑
xk=0

Rcovgeo(µ1)Rcovgeo(µ2).

4.5. X follows binomial distribution and Y follows Poisson distribution

Let X∼binomial(m,p) and Y∼Poisson(λ), where p∼beta(α, β) and λ ∼gamma(γ, δ).
The joint prior distribution of p and λ is

π(p, λ) = g(p).h(λ).

The posterior distribution of p and λ is given by

∏(p, λ|tx, ty) = Ibin(p)Ipois(λ).
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Under SEL

E(RBP|tx, ty) =
∫ 1

0

∫ 1

0

∞

∑
y=0

y

∑
x=0

(
m
x

)
px(1 − p)m−x e−λλy

y! ∏(p, λ|tx, ty)dpdλ

=
∞

∑
y=0

y

∑
x=0

Rbin(p)Rpois(λ),

and under PL

E(R2
BP|tx, ty) =

∫ 1

0

∫ 1

0

[ ∞

∑
y=0

y

∑
x=0

(
m
x

)
px(1 − p)m−x e−λλy

y!

]2

∏(p, λ|tx, ty)dpdλ

=
∞

∑
y=0

y

∑
x=0

Rsqbin(p)Rsqpois(λ) +
∞

∑
yj=0

yj

∑
xi=0

∞

∑
yl=0

yl

∑
xk=0

Rcovbin(p)Rcovpois(λ).

4.6. X follows binomial distribution and Y follows negative binomial
distribution

Let X∼binomial(m,p) and Y∼negative binomial(r,η), where p∼beta(α, β) and η ∼beta(c,d).
The joint prior distribution of p and η is

π(p, η) = g(p).h(η).

The posterior distribution of p and η is

∏(p, η|tx, ty) = Ibin(p)Ineg(η).

So, under SEL

E(RBN |tx, ty) =
∫ 1

0

∫ 1

0

∞

∑
y=0

y

∑
x=0

(
m
x

)
px(1 − p)m−x

(
r + y − 1

y

)
ηy(1 − η)r ∏(p, η|tx, ty)dpdη

=
∞

∑
y=0

y

∑
x=0

Rbin(p)Rneg(η),

and under PL

E(R2
BN |tx, ty) =

∫ 1

0

∫ 1

0

[ ∞

∑
y=0

y

∑
x=0

(
m
x

)
px(1 − p)m−x

(
r + y − 1

y

)
ηy(1 − η)r

]2

∏(p, η|tx, ty)dpdη

=
∞

∑
y=0

y

∑
x=0

Rsqbin(p)Rsqneg(η) +
∞

∑
yj=0

yj

∑
xi=0

∞

∑
yl=0

yl

∑
xk=0

Rcovbin(p)Rcovneg(η).

4.7. X follows binomial distribution and Y follows geometric distribution

Let X∼binomial(m,p) and Y∼geometric (µ), where p∼beta(α, β) and µ ∼beta(a,b).
The joint prior distribution of p and µ is

π(p, µ) = g(p).h(µ).

The posterior distribution of p and µ is given by

∏(p, µ|tx, ty) = Ibin(p)Igeo(µ).
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Under SEL,

E(RBG|tx, ty) =
∫ 1

0

∫ 1

0

∞

∑
y=0

y

∑
x=0

(
m
x

)
px(1 − p)m−xµy(1 − µ)∏(p, µ|tx, ty)dpdµ

=
∞

∑
y=0

y

∑
x=0

Rbin(p)Rgeo(µ),

and under PL,

E(R2
BG|tx, ty) =

∫ 1

0

∫ 1

0

[ ∞

∑
y=0

y

∑
x=0

(
m
x

)
px(1 − p)m−xµy(1 − µ)

]2

∏(p, µ|tx, ty)dpdµ

=
∞

∑
y=0

y

∑
x=0

Rsqbin(p)Rsqgeo(µ) +
∞

∑
yj=0

yj

∑
xi=0

∞

∑
yl=0

yl

∑
xk=0

Rcovbin(p)Rcovgeo(µ).

4.8. X follows Poisson distribution and Y follows binomial distribution

Let X∼Poisson(λ) and Y∼binomial (n,p), where λ ∼gamma(δ, γ) and p ∼beta(α, β).
The joint prior distribution of λ and p is

π(λ, p) = g(λ).h(p).

The posterior distribution of λ and p is given by

∏(λ, p|tx, ty) = Ipois(λ)Ibin(p).

Therefore, under SEL

E(RPB|tx, ty) =
∫ 1

0

∫ 1

0

m

∑
y=0

y

∑
x=0

e−λλx

x!

(
m
y

)
py(1 − p)m−y ∏(λ, p|tx, ty)dλdp

=
∞

∑
y=0

y

∑
x=0

Rpois(λ)Rbin(p),

and under PL

E(R2
PB|tx, ty) =

∫ 1

0

∫ 1

0

[ m

∑
y=0

y

∑
x=0

e−λλx

x!

(
m
y

)
py(1 − p)m−y

]2

∏(λ, p|tx, ty)dλdp

=
∞

∑
y=0

y

∑
x=0

Rsqpois(λ)Rsqbin(p) +
∞

∑
yj=0

yj

∑
xi=0

∞

∑
yl=0

yl

∑
xk=0

Rcovpois(λ)Rcovbin(p).

4.9. X follows Poisson distribution and Y follows negative binomial distribution

Let X∼Poisson(λ) and Y∼negative binomial (r,η), where λ ∼gamma(δ, γ) and η ∼beta(c,d).
The joint prior distribution of λ and η is

π(λ, η) = g(λ).h(η).

The posterior distribution of λ and η is

∏(λ, η|tx, ty) = Ipois(λ)Ineg(η).

So, under SEL

E(RPN |tx, ty) =
∫ 1

0

∫ 1

0

∞

∑
y=0

y

∑
x=0

e−λλx

x!

(
r + y − 1

y

)
ηy(1 − η)r ∏(λ, η|tx, ty)dλdη

=
∞

∑
y=0

y

∑
x=0

Rpois(λ)Rneg(η),
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and under PL

E(R2
PN |tx, ty) =

∫ 1

0

∫ 1

0

[ ∞

∑
y=0

y

∑
x=0

e−λλx

x!

(
r + y − 1

y

)
ηy(1 − η)r

]2

∏(λ, η|tx, ty)dλdη

=
∞

∑
y=0

y

∑
x=0

Rsqpois(λ)Rsqneg(η) +
∞

∑
yj=0

yj

∑
xi=0

∞

∑
yl=0

yl

∑
xk=0

Rcovpois(λ)Rcovneg(η).

4.10. X follows Poisson distribution and Y follows geometric distribution

Let X∼Poisson(λ) and Y∼geometric (µ), where λ ∼gamma(δ, γ) and µ ∼beta(a,b).
The joint prior distribution of λ and µ is

π(λ, µ) = g(λ).h(µ).

The posterior distribution of λ and µ is

∏(λ, µ|tx, ty) = Ipois(λ)Igeo(µ).

Under SEL

E(RPG|tx, ty) =
∫ 1

0

∫ 1

0

∞

∑
y=0

y

∑
x=0

e−λλx

x!
µy(1 − µ)∏(λ, µ|tx, ty)dλdµ

=
∞

∑
y=0

y

∑
x=0

Rpois(λ)Rgeo(µ),

and under PL

E(R2
PG|tx, ty) =

∫ 1

0

∫ 1

0

[ ∞

∑
y=0

y

∑
x=0

e−λλx

x!
µy(1 − µ)

]2

∏(λ, µ|tx, ty)dλdµ

=
∞

∑
y=0

y

∑
x=0

Rsqpois(λ)Rsqgeo(µ) +
∞

∑
yj=0

yj

∑
xi=0

∞

∑
yl=0

yl

∑
xk=0

Rcovpois(λ)Rcovgeo(µ).

4.11. X follows negative binomial distribution and Y follows binomial
distribution

Let X∼negative binomial(r,η) and Y∼binomial (n,p), where η ∼beta(c,d) and p ∼beta(α, β).
The joint prior distribution of η and p is

π(η, p) = g(η).h(p).

The posterior distribution of η and p is given by

∏(η, p|tx, ty) = Ineg(η)Ibin(p).

So, under SEL

E(RNB|tx, ty) =
∫ 1

0

∫ 1

0

m

∑
y=0

y

∑
x=0

(
r + x − 1

x

)
ηx(1 − η)r

(
m
y

)
py(1 − p)m−y ∏(η, p|tx, ty)dηdp

=
∞

∑
y=0

y

∑
x=0

Rneg(η)Rbin(p),

RT&A, No 2 (78) 

 Volume 19, June, 2024 

147



Soumik Halder, Sudhansu S. Maiti and Mriganka Mouli Chowdhury
BAYESIAN ESTIMATION OF P(X ≤ Y)

and under PL

E(R2
NB|tx, ty) =

∫ 1

0

∫ 1

0

[ m

∑
y=0

y

∑
x=0

(
r + x − 1

x

)
ηx(1 − η)r

(
m
y

)
py(1 − p)m−y

]2

×∏(η, p|tx, ty)dηdp

=
∞

∑
y=0

y

∑
x=0

Rsqneg(η)Rsqbin(p) +
∞

∑
yj=0

yj

∑
xi=0

∞

∑
yl=0

yl

∑
xk=0

Rcovneg(η)Rcovbin(p).

4.12. X follows negative binomial distribution and Y follows Poisson
distribution

Let X∼negative binomial(r,η) and Y∼Poisson (λ), where η ∼beta(c,d) and λ ∼gamma(δ, γ).
The joint prior distribution of η and λ is

π(η, λ) = g(η).h(λ).

The posterior distribution of η and λ is given by

∏(η, λ|tx, ty) = Ineg(η)Ipois(λ).

Under SEL

E(R|tx, ty) =
∫ 1

0

∫ 1

0

∞

∑
y=0

y

∑
x=0

(
r + x − 1

x

)
ηx(1 − η)r e−λλy

y! ∏(η, λ|tx, ty)dηdλ

=
∞

∑
y=0

y

∑
x=0

Rneg(η)Rpois(λ),

and under PL

E(R2
NP|tx, ty) =

∫ 1

0

∫ 1

0

[ ∞

∑
y=0

y

∑
x=0

(
r + x − 1

x

)
ηx(1 − η)r e−λλy

y!

]2

∏(η, λ|tx, ty)dηdλ

=
∞

∑
y=0

y

∑
x=0

Rsqneg(η)Rsqpois(λ) +
∞

∑
yj=0

yj

∑
xi=0

∞

∑
yl=0

yl

∑
xk=0

Rcovneg(η)Rcovpois(λ).

4.13. X follows negative binomial distribution and Y follows geometric
distribution

Let X∼negative binomial(r,η) and Y∼geometric (µ), where η ∼beta(c,d) and µ ∼beta(a,b).
The joint prior distribution of η and µ is

π(η, µ) = g(η).h(µ).

The posterior distribution of η and µ is given by

∏(η, µ|tx, ty) = Ineg(η)Igeo(µ).

Under SEL

E(RNG|tx, ty) =
∫ 1

0

∫ 1

0

∞

∑
y=0

y

∑
x=0

(
r + x − 1

x

)
ηx(1 − η)rµy(1 − µ)∏(η, µ|tx, ty)dηdµ

=
∞

∑
y=0

y

∑
x=0

Rneg(η)Rgeo(µ),
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and under PL

E(R2
NG|tx, ty) =

∫ 1

0

∫ 1

0

[ ∞

∑
y=0

y

∑
x=0

(
r + x − 1

x

)
ηx(1 − η)rµy(1 − µ)

]2

∏(η, µ|tx, ty)dηdµ

=
∞

∑
y=0

y

∑
x=0

Rsqneg(η)Rsqgeo(µ) +
∞

∑
yj=0

yj

∑
xi=0

∞

∑
yl=0

yl

∑
xk=0

Rcovneg(η)Rcovgeo(µ).

4.14. X follows geometric distribution and Y follows binomial distribution

X∼geometric(µ) and Y∼binomial (n,p), where µ ∼beta(a,b) and p ∼beta(α, β).
The joint prior distribution of µ and p is given by

π(µ, p) = g(µ).h(p).

The posterior distribution of µ and p is given by

∏(µ, p|tx, ty) = Igeo(µ)Ibin(p).

Under SEL

E(RGB|tx, ty) =
∫ 1

0

∫ 1

0

m

∑
y=0

y

∑
x=0

µx(1 − µ)r
(

m
y

)
py(1 − p)m−y ∏(µ, p|tx, ty)dµdp

=
∞

∑
y=0

y

∑
x=0

Rgeo(µ)Rbin(p),

and under PL

E(R2
GB|tx, ty) =

∫ 1

0

∫ 1

0

[ m

∑
y=0

y

∑
x=0

µx(1 − µ)r
(

m
y

)
py(1 − p)m−y

]2

∏(µ, p|tx, ty)dµdp

=
∞

∑
y=0

y

∑
x=0

Rsqgeo(µ)Rsqbin(p) +
∞

∑
yj=0

yj

∑
xi=0

∞

∑
yl=0

yl

∑
xk=0

Rcovgeo(µ)Rcovbin(p).

4.15. X follows geometric distribution and Y follows negative binomial
distribution

Let X∼geometric(µ) and Y∼negative binomial (r,η), where µ ∼beta(a,b) and η ∼beta(c,d).
The joint prior distribution of µ and η is

π(µ, η) = g(µ).h(η).

The posterior distribution of µ and η is given by

∏(µ, η|tx, ty) = Igeo(µ)Ineg(η).

Under SEL

E(RGN |tx, ty) =
∫ 1

0

∫ 1

0

∞

∑
y=0

y

∑
x=0

µx(1 − µ)r
(

r + y − 1
y

)
ηy(1 − η)r ∏(µ, η|tx, ty)dµdη

=
∞

∑
y=0

y

∑
x=0

Rgeo(µ)Rneg(η),

and under PL

E(R2
GN |tx, ty) =

∫ 1

0

∫ 1

0

[ ∞

∑
y=0

y

∑
x=0

µx(1 − µ)r
(

r + y − 1
y

)
ηy(1 − η)r

]2

∏(µ, η|tx, ty)dµdη

=
∞

∑
y=0

y

∑
x=0

Rsqgeo(µ)Rsqneg(η) +
∞

∑
yj=0

yj

∑
xi=0

∞

∑
yl=0

yl

∑
xk=0

Rcovgeo(µ)Rcovneg(η).
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4.16. X follows geometric distribution and Y follows Poisson distribution

X∼geometric (µ) and Y∼Poisson (λ), where µ ∼beta(a,b) and λ ∼gamma(δ, γ).
The joint prior distribution of µ and λ is

π(µ, λ) = g(µ).h(λ).

The posterior distribution of µ and λ is given by

∏(µ, λ|tx, ty) = Igeo(µ)Ipois(λ).

Under SEL

E(R|tx, ty) =
∫ 1

0

∫ 1

0

∞

∑
y=0

y

∑
x=0

µx(1 − µ)
e−λλy

y! ∏(µ, λ|tx, ty)dµdλ

=
∞

∑
y=0

y

∑
x=0

Rgeo(µ)Rpois(λ),

and under PL

E(R2
GP|tx, ty) =

∫ 1

0

∫ 1

0

[ ∞

∑
y=0

y

∑
x=0

µx(1 − µ)
e−λλy

y!

]2

∏(µ, λ|tx, ty)dµdλ

=
∞

∑
y=0

y

∑
x=0

Rsqgeo(µ)Rsqpois(λ) +
∞

∑
yj=0

yj

∑
xi=0

∞

∑
yl=0

yl

∑
xk=0

Rcovgeo(µ)Rcovpois(λ).

5. Estimation of the hyper-parameters

Though the prior distributions are assumed to be known, most of the time, in practice, those need
to be estimated based on observed data. In this section, the estimates of the hyper-parameters of
the prior distributions have been found. These parameters could be estimated using the empirical
Bayes procedure [see [10] and [3]]. Given the observations, the joint likelihood distributions
have been compared with the joint prior distributions. The joint likelihood distributions are just
the multiplication of the likelihood distribution of X and Y, and joint prior distributions are the
multiplication of the prior distributions of the parameters. We can estimate the prior parameters
by comparing them individually with their corresponding likelihood functions. The estimates of
the hyper-parameters are shown in Table 5.

Table 5: Estimate of the hyper-parameters

Distribution Joint distribution Prior distribution Estimate of hyper-parameters

Binomial(m,p) ptz(1 − p)mn−tz pα−1(1−p)β−1

B(α,β) α̂ = tx + 1, β̂ = mn − tx + 1

Poisson(λ) e−nλλtz

∏n
i=1 zi !

δγe−γλλδ−1

Γδ δ̂ = tx + 1, γ̂ = n

Neg. binomial (r, η) ηtz(1 − η)nr ηc−1(1−η)d−1

B(c,d) ĉ = tx + 1, d̂ = nr + 1

Geometric (µ) µtz(1 − µ)n µa−1(1−µ)b−1

B(a,b) â = tx + 1, b̂ = n + 1

6. Simulation study

The properties of the Bayesian estimations of R for the different combinations of stress-strength
models within the power series family have been explored empirically. The estimated posterior
risks for those different combinations have been found.
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For computation, we draw n1(n2) independent observations from the prior distribution(s)
of the parameters of the stress (strength) distribution(s). For different combinations of those
hyper-parameters of the stress (strength) distributions considered, the hyper-parameters are so
chosen that the expected value of the parameters is equal to the values of the parameters selected
combinations in [6]. We draw a random sample from the distribution(s) of the stress (strength)
distribution(s). Then we compute ˆRSEL, ˆRPL and their estimated posterior risk, where ˆRSEL and

ˆRPL are the Bayesian estimates under squared error and precautionary loss functions. All these
calculations are done using R-Software, and two representative tables are reported in Tables 6 − 7
for space limitation. Some more tables are prepared and may be available from the corresponding
author on request. The figures of the tables compared to [6]. We can say that the estimates under
the Bayesian method are closer than those under MLE and UMVUE. Also, the estimated posterior
risks under the empirical Bayesian method are smaller than the variance of UMVUE and the MSE
of the MLE. So, we can infer that the Bayesian estimation gives better estimates than the MLE
and UMVUE.

7. Real Life Data Analysis

We have provided a real dataset as an application of the stress-strength reliability model, which is
related to soccer matches where the defenders and the goalkeeper are responsible for not allowing
the opposition to score goals. They protect the team from continuous attacks from the opponent
team. The number of goals conceded by the team can be treated as the stress put on the system’s
defence, whereas the number of goals saved by the defence acts as the strength of the team’s
defence. We want to estimate the reliability of the team’s defence, i.e., R = P(X ≤ Y), where X is
the stress on the system, and Y is the system’s strength. We have considered the same dataset
used in [6], where Manchester United played 38 matches against various teams of the EPL in the
season 2017-2018. The data is presented in the Table 8.
Among those 38 matches, in 33 matches, they have saved more goals than they conceded. So,

Table 8: EPL data for Manchester United during 2017-2018

Match Goals conceded Goals saved Match Goals conceded Goals saved
1 0 1 20 2 0
2 0 0 21 0 3
3 0 4 22 0 0
4 2 3 23 0 5
5 0 3 24 0 3
6 0 4 25 2 4
7 0 1 26 0 0
8 0 5 27 1 2
9 2 1 28 1 6

10 0 4 29 2 6
11 1 7 30 1 1
12 1 4 31 0 2
13 0 2 32 2 4
14 2 1 33 1 3
15 1 0 34 0 2
16 2 5 35 1 2
17 0 7 36 1 3
18 1 4 37 0 2
19 2 1 38 0 3

in about 86% cases, the defence system has worked above the stress given by the opposition.
The reliability of the system is estimated using the theory defined above. The data are discrete.
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The authors have shown that the "number of goals conceded" follows a geometric distribution,
whereas the "number of goals saved" follows the Poisson distribution. We have found the
estimates of R under SEL and PL as R̂SEL= 0.84683 and R̂PL= 0.84737 with estimated posterior
risks 5.91 ∗ 10−4 and 6.98 ∗ 10−4, respectively.

8. Concluding remarks

In this article, the Bayesian estimation of R = P(X ≤ Y) has been considered when X and Y
belong to a power-series family of distributions under two loss functions: (i) squared error loss, a
symmetric and (ii) precautionary loss, an asymmetric one. The conjugate prior distribution(s) of
the parameter(s) are chosen for deriving the Bayes estimates of R. Though the prior distributions
are assumed to be known, the practice is not such. Generally, the prior distribution(s) parameters
are estimated based on observations. The empirical Bayes method has been used to estimate the
prior parameters and hence get the estimate of R. Simulation study results slightly favour the
Bayes estimate of R under SEL than that under PL concerning estimated posterior risk sense.
Data analysis result also affirms this. Scientists and practitioners are recommended to use the
proposed Bayes estimate of R.
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